
W. BOLTON 

Engineering 

Science 




Engineering Science 


This page intentionally left blank 



Engineering Science 


Fifth Edition 


W. Bolton 



ELSEVIER 


AMSTERDAM • BOSTON • HEIDELBERG • LONDON • NEW YORK . OXFORD 
PARIS • SAN DIEGO • SAN FRANCISCO • SINGAPORE • SYDNEY • TOKYO 
Newnes is an imprint of Elsevier 


<%> 

Newnes 


Newnes is an imprint of Elsevier 

Linacre House, Jordan Hill, Oxford 0X2 8DP 

30 Corporate Drive, Suite 400, Burlington, MA 01803 

First edition 1990 
Second edition 1994 
Third edition 1998 
Fourth edition 2001 
Fifth edition 2006 

Copyright © 2006, W. Bolton. Published by Elsevier Newnes. All rights reserved 

The right of W. Bolton to be identified as the author of this work has been 
asserted in accordance with the Copyright, Designs and Patents Act 1988 

No part of this publication may be reproduced, stored in a retrieval system 
or transmitted in any form or by any means electronic, mechanical, photocopying, 
recordinh or otherwise without the prior permission of the publisher 

Permissions may be sought directly from Elsevier’s Science & Technology Rights 
Department in Oxford, UK; phone: (+44) 1865 843830; fax: (+44) (0) 1865 853333; 
e-mail: permissions@elsevier.co.uk. Alternatively you can submit your request on-line by 
visiting the Elsevier web site at http:www.elsevier.com/locate/permissions, and selecting 
Obtaining permission to use Elsevier material 

Notice 

No responsibility is assumed by the publisher for any injury and/or damage to persons 
or property as a matter of products liability, negligence or otherwise, or from any use 
or operation of any methods, products, instructions or ideas contained in the material 
herin. Because of rapid advances in the medical sciences, in particular, independent 
verification of diganoses and drag dosages should be made 

British Library Cataloguing in Publication Data 

A catalogue record for this book is available from the British Library 

Library of Congress Cataloguing in Publication Data 

A catalogue record for this book is available from the Library of Congress 

ISBN-13: 978-0-7506-8083-7 
ISBN-10: 0-7506-8083-0 


For information on all Newnes publications visit 
our website at www.newnespress.com 


Printed and bound in the UK 
06 07 08 09 10 10 9 8 7 6 5 4 3 2 1 


Working together to grow 
libraries in developing countries 

www.elsevier.com | www.bookaid.org | www.sabre.org 


ELSEVIER Sabre Foundation 



Contents 


2 Statics 


3 Stress and strain 


4 Linear motion 


5 Angular motion 


Preface xi 

1.1 Introduction 1 

1 .2 Basic terms 1 

1 .3 Manipulating equations 2 

1.4 SI Units 9 

1.5 Measurements 10 

1.6 Random errors 13 

1.7 Significant figures 13 

1.8 Graphs 14 

Problems 16 

2.1 Introduction 18 

2.2 Forces in equilibrium 19 

2.3 Resultant forces 21 

2.4 Resolving forces 23 

2.5 Moment of a force 23 

2.6 Centre of gravity 25 

2.7 Static equilibrium 27 

2.8 Measurement of force 28 

Activities 29 

Problems 29 

3.1 Introduction 32 

3.2 Stress and strain 32 

3.3 Stress-strain graphs 34 

3.4 Poisson’s ratio 37 

Activities 38 

Problems 39 

4.1 Introduction 40 

4.2 Straight-line motion 41 

4.3 Vectors 44 

4.4 Motion under gravity 45 

4.5 Graphs of motion 46 

Activities 50 

Problems 50 

5.1 Introduction 53 

5.2 Equations of motion 54 

5.3 Relationship between linear and angular motion 55 


5.4 Torque 

Activities 

Problems 


57 

57 

57 


6 Dynamics 


6. 1 Introduction 

6.2 Newton’s laws 
Problems 


59 

59 

64 


7 Energy 


7.1 Introduction 65 

7.2 Energy transformations 65 

7.3 Work 68 

7.4 Potential energy 70 

7.5 Kinetic energy 72 

7.6 Conservation of mechanical energy 72 

7.7 Power 75 

7.8 Torque and work done 76 

Activities 77 

Problems 77 


8 


8.1 Introduction 

8.2 Heat capacity 

8.3 Expansion 

8.4 Gas laws 
Activities 
Problems 


80 

81 

82 

85 

89 

90 


9 D.c. circuits 9.1 Introduction 92 

9.2 Kirchhoff s laws 95 

9.3 Resistance 95 

9.4 Resistors in series 99 

9.5 Resistors in parallel 101 

9.6 Series-parallel circuits 102 

9.7 Resistivity 102 

9.8 Basic measurements 103 

Activities 106 

Problems 106 


10 Magnetism 


10.1 Introduction 

10.2 Electromagnetic induction 

10.3 Generators 

10.4 Transformers 

10.5 Force on a current-carrying conductor 
Activities 

Problems 


109 

112 

114 

116 

117 

119 

119 


11 Engineering systems 11.1 Introduction 120 

11.2 Block diagrams 120 

11.3 Measurement systems 122 

11.4 Control systems 123 

11.5 Closed-loop systems 126 

Problems 131 


Contents vii 


Circuit analysis 

12.1 

Introduction 


12.2 

Series and parallel resistors 


12.3 

Kirchhoff s laws 


12.4 

Internal resistance 
Problems 


132 

132 

138 

143 

144 


13 Semiconductors 


13.1 Introduction 

13.2 Current flow 

13.3 Junction diodes 
Activities 
Problems 


147 

147 

151 

154 

154 


14 Capacitance 


14.1 Introduction 

14.2 Capacitor 

14.3 Capacitors in series and parallel 

14.4 Parallel plate capacitor 

14.5 Forms of capacitors 

14.6 Capacitors in circuits 

14.7 Energy stored in a charged capacitor 
Activities 

Problems 


156 

157 

158 
160 
162 
164 
166 
167 
167 


15 Magnetic flux 15.1 Introduction 169 

15.2 Electromagnetic induction 169 

15.3 The magnetic circuit 172 

15.4 Reluctance 175 

15.5 Magnetisation curves 176 

15.6 Hysteresis 178 

15.7 Inductance 181 

15.8 Mutual inductance 183 

15.9 Force on a current-carrying conductor 184 

Activities 1 86 

Problems 1 87 

16 Alternating current 16.1 Introduction 190 

16.2 Sinusoidal waveform 191 

16.3 Average value 192 

16.4 Root-mean-square values 194 

16.5 Basic measurements 197 

Activities 202 

Problems 202 


17 


Series a.c. circuits 


17.1 Introduction 

17.2 Sine waves and phasors 

17.3 R, L, C in a.c. circuits 

17.4 Components in series 

17.5 Series resonance 

17.6 Subtracting phasors 

17.7 Power in a.c. circuits 

17.8 Power factor 

17.9 Rectification 


205 

205 

207 

211 

219 

221 

223 

226 

228 


dii Contents 





Activities 

230 




Problems 

230 

18 

D.c. circuit analysis 

18.1 

Introduction 

233 



18.2 

Thevenin’s theorem 

233 



18.3 

Norton’s theorem 

237 



18.4 

Maximum power transfer 

242 




Problems 

243 

19 

D.c. machines 

19.1 

Introduction 

245 



19.2 

D.c. motors 

246 



19.3 

D.c. generators 

251 




Problems 

254 

20 

Transients 

20.1 

Introduction 

256 



20.2 

Purely resistive circuit 

256 



20.3 

RC circuit: charging 

257 



20.4 

RC circuit: discharging 

261 



20.5 

Rectangular waveforms and RC circuits 

265 



20.6 

RL circuit: current growth 

266 



20.7 

RL circuit: current decay 

270 



20.8 

Rectangular waveforms and RL circuits 

273 




Activities 

273 




Problems 

274 

21 

Parallel a.c. circuits 

21.1 

Introduction 

276 



21.2 

Parallel circuits 

276 



21.3 

Parallel resonance 

281 



21.4 

Power in a parallel circuit 

284 



21.5 

Filter circuits 

286 




Activities 

288 




Problems 

288 

22 

Three-phase a.c. 

22.1 

Introduction 

290 



22.2 

The three phases 

290 



22.3 

Connection of phases 

291 



22.4 

Power in a balanced system 

297 



22.5 

Induction motor 

300 




Problems 

304 

23 

Structures 

23.1 

Introduction 

306 



23.2 

Pin-jointed frameworks 

308 



23.3 

Bow’s notation 

309 



23.4 

Method of joints 

311 



23.5 

Method of sections 

313 




Problems 

316 

24 

Beams 

24.1 

Introduction 

318 



24.2 

Shear force and bending moment 

318 



24.3 

Bending moment and shear force diagrams 

320 




Problems 

324 


Contents ix 


25 

Components 

25.1 

Introduction 

325 



25.2 

Factor of safety 

325 



25.3 

Composite members 

326 



25.4 

Thermal strain 

328 



25.5 

Shear stress 

331 




Problems 

334 

26 

Circular motion 

26.1 

Introduction 

337 



26.2 

Centripetal acceleration 

337 



26.3 

Cornering 

339 



26.4 

Centrifugal clutch 

340 




Problems 

341 

27 

Mechanical power 

27.1 

Introduction 

343 


transmission 

27.2 

Law of machines 

344 



27.3 

Examples of machines 

345 



27.4 

Gears 

349 



27.5 

Belt drives 

352 



27.6 

Linkage mechanisms 

354 




Activities 

357 




Problems 

358 

28 

Structural members 

28.1 

Introduction 

361 



28.2 

Bending stress 

361 



28.3 

Columns 

370 




Activities 

374 




Problems 

374 

29 

Frictional resistance 

29.1 

Introduction 

376 



29.2 

Laws of friction 

376 



29.3 

Screw thread 

382 




Activities 

384 




Problems 

384 

30 

Angular dynamics 

30.1 

Introduction 

386 



30.2 

Moment of inertia 

386 



30.3 

Combined linear and angular motion 

391 



30.4 

D’Alembert’s principle 

393 



30.5 

Angular kinetic energy 

395 




Problems 

396 

31 

Oscillations 

31.1 

Introduction 

398 



31.2 

Simple harmonic motion 

398 



31.3 

Mass on a spring 

401 



31.4 

Simple pendulum 

402 



31.5 

Energy of SHM 

402 



31.6 

Resonance 

404 




Activities 

406 




Problems 

406 


x Contents 


Appendix: Calculus A.l Differentiation 407 

A.2 Integration 412 

Answers 416 

Index 424 


Preface 


Aims This book aims to provide a comprehensive grounding in science relevant 
to engineers by: 

• Providing a foundation in scientific principles which will enable the 
solution of simple engineering problems. 

• Providing a platform for further study in engineering. 

• Providing the basic principles underlying the operation of electrical 
and electronic devices. 

• Providing the basic principles underlying the behaviour and 
performance of static and dynamical mechanical systems. 

The breadth of its coverage makes it an ideal course book for a wide 
range of vocational courses and foundation or bridging programmes for 
Higher Education. 

BTEC National units The content has been carefully matched to cover the latest UK syllabuses, 
in particular the new specifications for Engineering in the BTEC National 
from Edexcel. It goes beyond the core science to include all the 
mechanical, electrical and electronic principles that can be included in 
courses at this level. It thus completely covers the units: 

Science for Technicians 
Electrical and Electronic Principles 
Further Electrical Principles 
Mechanical Principles 
Further Mechanical Principles 

The grid that follows shows how the chapters in this book relate to those 
units and their content. 

Changes from the fourth edition For the fifth edition, the book: 

• Has been completely reorganised and reset to more closely match the 
BTEC Engineering National units and their learning outcomes and 
content. 

• Includes extra material required to give the comprehensive coverage 
of all the science and principles at this level. 


xii Preface 


Structure of the book 


• Chapter 1 includes, not only a discussion of units and measurements, 
but also the basic mathematics principles necessary for study of the 
science. An Appendix includes the basic elements of calculus which 
may be needed for some of the later chapters in this book. 

The book has been designed to give a clear exposition and guide readers 
through the scientific principles, reviewing background principles where 
necessary. Each chapter includes numerous worked examples and 
problems. Answers are supplied to all the problems. 


W. Bolton 
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Relationship of chapters to the BTEC units 
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Revision of basics and mathematics 

Chapter 1 
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1 Basics 


1.1 Introduction In this chapter there is a review of some basic engineering science terms 
and, as within this book and your studies you will come across many 
equations, the manipulation of equations and the units in which quantities 
are specified. Engineers make measurements to enable theories to be 
tested, relationships to be determined, values to be determined in order to 
predict how components might behave when in use and answers obtained 
to questions of the form - ‘What happens if?’. Thus, there might be 
measurements of the current through a resistor and the voltage across it in 
order to determine the resistance. Thus, in this introductory chapter, there 
is a discussion of the measurement and collection of data and the errors 
that can occur. 


1 .2 Basic terms The following are some basic terms used in engineering science: 

1 Mass 

The mass of a body is the quantity of matter in the body. The greater 
the mass of a body the more difficult it is to accelerate it. Mass thus 
represents the inertia or ‘reluctance to accelerate’. It has the SI unit of 
kg- 


2 Density 

If a body has a mass m and volume V, its density p is: 



Density has the SI unit of kg/m 2 3 . 


Example 

What is the mass of a block of wood of density 750 kg/m 3 if it has a 
volume of 2 m 3 ? 


Mass = density x volume = 750 x 2 = 1500 kg. 

3 Relative density 

Relative density is by what factor the density of a substance is greater 
than that of water and is thus defined as: 


relative density = 


density of a material 
density of water 
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Since relative density is a ratio of two quantities in the same units, it 
is purely a number and has no units. 

Example 

If the density of water at 20°C is 1000 kg/m 3 and the density of 
copper is 8900 kg/m 3 , what is the relative density of copper? 

Relative density of copper = 8900/1000 = 8.9. 

4 Force 

We might describe forces as pushes and pulls. If you pull a spring 
between your hands we can say that your hands are applying forces to 
the ends of the spring. If there is an unbalanced force acting on an 
object it accelerates. Force has the SI unit of the newton (N). 

5 Weight 

The weight of a body is the gravitational force acting on it and which 
has to be opposed if the body is not to fall. The weight of a body of 
mass m where the acceleration due to gravity is g is mg. Weight, as a 
force, has the SI unit of N. 

Example 

What is the weight of a block with a mass of 2 kg if the acceleration 
due to gravity is 9.8 m/s 2 ? 

Weight = mg = 2 x 9.8 = 19.6 N. 

6 Pressure 

If a force F acts over an area A, the pressure p is: 



It has the SI unit of N/m 2 , this being given the special name of pascal 
(Pa). 

1 .3 Manipulating equations The term equation is used when there is an exact balance between what is 
on one side of the equals sign (=) and what is on the other side. Thus with 
the equation V = IR, the numerical value on the left-hand side of the 
equals sign must be the same as the numerical value on the right- hand 
side. If Fhas the value 2 then the value of IR must have the value 2. 

1.3.1 Basic rules for manipulating equations 

1 Adding the same quantity to, or subtracting the same quantity from, 
both sides of an equation does not change the equality . 

Thus if we subtract 12 from both sides of the equation x + 12 = 20, 
then x + 12 - 12 = 20 - 12 and so x = 20 - 12 = 8. We might 
consider this rule as being: when you move a quantity from one side 
of the equals sign to the other side you change its sign. This is 
termed transposition. 
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2 Multiplying, or dividing, both sides of an equation by the same 
non-zero quantity does not change the equality . 

If we have the equation: 

2x-l 
3 _ 4 


then we can multiply both sides of the equation by 3 to give: 



and so 


We can then divide both sides of the equation by 2 to give: 


-l x 3_3 
2 x 4 ” 8 


You might like to think of this rule as being: when you move a 
numerator from one side of an equation to the other, it becomes a 
denominator; when you move a denominator from one side of an 
equation to the other, it becomes a numerator. This is termed 
transposition. 


In general, whatever mathematical operation we do to one side of an 
equation, provided we do the same to the other side of the equation then 
the balance is not affected. Thus we can manipulate equations without 
affecting their balance by, for example: 

1 Adding the same quantity to both sides of the equation. 

2 Subtracting the same quantity from both sides of the equation. 

3 Multiplying both sides of the equation by the same quantity. 

4 Dividing both sides of the equation by the same quantity. 

5 Squaring both sides of the equation. 

6 Taking the square roots of both sides of the equation. 

7 Taking logarithms of both sides of the equation. 

The term transposition is used when a quantity is moved from one side 
of an equation to the other side. The following are basic rules for use with 
transposition: 


1 A quantity which is added on the left-hand side of an equation 
becomes subtracted on the right-hand side. 

2 A quantity which is subtracted on the left-hand side of an equation 
becomes added on the right-hand side. 

3 A quantity which is multiplying on the right-hand side of an equation 
becomes a dividing quantity on the left-hand side. 

4 A quantity which is dividing on the left-hand side of an equation 
becomes a multiplying quantity on the right-hand side. 
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Example 

The voltage V across a resistance R is related to the current through it 
by the equation V = IR. When V = 2 V then I = 0.1 A. What is the 
value of the resistance? 

Writing the equation with the numbers substituted gives: 

2 = 0.17? 

Multiplying both sides of the equation by 10 gives: 

2x 10= 10x0.17? 

Hence 20 = 17? and so the resistance R is 20 Q. 

Alternatively we might consider the manipulation of the equation 
2 = 0.17? as: moving the numerator 0.1 from the right side to the left 
gives 2/0.1 = 7? and so 7? is 20 Q. We can check the result by putting 
this value back in the original equation and confirm that it still 
balances: 2 = 0.1 x 20. 

Example 


Squaring both sides of the equation gives us the same as multiplying 
both sides of the equation by the same quantity since 2 is the same as 

V(L/10): 


Hence, we have L = 40. We can check this result by putting the value 
in the original equation to give 2 = V(40/10). 

1.3.2 Brackets 

Brackets are used to show terms are grouped together, e.g. 2(x + 3) 
indicates that we must regard the x + 3 as a single term which is multiplied 
by 2. Thus when removing brackets, each term within the bracket is 
multiplied by the quantity outside the bracket, e.g. 

2{x + 3) = 2x + 2 x 3. 

1 Adding and subtracting bracketed quantities 

When a bracket has a + sign in front of the bracket then effectively 
we are multiplying all the terms in the bracket by +1, e.g. 


Determine L in the equation 2 = 





a + (b + c) = a + b + c 
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When a bracket has a - sign in front of the bracket then we are 
multiplying all the terms in the bracket by -1, e.g. 

a-(b + c) = a-b-c 

2 Multiplication of two bracketed quantities 

When we have ( a + b){c + d) then, following the above rule for the 
removal of brackets, each term within the first bracket must be 
multiplied by the quantity inside the second bracket to give: 

a(c + d) + b(c + d) = ac + ad + be + bd 

Example 

Determine the value of jc in 4(2x + 3) = 3(x + 1). 

Removing the brackets gives 8jc + 12 = 3x + 3 and hence 5x = -9 and 
sox = -9/5. 

1.3.3 Manipulation of algebraic fractions 

Consider the addition of two fractional terms alb and c!d. 


We proceed by multiplying the numerator and denominator of each 
fraction by the same quantity; this does not change the value of a fraction. 
The quantity is chosen so that both fractions end up with the same 
denominator. Thus: 

a_ w d_ - c_ b_ ad+cb 
b x d + d x b~ bd 

Example 

Express the following as single fractions: 


This can be written as: 

x x + 2 3 x+ 1 _ x 2 + 5x + 3 

x+1 x + 2 x + 2 x+1 - (x+l)(x + 2) 

1.3.4 Rearranging equations 

Suppose we have the equation F = kx and we want to solve the equation 
for x in terms of the other quantities. Writing the equation as kx = F and 
then transposing the k from the left-hand side to the right-hand side (or 
dividing both sides by k) gives 





As another example, consider the following equation for the variation of 
resistance R of a conductor with temperature t: 

R t = R 0 (l + at) 

where R, is the resistance at temperature t, R a the resistance at 0°C and a a 
constant called the temperature coefficient of resistance. We might need 
to rearrange the equation so that we express a in terms of the other 
variables. As a first step we can multiply out the brackets to give: 

R t = Ro + R 0 at 

Transposing the Ro from the left-hand to the right-hand side of the 
equation gives: 

R t -R 0 = RoCtt 

Reversing the sides of the equation so that we have the term involving a 
on the left-hand side, we then have 

Roat — Rt — Rt> 

Transposing the Rot from the left-hand to the right-hand side gives 

_ Rt -Ro 
a Rot 

Example 

Rearrange the following equation for resistances in parallel to obtain 
Ri in terms of the other variables: 

J_,_i L 

Ri R 2 ~ R 

Transposing l/R 2 from the left-hand side to the right-hand side of the 
equation gives: 

Ri ~ R R 2 

Arranging the fractions on the right-hand side of the equation with a 
common denominator, then: 


1 Ri-R 

Ri “ RRi 

We can invert the fractions provided we do the same to both sides of 
the equation. Effectively what we are doing here is transposing the 
numerators and denominators on both sides of the equation. Thus: 
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Example 

The power P dissipated by passing a current / through a resistance R 
is given by the equation P = I 2 R. Rearrange the equation to give / in 
terms of the other variables. 

Writing the equation as PR = P and then transposing the R gives: 



Taking the square roots of both sides of the equation then gives 


1.3.5 Units in equations 

It is not only numerical values that must balance when there is an 
equation. The units of the quantities must also balance. For example, the 
area A of a rectangle is the product of the lengths b and w of the sides, i.e. 
A = bw. The units of the area must therefore be the product of the units of 
b and w if the units on both sides of the equation are to balance. Thus if b 
and w are both in metres then the unit of area is metre x metre, or square 
metres (m 2 ). The equation for the stress a acting on a body when it is 
subject to a force F acting on a length of the material with a 
cross-sectional area A is 



Thus if the units of F are newtons (N) and the area square metres (m 2 ) 
then, for the units to be the same on both sides of the equation: 

unit of stress = sq ” a e r “t reS = newtons/square metre 
or, using the unit symbols: 

unit of stress - = N/m 2 

m 2 

This unit of N/m 2 is given a special name of the pascal (Pa). 

Velocity is distance/time and so the unit of velocity can be written as the 
unit of distance divided by the unit of time. For the distance in metres and 
the time in seconds, then the unit of velocity is metres per second, i.e. m/s 
or m s -1 . For the equation describing straight-line motion of v = at, if the 
unit of v is metres/second then the unit of the at must be metres per 
second. Thus, if the unit of t is seconds, we must have 




or, in symbols, 
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Hence the unit of the acceleration a must be m/s 2 for the units on both 
sides of the equation to balance. 

Example 

When a force F acts on a body of mass m it accelerates with an 
acceleration a given by the equation F = ma. If m has the unit of kg 
and a the unit m/s 2 , what is the unit of FI 

For equality of units to occur on both sides of the equation, 

unit of F = kg x-^- = kg m/s 2 

This unit is given a special name of the newton (N). 

Example 

The pressure p due to a column of liquid of height h and density p is 
given by p = hpg, where g is the acceleration due to gravity. If h has 
the unit of m, p the unit kg/m 3 and g the unit m/s 2 , what is the unit of 
the pressure? 

For equality of units to occur on both sides of the equation, 

unit of pressure = m x —4- x 

m J s 2 m x s 2 

Note that in the previous example we obtained the unit of newton (N) 
as being the special name for kg m/s 2 . Thus we can write the unit of 
pressure as 

ks x m i 

unit of pressure = — ^ — x = N/m 2 

This unit of N/m 2 is given a special name, the pascal (Pa). 

Example 

For uniformly accelerated motion in a straight line, the velocity v 
after a time t is given by v = u + at, where u is the initial velocity and 
a the acceleration. If v has the unit m/s, u the unit m/s and 1 the unit s, 
what must be the unit of a? 

For the units to balance we must have the unit of each term on the 
right-hand side of the equation the same as the unit on the left-hand 
side. Thus the unit of at must be m/s. Hence, since t has the unit of s: 


unitoffl = ^ f // = ^ 

unit of/ s s 2 
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1 .4 SI Units The International System (SI) of units has the seven basic units: 


Length 

metre 

m 

Mass 

kilogram 

kg 

Time 

second 

s 

Electric current 

ampere 

A 

Temperature 

kelvin 

K 

Luminous intensity 

candela 

cd 

Amount of substance 

mole 

mol 


Also there are two supplementary units, the radian and the steradian. 

Since in any equation we must have the units on one side of the equals 
sign balancing those on the other, we can form the SI units for other 
physical quantities from the base units via the equation defining the 
quantity concerned. Thus, for example, since volume is defined by the 
equation volume = length cubed then the unit of volume is that of unit of 
length unit cubed and so the metre cubed, i.e. m 3 . Since density is defined 
by the equation density = mass/volume, the unit of density is the unit of 
mass divided by the unit of volume and thus kg/m 3 . Since velocity is 
defined by the equation velocity = change in displacement in a straight 
line/time taken, the unit of velocity is unit of distance/unit of time and so 
is metres/second, i.e. m/s. Since acceleration is defined by the equation 
acceleration = change in velocity/time taken, the unit of acceleration is 
unit of velocity/unit of time and thus metres per second/second, i.e. m/s 2 . 

unit of acceleration = pp = s ^? s = m/s 2 

Some of the derived units are given special names. Thus, for example, 
force is defined by the equation force = mass x acceleration and thus the 
unit of force = unit of mass x unit of acceleration and is kg m/s 2 or 
kg m s' 2 . This unit is given the name newton (N). Thus 1 N is 1 kg m/s 2 . 
The unit of pressure is given by the defining equation pressure = 
force/area and is thus N/m 2 . This unit is given the name pascal (Pa). Thus 
1 Pa = 1 N/m 2 . 

Certain quantities are defined as the ratio of two comparable quantities. 
Thus, for example, strain is defined as change in length/length. It thus is 
expressed as a pure number with no units because the derived unit would 
be m/m. Note that sin 6, cos 0, tan 0, etc. are trigonometric ratios, i.e. 0 is 
a ratio of two sides of a triangle. Thus 0 has no units. 

Example 

Determine the unit of the tensile modulus E when it is defined by the 
equation E = stress/strain if stress has the unit of Pa and strain is a 
ratio with no units. 


Unit of E = (unit of stress)/(unit of strain) = (Pa)/(no unit) = Pa. 
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1.4.1 Powers of ten notation 

The term scientific notation or standard notation is often used to express 
large and small numbers as the product of two factors, one of them being 
a multiple of ten. For example, a voltage of 1500 V can be expressed as 
1.5 x 10 3 V and a current of 0.0020 A as 2.0 x 10“ 3 A. The number 3 or 
-3 is termed the exponent or power. To write a number in powers we have 
to consider what power of ten number is used to multiply or divide it. 
Thus, for the voltage 1500 = 1.5 x 1000 = 1.5 x 10 3 and for the current 
0.0020 = 20/1000 = 2.0 x 10“ 3 . 

1.4.2 Unit prefixes 

Standard prefixes are used for multiples and submultiples of units, the SI 
preferred ones being multiples of 1000, i.e. 10 3 , or division by multiples 
of 1000. Table 1.1 shows commonly used standard prefixes. 


Table 1 . 1 Standard unit prefixes 


Multiplication factor 


Prefix 


1 000 000 000 

= 10 9 

giga 

G 

1 000 000 

= 10 6 

mega 

M 

1 000 

= 10 3 

kilo 

k 

100 

= 10 2 

hecto 

h 

10 

= 10 

deca 

da 

0.1 

= 10 _1 

deci 

d 

0.01 

= 10' 2 

centi 

c 

0.001 

= 10~ 3 

milli 

m 

0.000 001 

= 10" 6 

micro 

P 

0.000 000 001 

= 10" 9 

nano 

n 

0.000 000 000 001 

= 10-12 

pico 

P 


Example 

Express the capacitance of 8.0 x 10“ n F in pF. 

1 pF = 10 -12 F. Hence, since 8.0 x 10~" = 80 x 10“ 12 , the capacitance 

can be written as 80 pF. 

Example 

Express the tensile modulus of 2 10 GPa in Pa without the unit prefix. 

Since 1 GPa = 10 9 P, then 210 GPa = 210 x 10 9 Pa. 

1.5 Measurements In making measurements, it is necessary to select the appropriate 
instrument for the task, taking into account the limitations of instruments 
and the accuracy with which it gives readings. Thus if you need to 
measure the mass of an object to a fraction of a gram then it is pointless 
using a spring balance since such an instrument cannot give readings to 
this degree of precision. The spring balance might have a scale which you 


think you can interpolate between scale markings to give a reading of a 
fraction of a gram, but it is unlikely that the calibration of the instrument 
is accurate enough for such interpolations to have any great significance. 

With instruments there is a specification of the accuracy with which it 
gives readings. The term accuracy is used for the extent to which a result 
might depart from the true value, i.e. the errors it might have. Error is 
defined as: 


error = measured value - true value 


Accuracy is usually quoted as being plus or minus some quantity, e.g. 
±1 g. This indicates that the error associated with a reading of that 
instrument is such that true value might be expected to be within plus or 
minus 1 g of the indicated value. The more accurate the measurement the 
smaller will be the error range associated with a measurement. 

In some situations the error is specified in the form of: 


percentage error = 


error in quantity 
size of quantity 


100 


Thus, for example, a mass quoted as 2.0 ± 0.2 g might have its error 
quoted as ±10%. In the case of some instruments, the error is often quoted 
as a percentage of the full-scale-reading that is possible with an 
instrument. 


Example 

An ammeter is quoted by the manufacturer as having an accuracy of 
±4% f.s.d. on the 0 to 2 A scale. What will the error be in a reading of 
1 .2 A on that scale? 

The accuracy is ±4% of the full scale reading of 2 A and is thus 
±0.08 A. Hence the reading is 1.2 ± 0.08 A. 

1.5.1 Sources of error 

Common sources of error with measurements are: 

1 Instrument construction errors 

These result from such causes as tolerances on the dimensions of 
components and the values of electrical components used in 
instruments and are inherent in the manufacture of an instrument and 
the accuracy to which the manufacturer has calibrated it. The 
specification supplied by the manufacturer for an instrument will give 
the accuracy that might be expected under specified operating 
conditions. 

2 Non-linearity errors 

In the design of many instruments a linear relationship between two 
quantities is often assumed, e.g. a spring balance assumes a linear 
relationship between force and extension. This may be an 
approximation or may be restricted to a narrow range of values. Thus 
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Figure 1.1 Parallax error 


an instrument may have errors due to a component not having a 
perfectly linear relationship. Thus in the specification supplied by a 
manufacturer for, say, a temperature sensor you might find a 
statement of a non-linearity error. 

3 Operating errors 

These can occur for a variety of reasons and include errors due to: 

(i) Errors in reading the position of a pointer on a scale. If the scale 
and the pointer are not in the same plane then the reading 
obtained depends on the angle at which the pointer is viewed 
against the scale (Figure 1.1). These are called parallax errors. 
To reduce the chance of such errors occurring, some instruments 
incorporate a mirror alongside the scale. Positioning the eye so 
that the pointer and its image are in line guarantees that the 
pointer is being viewed at the right angle. Digital instruments, 
where the reading is displayed as a series of numbers, avoid this 
problem of parallax. 

(ii) Errors may also occur due to the limited resolution of an 
instrument and the ability to read a scale. Such errors are termed 
reading errors. When the pointer of an instrument falls between 
two scale markings there is some degree of uncertainty as to what 
the reading should be quoted as. The worse the reading error 
could be is that the value indicated by a pointer is anywhere 
between two successive markings on the scale. In such 
circumstances the reading error can be stated as a value ± half 
the scale interval. For example, a rule might have scale markings 
every 1 mm. Thus when measuring a length using the rule, the 
result might be quoted as 23.4 ± 0.5 mm. However, it is often the 
case that we can be more certain about the reading and indicate a 
smaller error. With digital displays there is no uncertainty 
regarding the value displayed but there is still an error associated 
with the reading. This is because the reading of the instrument 
goes up in jumps, a whole digit at a time. We cannot tell where 
between two successive digits the actual value really is. Thus the 
degree of uncertainty is ± the smallest digit. 

(iii) In some measurements the insertion of the instrument into the 
position to measure a quantity can affect its value. These are 
called insertion errors or loading errors. For example, inserting 
an ammeter into a circuit to measure the current can affect the 
value of the current due to the ammeter’s own resistance. 
Similarly, putting a cold thermometer into a hot liquid can cool 
the liquid and so change the temperature being measured. 

4 Environmental errors 

Errors can arise as a result of environmental effects. For example, 
when making measurements with a steel rale, the temperature when 
the measurement is made might not be the same as that for which the 
rale was calibrated. Another example might be the presence of 
draughts affecting the readings given by a balance. 
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Example 

An ammeter has a scale with markings at intervals of 50 mA. What 
will be the reading error that can be quoted with a reading of 
400 mA? 


The reading error is generally quoted as ± half the scale interval. 
Thus the reading error is ±25 mA and the reading can be quoted as 
400 ± 25 mA. 


1 .6 Random errors The term random errors is used for errors which can vary in a random 
manner between successive readings of the same quantity. This may be 
due to personal fluctuations by the person making the measurements, e.g. 
varying reaction times in timing events, applying varying pressures when 
using a micrometer screw gauge, parallax errors, etc., or perhaps due to 
random electronic fluctuations (termed noise) in the instruments or 
circuits used, or perhaps varying frictional effects. 

Random errors mean that sometimes the error will give a reading that is 
too high, sometimes a reading that is too low. The error can be reduced by 
repeated readings being taken and calculating the mean (or average) 
value. The mean or average of a set of n readings is given by: 


where x, is the first reading, x 2 the second reading, ... x n the nth reading. 
The more readings we take the more likely it will be that we can cancel 
out the random variations that occur between readings. The true value 
might thus be regarded as the value given by the mean of a very large 
number of readings. 


Example 

Five measurements of the time have been taken for the resistance of a 
resistor: 20.1, 20.0, 20.2, 20.1, 20.1 Q. Determine the mean value. 

The mean value is obtained using the equation given above as: 

mean = 20.1+20.0 + 20.2 + 20.1+20.1 s IM = a i Q 

1 .7 Significant figures When we write down the result of a measurement we should only write it 
to the number of figures the accuracy will allow, these being termed the 
significant figures. If we write 12.0 g for the mass of some object then 
there are three significant figures. However, if we quoted the number as 
12, there are only two significant figures and the mass is less accurately 
known. 

If we have a number such as 0.001 04 then the number of significant 
figures is 3 since we only include the number of figures between the first 
non-zero figure and the last figure. This becomes more obvious if we 
write the number in scientific notation as 1 .04 x 10 -3 . If we have a number 
written as 104 000 then we have to assume that it is written to six 
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significant figures, the last 0 being significant. If we only wanted three 
significant figures then we should write the number as 1 .04 x 10 s . 

When multiplying or dividing two numbers, the result should only be 
given to the same number of significant figures as the number with the 
least number of significant figures . 

When adding or subtracting numbers, the result should only be given to 
the same number of decimal places as the number in the calculation with 
the least number of decimal places. 

When the result of a calculation produces a number which has more 
figures than are significant, we need to reduce it to the required number of 
significant figures. This process is termed rounding. For example, if we 
have 2.05 divided by 1.30, then using a calculator we obtain 1.5769231. 
We need to reduce this to three significant figures. This is done by 
considering the fourth figure, i.e. the 6. If that figure is 5 or greater, the 
third figure is rounded up. If that figure is less than 5, it is rounded down. 
In this case the figure of 6 is greater than 5 and so we round up and write 
the result as 1.58. In any calculation which involves a number of 
arithmetic steps, do not round numbers until all the calculations have been 
completed. The rounding process carried out at each stage can 
considerably affect the number emerging as the final answer. 

Example 

In an experiment involving weighing a number of items the results 
obtained were 1.4134 g, 5.156 g and 131.5 g. Quote, to the 
appropriate number of significant figures, the result obtained by 
adding the weighings. 

1.4134 + 5.156 + 131.5 = 138.0694. But one of the results is only 
quoted to one decimal place. Thus the answer should be quoted as 
138.1 g, the second decimal place figure of 6 rounding the first figure 
up. 

Example 

The result of two measurements gave figures of 14.0 and 23.15. If we 
then have to determine a result by working out 14.0 divided by 23.15, 
what is the result to the appropriate number of significant figures? 

14.0 -v 23.15 = 0.6047516. But the result with the least number of 
significant figures has just three. Hence the result to three significant 
figures is 0.605, the third figure having been rounded up because the 
fourth figure is 7. 

1 .8 Graphs In plotting graphs it is necessary to consider what quantities to plot along 
which axis and the scales to be used. Each of the axes will have a scale. 
When selecting a scale: 
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Figure 1.2 (a) Badly chosen scales, (b) sensible scales 


1 The scale should be chosen so that the points to be plotted occupy the 
full range of the axes used for the graph. There is no point in having a 
graph with scales from 0 to 100 if all the data points have values 
between 0 and 50 (Figure 1 .2(a)). 

2 The scales should not start at zero if starting at zero produces an 
accumulation of points within a small area of the graph. Thus if all 
the points have values between 80 and 100, then a scale from 0 to 
100 means all the points are concentrated in just the end zone of the 
scale. It is better, in this situation, to have a scale running from 80 to 
100 (Figure 1.2(b)). 

3 Scales should be chosen so that the location of the points between 
scale marks is made easy. Thus with a graph paper subdivided into 
large squares with each having 10 small squares, it is easy to locate a 
point of 0.2 if one large square corresponds to 1 but much more 
difficult if one large square corresponds to 3. 

4 The axes should be labelled with the quantities they represent and 
their units. 


1.8.1 Equation for the straight line graph 

The straight line graph is given with many relationships. The gradient, i.e. 
slope, of the graph is how much the line rises for a particular horizontal 
run and is m = rise/run. If we consider the rise and run from a point where 
the graph line cuts the x = 0 axis (Figure 1 .3): 



Figure 1.3 Straight line graph 
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Problems 


gradients -g = ^ 
y = mx + c 

This is the general equation used to describe a straight line. 

Example 

Determine the equation of the straight line graph in Figure 1 .4. 

1 20 
8 

n 15 
« 

° 10 
5 


0 12 3 4 

Time (s) 



Figure 1.4 Example 

Gradient = rise/run = (20 - 5)/4 = 3.75 m/s. There is an intercept with 
the y axis of 5 m. Thus, with s as the distance in metres and t the time 
in seconds, the equation is s = 3.75 1 + 5. 

1 A thermometer has graduations at intervals of 0.5°C. What is the worst 
possible reading error? 

2 An ammeter is quoted by the manufacturer as having an accuracy of 
±2% f.s.d. on the 0 to 1 A scale. What will the error be in a reading of 
0.80 A on that scale? 

3 An instrument has a scale with graduations at intervals of 0.1 units. 
What is the worst possible reading error? 

4 The accuracy of a digital meter, which gives a 4 digit display, is 
specified by the manufacturer as being ±1 digit. What will be the 
accuracy specified as a percentage of f.s.d.? 

5 Determine the means for the following sets of results: (a) The times 
taken for 10 oscillations of a simple pendulum: 51, 49, 50, 49, 52, 50, 
49, 53, 49, 52 s, (b) The diameter of a wire when measured at a 
number of points using a micrometer screw gauge: 2.11, 2.05, 2.15, 
2.12, 2.16, 2.14, 2.16, 2.17, 2.13, 2.15 mm, (c) The volume of water 
passing through a tube per 100 s time interval when measured at a 
number of times: 52, 49, 54, 48, 49, 49, 53, 48, 50, 53 cm 1 2 3 4 . 

6 Write the following data in scientific notation in the units indicated: 

(a) 20 mV in V, (b) 15 cm 3 in m 3 , (c) 230 pA in A, (d) 20 dm 3 in m 3 , 
(e) 15 pF in F, (f) 210 GPa in Pa, (g) 1 MV in V. 

7 Write the following data in the units indicated: (a) 1.2 x 10 3 V in kV, 

(b) 2.0 x 10 5 6 7 * Pa in MPa, (c) 0.20 m 3 in dm 3 , (d) 2.4 x 10" 12 F in pF, 

(e) 0.003 A in mA, (f) 12 x 10 9 Hz in GHz. 
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8 Round the following numbers to two significant figures: (a) 12.91, (b) 
0.214, (c) 0.01391, (d) 191.9, (e) 0.0013499. 

9 The mass of a beaker was measured using a balance as 25.6 g. Water 
with a mass of 6.02 g was added to the beaker. What is the total mass 
to the appropriate number of significant figures? 

10 The area A of a circle is given by the equation A = 'And 1 . Solve the 
equation for d given that the area is 5000 mm 2 . 

1 1 The velocity v of an object is given by the equation v = 10 + 2 1. Solve 
the equation for the time t when v = 20 m/s. 

12 The length L of a bar of metal at t°C is related to the length L 0 at 0°C 
by the equation L = L Q (1 + 0.00020- What is the length at 100°C for a 
bar of length 1 m at 0°C? 

13 The specific latent heat L of a material is defined by the equation L = 
Qhn, where Q is the heat transfer needed to change the state of a mass 
m of the material. If Q has the unit of joule (J) and m the unit of kg, 
what is the unit ofZ,? 

14 The density p of a material is defined by the equation p — m!V. What 
is the unit of density if m has the unit kg and V the unit m 3 ? 

15 For the bending of a beam, the bending moment M is given by the 
equation M = EUR. If E, the tensile modulus, has the unit N/m 2 , /, the 
second moment of area, the unit m 4 , and R the radius of a bent beam 
the unit of m, what must be the unit of MR 

16 Rearrange the following equations to give the indicated variable in 
terms of the remaining variables: 

(a) pi-p 2 = hpg, for h, (b) p - -^r - , for R, (c) E=V- Ir, for r, 
(d)/a= T-mr(a + g), for T, ( e)s = ut+ for F, 

(f) E = for x, (g) f = f , for R, (h) E = \mv\ for m, 

(i) V= V = \nr 2 h, for r, Q)P = I 2 R, for R, 

(k)m\a\ =-mia 2 , for<Z2, (1 forv, 

(m) C = £o£r^, for d. 

17 What is (a) the density, (b) the relative density of a cube if it has a 
side of length 200 mm and a mass of 2000 g? The density of water is 
1000 kg/m 3 . 

18 What is the weight of a body of mass 20 g if the acceleration due to 
gravity is 9.8 m/s 2 ? 


2 Statics 


2.1 Introduction Statics is concerned with the equilibrium of bodies under the action of 
forces. Thus, this chapter deals with situations where forces are in 
equilibrium and the determination of resultant forces and their moments. 



Scale 100 N 
Figure 2.1 A vector 


2.1.1 Scalar and vector quantities 

Scalar quantities can be fully defined by just a number; mass is an 
example of a scalar quantity. To specify a scalar quantity all we need to 
do is give a single number to represent its size. Quantities for which both 
the size and direction have to be specified are termed vectors. For 
example, force is a vector and if we want to know the effect of, say, a 
100 N force then we need to know in which direction the force is acting. 
To specify a vector quantity we need to indicate both size and direction. 
To represent vector quantities on a diagram we use arrows. The length of 
the arrow is chosen according to some scale to represent the size of the 
vector and the direction of the arrow, with reference to some reference 
direction, the direction of the vector, e.g. Figure 2.1 to represent a force of 
300 N acting in a north-east direction from A to B. 

In order to clearly indicate in texts when we are referring to a vector 
quantity, rather than a scalar or just the size of a vector quantity, it is 
common practice to use a bold letter such as a, or when hand-written by 
underlining the symbol a. When we are referring to the vector acting in 
directly the opposite direction to a, we would use -a, with the min us sign 
being used to indicate that it is in the opposite direction to a. If we want to 
just refer to the size of a we write a. 


orce | 1 force 
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Figure 2.2 External and 
internal forces 




2.1.2 Internal and external forces 

The term external forces is used for the forces applied to an object from 
outside (by some other object). The term internal forces is used for the 
forces induced in the object to counteract the externally applied forces 
(Figure 2.2). To illustrate this, consider a strip of rubber being stretched. 
External forces are applied to the rubber to stretch it. The stretching pulls 
the atoms in the rubber further apart and they exert forces inside the 
material to resist this; these are the internal forces. The existence of the 
internal forces is apparent when the strip of rubber is released; it contracts 
from its extended length under the action of the internal forces. The 
internal force produced as a result of an applied external force is a force 
produced in reaction to their application and so is often called the reactive 
force or reaction. 
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2.2 Forces in equilibrium If when two or more forces act on an object there is no resultant force (the 
object remains at rest or moving with a constant velocity), then the forces 
are said to be in equilibrium. This means that the sum of the force vectors 
is zero. If we have a mechanical system involving a number of connected 
bodies, e.g. a truss, then at equilibrium for the system we must have 
equilibrium for each point in the system. Thus if we draw a diagram 
representing the forces acting at some particular point in the system, such 
a diagram being called a free-body , then we can apply the conditions for 
equilibrium to those forces. 


2.2.1 Two forces in equilibrium 

For two forces to be in equilibrium (Figure 2.3) they have to: 

1 Be equal in size. 

2 Have lines of action which pass through the same point (such forces 
are said to be concurrent). 

3 Act in exactly opposite directions. 


Figure 2.3 Two forces in If any one of the above conditions is not met, there will be a resultant 

equilibrium force in some direction and so the forces will not be in equilibrium. 



Figure 2.4 Three forces in 
equilibrium 


2.2.2 Three forces in equilibrium 

For three forces to be in equilibrium (Figure 2.4) they have to: 

1 All lie in the same plane (such forces are said to be coplanar). 

2 Have lines of action which pass through the same point, i.e. they are 
concurrent. 

3 Give no resultant force. If the three forces are represented on a 
diagram in magnitude and direction by the vectors Fi, F 2 and F 3 , then 
their arrow-headed lines when taken in the order of the forces must 
form a triangle if the three forces are to be in equilibrium. This is 
known as the triangle of forces. If the forces are not in equilibrium, a 
closed triangle would not be formed. 

Drawing the triangle of forces involves the following steps: 

1 Select a suitable scale to represent the sizes of the forces. 

2 Draw an arrow-headed line to represent one of the forces. 

3 Take the forces in the sequence they occur when going, say, 
clockwise. Draw the arrow-headed line for the next force and draw it 
so that its line starts with its tail end from the arrowed end of the first 
force. 

4 Then draw the arrow-headed line for the third force, starting with its 
tail end from the arrow end of the second force. 
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5 If the forces are in equilibrium, the arrow end of the third force will 
coincide with the tail end of the first arrow-headed line to give a 
closed triangle. 

Triangle of forces problems can be solved graphically or by 
calculation; possibly using the sine rule which can be stated as: 

P _ Q _ R 

sin/? sing sinr 

where P is the length of the side of the triangle opposite the angle p, Q the 
length of the side opposite the angle q and R the length of the side 
opposite the angle r (Figure 2.5). 

Example 

Figure 2.6(a) shows an object supported by two wires and the 
free-body diagram for the forces acting on the object. If the weight of 
the object is 25 N, what are the forces in the two wires when the 
object is in equilibrium? 



Figure 2.6 Example 

When the object is in equilibrium, the three forces must complete a 
triangle of force. For the weight we know the magnitude and 
direction. For the forces in the two wires we only know the directions. 
Figure 2.6(b) shows the triangle of forces produced by utilising this 
information. We can obtain the forces in the wires from a scale 
diagram of the triangle of forces. Thus we might use a scale of, say, 
5 N to 1 cm. The 25 N force is then represented by a vertical line of 
length 5 cm. The T 2 force will then be a line drawn from the arrow 
end of the 25 N force at an angle to the horizontal of 60°. We do not 
know its length but we do know that the 7) line must join the tail end 
of the 25 N force at an angle of 30° below the horizontal. When we 
draw this line we can find the point of intersection of the 7j and Ti 
lines and hence their sizes. 
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Alternatively we can use the sine rule. The angle between the two 
wires is, from Figure 2.6(a), 90°. Thus 

T\ 25 

sin (90° - 60°) - sin 90° 

and T, = 12.5 N. For the other string: 

Tl 25 

sin (90° - 30°) sin 90° 

and T 2 = 21.7 N. 


2.3 Resultant forces A single force which is used to replace a number of forces and has the 
same effect is called a resultant force. What we are doing in finding a 
resultant force is adding a number of vectors to find their sum. 

We can use the triangle rule to add two forces; this is because if we 
replace the two forces by a single force it must be equal in size and in the 
opposite direction to the force needed to give equilibrium. For 
determining the resultant, the triangle rule can be stated as: to add two 
forces F, and F 2 we place the tail of the arrow representing one vector at 
the head of the arrow representing the other and then the line that forms 
the third side of the triangle represents the vector which is the resultant of 
Fi and F 2 (Figure 2.7(a)). Note that the directions of Fi and F 2 go in one 
sense round the triangle and the resultant, goes in the opposite direction. 
Figure 2.7(b) shows the triangle rule with Fi and F 2 in equilibrium with a 
third force and Figure 2.7(c) compares the equilibrium force with the 
resultant force. 



Figure 2.7 Triangle rule 



An alternative and equivalent rule to the triangle rule for determining 
the sum of two vectors is the parallelogram rule. This can be stated as: if 
we place the tails of the arrows representing the two vectors Fi and F 2 
together and complete a parallelogram, then the diagonal of that 
parallelogram drawn from the junction of the two tails represents the sum 
of the vectors Fi and F 2 . Figure 2.8 illustrates this. The triangle rule is just 
the triangle formed between the diagonal and two adjacent sides of the 
parallelogram. 

The procedure for drawing the parallelogram is as follows: 

1 Select a suitable scale for drawing lines to represent the forces. 

2 Draw an arrowed line to represent the first force. 
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Figure 2.9 Example 
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Figure 2.10 Example 




3 From the start of the first line, i.e. its tail end, draw an arrowed line to 
represent the second force. 

4 Complete the parallelogram by drawing lines parallel to these force 
lines. 

5 The resultant is the line drawn as the diagonal from the start point, the 
direction of the resultant being outwards from the start point. 

Example 

An object is acted on by two forces, of magnitudes 5 N and 4 N, at an 
angle of 60° to each other. What is the resultant force on the object? 

Figure 2.9 shows how these two vectors can be represented by the 
sides of a parallelogram. The resultant can be determined from a 
scale drawing by measurements of its length and angle or by 
calculation. From a scale drawing, the diagonal represents a force of 
7.8 N acting at an angle of about 26° to the 5 N force. 

By calculation, we have a triangle with adjacent sides of 5 and 4 
and an angle of 180° - 60° = 120° between them (Figure 2.10) and 
need to determine the length of the other side. The cosine rule can be 
used; the square of a side is equal to the sum of the squares of the 
other two sides minus twice the product of those sides times the 
cosine of the angle between them. Thus: 

(resultant) 2 = 5 2 + 4 2 - 2 x 5 x 4 cos 120° = 25 + 16 + 20 

Hence the resultant is 7.8 N. 

We can determine the angle 6 between the resultant and the 5 N 
force by the use of the sine rule. Thus: 


Hence, sin 6 = 0.444 and 8 = 26.4°. 


Example 

Determine the size and direction of the resultant of the two forces 
shown acting on the bracket in Figure 2.1 1(a). 



(b) 3.0 kN 


Figure 2.11 Example 

Arrowed lines are drawn to scale, with an angle of 80° between them, 
to represent the two forces. The parallelogram is then completed and 
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the diagonal drawn (Figure 2.11(b)). The diagonal represents a force 
of 5.4 kN at 47° to the 3.0 kN force. 


2.4 Resolving forces 



Figure 2.12 Resolving a force 


A single force can be replaced by two forces at right angles to each other. 
This is known as resolving a force into its components. It is done by using 
the parallelogram of forces in reverse, i.e. starting with the diagonal of the 
parallelogram and finding the two forces which would ‘fit’ the sides of 
such a parallelogram (Figure 2.12). If we have a force F, then its 
components are given by (horizontal component)// 7 = cos 9 and (vertical 
component)// 7 = sin 9 as: 

horizontal component = F cos 9 

vertical component = F sin 9 



Horizontal component 
Figure 2.13 Example 



Example 

Determine the horizontal and vertical components of a force of 5 N at 
an angle of 40° to the horizontal. 

Using the parallelogram rule we can draw the horizontal and vertical 
components as the sides of the parallelogram, as shown in Figure 
2.13. Then, the horizontal component = 5 cos 40° = 3.8 N and the 
vertical component = 5 sin 40° = 3.2 N. We could therefore replace 
the 5 N force by the two components of 3.8 N and 3.2 N and the 
effect would be precisely the same. 

Example 

An object of weight 30 N rests on an incline which is at 35° to the 
horizontal (Figure 2.14(a)). What are the components of the weight 
acting at right angles to the incline and along the incline? 

Figure 2.14(b) shows how the parallelogram rule can be used to 
determine the components. Thus the component down the incline = 
30 sin 35° = 17.2 N and the component at right angles to the incline = 
30 cos 35° = 24.6 N. 

The moment of a force about an axis is the product of the force F and its 
perpendicular distance r from the axis to the line of action of the force 
(Figure 2.15). An alternative, but equivalent, way of defining the moment 
of a force about an axis is as the product of the force F and the radius r of 
its potential rotation about the axis. Thus: 


moment = Fr 


Axis of 

rotation ▼ p 

Figure 2.15 Moment of a force 


The SI unit of the moment is the newton metre (N m). 

If an object fails to rotate about some axis then the turning effect of one 
force must be balanced by the opposite direction turning effect of another 
force. Thus for the situation shown in Figure 2.16 of a beam balanced on a 
pivot, the clockwise moment of force F\ about the pivot axis must be 
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Figure 2.16 Balanced beam 



|1000N^800N 

U > 1 . £ ^ 

100 cm 100 cm 200 cm 
Figure 2.18 Example 


balanced by the anticlockwise moment of force F 2 about the same axis, 
i.e. F>i = F 2 r 2 . Thus, when there is no rotation, the algebraic sum of the 
clockwise moments about an axis must equal the algebraic sum of the 
anticlockwise moments about the same axis. This is known as the 
principle of moments. 

Example 

Calculate the moments about the axis through A in Figure 2.17 of 
forces Fi and F 2 , when F x is 200 N and F 2 is 400 N. 

The perpendicular distance of the line of action of force F, from the 
pivot axis A is r\ = 0.20 m; hence the moment is F,r, = 200 x 0.2 = 
40 N m anticlockwise. 

The perpendicular distance of the line of action of force F 2 from 
the pivot axis A is r 2 = 0.30 cos 20° m; hence the moment is F 2 r 2 = 
400 x 0.30 cos 20° = 1 13 N m clockwise. 

Example 

Calculate the force required at the right-hand end of the pivoted beam 
in Figure 2.18 if the beam is to balance and not rotate. 

Taking moments about the pivot axis: anticlockwise moments = 1000 
x 200 + 800 x 100 = 280 000 N cm. This must equal the clockwise 
moments about the same axis and thus 200F = 280 000 and so F = 
1400 N. 


Example 

If a force of 1000 N is applied to the car brake pedal shown in Figure 
2.19, what will be the resulting force F in the brake cable? 



Figure 2.19 Example 

Taking moments about the axis through A. The perpendicular 
distance between the axis through A and the line of action of the 
1000 N force is 0.220 cos 30° and so: 

moment = 1000 x 0.220 cos 30° = 191 N m clockwise 

The perpendicular distance between the axis through A and the line 
of action of force F is 0.080 cos 20° and so: 
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t! , 

F~i 

Figure 2.20 A couple 



Figure 2.21 A couple 


2.6 Centre of gravity 



Figure 2.22 Centre of 
gravity 


moment of F = Fx 0.080 cos 20° anticlockwise 

As these moments balance we have F x 0.080 cos 20° = 191 and so F 

= 2541 N. 

2.5.1 Couples 

A couple is two coplanar parallel forces of the same size with their lines 
of action separated by some distance and acting in opposite directions 
(Figure 2.20). The moment of a couple about any axis is the algebraic sum 
of the moments due to each of the forces. Thus, taking moments about the 
axis through A in Figure 2.21 gives clockwise moment = F(d + x) and 
anticlockwise moment = Fx. Hence: 

moment of couple = F(d + x) -Fx = Fd 

Hence, the moment of a couple is the product of the force size and the 
perpendicular distance between the forces. 

The weight of an object is made up of the weights of each particle, each 
atom, of the object and so we have a multitude of forces which do not act 
at a single point. However, it is possible to have the same effect by 
replacing all the forces of an object by a single weight force acting at a 
particular point; this point is termed the centre of gravity. 

If an object is suspended from some point A on its surface (Figure 
2.22), equilibrium will occur when the moments of its constituent particles 
about the axis through A balance. When this occurs we can think of all the 
individual weight forces being replaced by a single force with a line of 
action vertically passing through A. We can thus consider the centre of 
gravity to lie somewhere on the vertical line through A. If the object is 
now suspended from some other point B, when equilibrium occurs the 
centre of gravity will lie on the vertical line through B. The intersection of 
these lines gives the location C of the centre of gravity. 

Consider an object to be made up of a large number of small elements: 
segment 1 : weight w, a distance x, from some axis, segment 2: weight w 2 a 
distance x 2 from the same axis, segment 3: weight w 3 a distance x 3 from 
the same axis, and so on for further segments. The total moment of the 
segments about the axis will be the sum of all the moment terms, i.e. woj 
+ W2X2 + W3X3 + ... If a single force W, i.e. the total weight, acting through 
the centre of gravity is to be used to replace the forces due to each 
segment then we must have a moment about the axis of Wx, where x is the 
distance of the centre of gravity from the axis: 

Wx = sum of all the moment terms due to the segments 
_ WlXx +W2X2 + W3X3 + ... 

W 

For symmetrical homogeneous objects, the centre of gravity is the 
geometrical centre. Thus, for a sphere the centre of gravity is at the centre 
of the sphere. For a cube, the centre of gravity is at the centre of the cube. 
For a rectangular cross-section homogeneous beam, the centre of gravity 
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is halfway along its length and in the centre of the cross-section. The 
centre of gravity of a triangular section lies at the intersection of lines 
drawn from each apex and bisecting the opposite sides. This locates the 
centre of gravity as being two-thirds of the way down any one of these 
median lines from an apex. 

For composite objects, the centre of gravity can be determined by 
considering the weight to be made up of a number of smaller objects, each 
with its weight acting through its own centre of gravity. This is illustrated 
in the examples that follow. 


C of Got 

thi?end CofGof 
this end 




100 mm 260 mm 
Figure 2.23 Example 



Figure 2.24 Example 


Example 

A homogeneous square cross-section beam of side 100 mm has a 
length of 2.0 m; at what point will be its centre of gravity? 

Because the beam is homogeneous and of constant cross-section, the 
centre of gravity will lie halfway along the beam, i.e. 1 .0 m from each 
end, and in the centre of the section, i.e. 50 mm from face. 

Example 

Determine the position of the centre of gravity of the object shown in 
Figure 2.23, the two parts are different sized, homogeneous, 
rectangular objects of constant thickness sheet. 

The centre of gravity of each piece is at its centre. Thus, one piece 
has its centre of gravity a distance along its centre line from X of 
50 mm and the other a distance from X of 230 mm. If the first piece 
has a weight 6 N and the second piece a weight of 4 N, then taking 
moments about X gives for the moment total (6 x 50) + (4 x 230) = 
1220 N mm. If the total weight of 6 + 4 = 10 N is considered to act at 
the centre of gravity a distance x from X then 10 x = 1220 and so x = 
122 mm. 

Example 

Determine the position of the centre of gravity for the homogeneous, 
constant thickness, sheet shown in Figure 2.24. 

The centre of gravity of the rectangular part will lie at its centre and 
that of the triangular part at two-thirds of the distance from an apex 
along a line bisecting the opposite side. Thus, for the rectangular part 
the centre of gravity is 0.25 m from point X and for the triangular part 
0.5 + 0.1 = 0.6 m. The weight of each part will be proportional to its 
area and so, if the weight per unit area is w, the weight of the 
rectangular part = 0.4 x 0.5w = 0.2w and the weight of the triangular 
part = VS x 0.4 x 0.3w = 0.06w. Hence, taking moments about X: 

moment = 0.2w x 0.25 + 0.06w x 0.6 = 0.086w 

The total weight of the shape is 0.2 w + 0.06 w = 0.26 w. Hence the 
centre of gravity is a distance x from X, where: 
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0.086w 
0.26 w 


= 0.33 m 


The centre of gravity will lie this distance along the axis from X and 
half the thickness of the sheet in from the sheet surface. 

2.7 Static equilibrium An object is said to be in static equilibrium when there is no movement or 
tendency to movement in any direction. This requires that, for coplanar 
but not necessarily concurrent forces: 


1 There must be no resultant force in any direction, i.e. the total of the 
upward components of forces must equal the downward components 
and the total of the rightward components of forces must equal the 
total of leftward components. 

2 The sum of the anticlockwise moments about any axis must equal the 
sum of the clockwise moments about the same axis. 


R. R 



2 kN 3 kN 


Figure 2.25 Example 


t Ri t* 



0.8 m 


Example 

Figure 2.25 shows a beam resting on supports at each end. If the 
beam carries loads at the positions shown, what are the reactive 
forces at the supports? The weight of the beam may be neglected. 

Taking moments about the left-hand end of the beam gives the 
clockwise moments as 2 x 1 + 3 x 2.5 = 9.5 kN m and the 
anticlockwise moments as 3.5i? 2 . Hence, as the anticlockwise 
moments and clockwise moments must be equal, we have 3.5R 2 = 9.5 
and so R 2 = 2.7 kN. 

The total of the upward forces must equal the total of the 
downward forces; the reactive forces must be vertical forces if they 
are to balance the downward forces, i.e. R x + R 2 = 2 + 3 = 5 kN, and 
so??i = 2.3 kN. 


Example 

Determine the reactive forces at the supports for the beam shown in 
Figure 2.26. The beam is homogeneous, of constant cross-section, 
and has a weight of 0.5 kN. 


Figure 2.26 Example 



20 kN 

Figure 2.27 Example 


The weight of the beam can be considered to act at its midpoint, i.e. 
2.3 m from one end. Taking moments about the left-hand pivot gives 
clockwise moments = 5.0 x 0.8 + 1.9 x 0.5 = 4.95 kN m and 
anticlockwise moments as 3.0 x R 2 . Hence, since equilibrium is 
assumed, the anticlockwise moments equal the clockwise moments 
and so 3.0 R 2 = 4.95. Hence R 2 = 1.65 kN and, since R x +R 2 = 5.5 kN, 
thenifi = 3.85 kN. 

Example 

Figure 2.27 shows a uniform beam of length 4 m which is subject to a 
uniformly distributed load of 10 kN/m over half its length and has a 
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weight of 20 kN. It is supported at each end. Determine the reactions 
at the supports. 

The weight of the beam can be considered to act at its midpoint. The 
uniformly distributed load can be considered to act at the midpoint of 
the section of the beam over which it is acting and have a total force 
of 10 x 2 = 20 kN. Hence, taking moments about A gives 20 x 1 + 20 
x 2 = 4R 2 and so R 2 = 15 kN. Equating the upwards and downwards 
directed forces gives Ri + R 2 = 20 + 20 and so Ri = 25 kN. 

2.8 Measurement of force Methods that are commonly used for the measurement of forces are: 



Figure 2.28 Proving ring 



Figure 2.29 Load cell 



Figure 2.30 Hydraulic 
force measurement system 


1 Elastic element methods which depend on the force causing some 
element to stretch, or become compressed, and so change in length. 
This change then becomes a measure of the force. 

The simplest example of such a method is the spring balance the 
extension of the spring being proportional to the force. Direct reading 
spring balances are not, however, capable of high accuracy since the 
extensions produced are relatively small. 

A more accurate form is the proving ring. This is a steel ring 
which becomes distorted when forces are applied across a diameter, 
the amount of distortion being proportional to the force. Figure 2.28 
shows a ring where a dial gauge is used to monitor the displacement; 
another form has strain gauges attached to the ring. Proving rings are 
capable of high accuracy and are typically used for forces in the range 
2 kN to 2000 kN. 

The proving ring is just one form of force measurement system in 
which forces are used to produce displacement which is monitored; 
the term load cell is commonly used for such systems and can take 
other forms such as columns, tubes or cantilevers. Strain gauges are 
commonly used to monitor the strain produced as a result of the 
forces applied to the cell member (Figure 2.29). Strain gauges are 
essentially lengths of wire coils which, when stretched or compressed 
produce electrical resistance changes. The resistance change is 
proportional to the strain experienced by the strain gauge and hence 
the amount by which it has been increased or reduced in length as a 
result of the forces. Such load cells are generally used for forces 
between about 500 N and 6000 kN with an accuracy of about ±0.2% 
of the full-scale reading. 

2 Hydraulic pressure methods use the change in pressure of hydraulic 
fluid that is produced by the application of a force as a measure of the 
force. A chamber containing hydraulic fluid (Figure 2.30) is 
connected to a pressure gauge, possibly a Bourdon tube pressure 
gauge. The chamber has a diaphragm to which the force is applied. 
The force causes the diaphragm to move and produces a change in 
pressure in the fluid which then shows up on the pressure gauge. Such 
methods tend to be used for forces up to 5 MN and typically have an 
accuracy of the order of ±1%. 
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Activities 



F igure 2.31 A ctivity 2 


1 Determine the centre of gravity of an irregular shaped sheet of card or 
metal by suspending it from points on its rim. The centre of gravity 
will lie on the vertical line through the point of suspension and thus if 
two points of suspension are used, the intersection of their lines gives 
the location of the centre of gravity. 

2 Using the arrangement shown in Figure 2.31, investigate how the 
forces at the supports of the beam depend on the value and position 
of the load and account for the results obtained. 

3 Clamp a retort stand near the edge of the bench and butt one end of a 
ruler up against it, the other end of the rule being attached by string to 
a spring balance and the upper end of the retort stand (Figure 2.32). 
Suspend weights from the free end of the rule and determine the 
reading on the balance when the rule is horizontal. Explain the results 
you obtain. 



Figure 2.32 Activity 3 


Problems 



Figure 2.33 Problem 4 



Figure 2.34 Problem 5 


1 Determine the resultant forces acting on objects subject to the 
following forces acting at a point on the object: 

(a) A force of 3 N acting horizontally and a force of 4 N acting at the 
same point on the object at an angle of 60° to the horizontal, 

(b) A force of 3 N in a westerly direction and a force of 6 N in a 
northerly direction, 

(c) Forces of 4 N and 5 N with an angle of 65° between them, 

(d) Forces of 3 N and 8 N with an angle of 50° between them, 

(e) Forces of 5 N and 7 N with an angle of 30° between them, 

(f) Forces of 9 N and 1 0 N with an angle of 40° between them, 

(g) Forces of 10 N and 12 N with an angle of 105° between them. 

2 In a plane structure a particular point is acted on by forces of 1 .2 kN 
and 2.0 kN in the plane, the angle between the forces being 1 5°. What 
is the resultant force? 

3 An object of weight 30 N is suspended from a horizontal beam by 
two chains. The two chains are attached to the same point on the 
object and are at 30° and 40° to the vertical. Determine the tensions in 
the two chains. 

4 An object of weight 30 N is suspended by a string from the ceiling. 
What horizontal force F must be applied to the object if the string is 
to become deflected and make an angle of 25° with the vertical 
(Figure 2.33)? 

5 An object of weight 20 N is supported from the ceiling by two cables 
inclined at 40° and 70° to the ceiling (Figure 2.34). Determine the 
tensions in the cables. 

6 Determine the forces F\ and F 2 in the jib shown in Figure 2.35. 


30 Engineering Science 



Figure 2.35 Problem 6 



Figure 2.36 Problem 10 



Figure 2.37 Problem 11 



150 N 150 N 
Figure 2.38 Problem 19 


7 An object of weight 5 N hangs on a vertical string. At what angle to 
the vertical will the string be when the object is held aside by a force 
of 3 N in a direction which is 20° above the horizontal? 

8 Determine the resultant force acting on an object when two forces of 
20 kN and 40 kN are applied to the same point on the object and the 
angle between the lines of action of the forces is 90°. 

9 Three girders in the same plane meet at a point. If there are tensile 
forces of 70 kN, 80 kN and 90 kN in the girders, what angles will the 
girders have to be at if there is equilibrium? 

10 What is the resultant force acting on the gusset plate shown in Figure 
2.36 as a result of the forces shown? 

1 1 An object is being pulled along the floor by two people, as illustrated 
in Figure 2.37. What will be the resultant force acting on the object? 

12 Determine the horizontal and vertical components of the following 
forces: (a) 10 N at 40° to the horizontal, (b) 15 kN at 70° to the 
horizontal, (c) 12 N at 20° to the horizontal, (d) 30 kN at 80° to the 
horizontal. 

13 An object of weight 30 N rests on an incline which is at 20° to the 
horizontal. What are the components of the weight at right angles to 
the incline and parallel to the incline? 

14 A cable exerts a force of 15 kN on a bracket. If the cable is at an 
angle of 35° to the horizontal, what are the horizontal and vertical 
components of the force? 

15 An object of weight 10 N rests on an incline which is at 30° to the 
horizontal. What are the components of this weight in a direction at 
right angles to the incline and parallel to the incline? 

1 6 Masses of 2 kg and 4 kg are attached to opposite ends of a uniform 
horizontal 3.0 m long beam. At what point along the beam should a 
single support be placed for the beam to be in equilibrium? What will 
be the reactive force at the support? Neglect the mass of the beam. 

17 A uniform horizontal beam 10 m long is supported at its ends. Loads 
of 2 kN and 3 kN are placed 2.0 m and 3.0 m, respectively, from one 
end. What are the reactive forces at the ends of the beam? Neglect the 
mass of the beam. 

1 8 A uniform horizontal beam of length 4.5 m is supported at its ends. 
Masses of 5 kg and 20 kg are placed 1.0 m and 2.5 m, respectively, 
from one end. What are the reactive forces at the supports? Neglect 
the mass of the beam. 

19 Figure 2.38 shows a control lever. Determine the size of the force F 
required to just maintain the lever in the position shown. 

20 A homogeneous rod has a length of 200 mm and a uniform cross- 
section of 20 mm x 30 mm. At what point is the centre of gravity? 

21 A rod has a length of 1.0 m. The first 0.5 m of the rod has a 
cross-section of 30 mm x 30 mm and the second 0.5 m a cross- 
section of 10 mm x 10 mm. If the material is of constant density, 
where will be the location of the centre of gravity? 

22 The shapes in Figure 2.39 were cut from constant thickness sheet of 
uniform density. Determine the positions of the centre of gravity. 
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(d) 100 mm 100 mm 

Figure 2.39 Problem 22 



Figure 2.40 Problem 24 


23 A loaded bus is checked at a weigh bridge and the front axle is found 
to be carrying a load of 3200 kg, the rear axle 4300 kg. How far is the 
centre of gravity of the bus from the front axle if the distance between 
the two axles is 8.0 m? 

24 What is the position of the centre of gravity of the 3000 kg tow truck 
shown in Figure 2.40 if the maximum load it can lift before the front 
wheels come off the ground is 4000 kg? 

25 A uniform, homogeneous, beam of length 2.4 m rests on two 
supports. If the supports are positioned 0.2 m from one end and 0.4 m 
from the other, what will be the reactions in the supports if the beam 
has a mass of 0.5 kg? 

26 A beam AB of weight 50 N and length 2.4 m has its centre of gravity 
0.8 m from end A. If it is suspended horizontally by two vertical 
ropes, one attached at end A and the other at a point which is 2.0 m 
from A, what are the tensions in the ropes? 

27 A non-uniform beam of length 6.0 m and mass 25 kg is pivoted about 
its midpoint. When a mass of 35 kg is put on one end and a 30 kg 
mass at the other end, the beam assumes a horizontal position. What 
is the position of the centre of gravity? 

28 A uniform beam of length 1.2 m has a weight of 15 N and is 
supported at 0.4 m from the left-hand end and at the right-hand end. 
What will be the reactions at the supports if it carries a point load of 
20 N at the left-hand end and a uniformly distributed load of 75 N/m 
over a length of 0.4 m from the right-hand end? 

29 A uniform beam of length 1.2 m has a weight of 15 N and is 
supported at its ends. What are the reactions at the supports if it 
carries a uniformly distributed load of 75 N/m 0.2 m from the left- 
hand end to the mid-span position? 

30 A uniform beam of length 6 m has a weight of 180 kN and is 
supported at its ends. If it carries a uniformly distributed load of 
60 kN/m over a length of 3 m from the left-hand end to the mid-span 
point, what are the reactions at the supports? 


3 Stress and strain 


3.1 Introduction 



Figure 3.1 (a) Tension, 
(b) compression, (c) shear 


When a material is subject to external forces, then internal forces are set 
up in the material which oppose the external forces. The material can be 
considered to be rather like a spring. A spring, when stretched by external 
forces, sets up internal opposing forces which are readily apparent when 
the spring is released and they force it to contract. A material subject to 
external forces which stretch it is said to be in tension (Figure 3.1(a)). A 
material subject to forces which squeeze it is said to be in compression 
(Figure 3.1(b)). If a material is subject to forces which cause it to twist or 
one face slide relative to an opposite face then it is said to be in shear 
(Figure 3.1(c)). This chapter is a consideration of the action of tensile and 
compressive forces on materials. 


3.2 Stress and strain 



Figure 3.2 Stress 


In discussing the application of forces to materials an important aspect is 
often not so much the size of the force as the force applied per unit 
cross-sectional area. Thus, for example, if we stretch a strip of material by 
a force F applied over its cross-sectional area A (Figure 3.2), then the 
force applied per unit area is FI A. The term stress, symbol a, is used for 
the force per unit area: 


Stress has the emits of pascal (Pa), with 1 Pa being a force of 1 newton per 
square metre, i.e. 1 Pa = 1 N/m 2 . Multiples of the pascal are generally 
used, e.g. the megapascal (MPa) which is 10 6 Pa and the gigapascal (GPa) 
which is 10 9 Pa. Because the area over which the forces are applied is 
more generally mm 2 rather than m 2 , it is useful to recognise that 1 GPa = 
1 GN/m 2 = 1 kN/mm 2 and 1 MPa = 1 MN/m 2 = 1 N/mm 2 . The area used in 
calculations of the stress is generally the original area that existed before 
the application of the forces. The stress is thus sometimes referred to as 
the engineering stress, the term true stress being used for the force 
divided by the actual area existing in the stressed state. 

The stress is said to be direct stress when the area being stressed is at 
right angles to the line of action of the external forces, as when the 
material is in tension or compression. 


Example 

A bar of material with a cross-sectional area of 50 mm 2 is subject to 
tensile forces of 100 N. What is the tensile stress? 

Tensile stress = force/area = 100/(50 x 10 -6 ) = 2 x 10 6 Pa = 2 MPa. 
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Example 

A pipe has an outside diameter of 50 mm and an inside diameter of 
45 mm and is acted on by a tensile force of 50 kN. What is the stress 
acting on the pipe? 

The cross-sectional area of the pipe is %7r(Z) 2 - d 2 ), where D is the 
external diameter and d the internal diameter. Thus, the cross- 
sectional area = %7i(50 2 - 45 2 ) = 373 mm 2 . Hence: 

Stress = = 373x10-6 = 134 x 10 6 Pa = 134 MPa 


3.2.1 Direct strain 


Original 

length 


(a) 






IT 


Figure 3.3 (a) Tensile strain, 

(b) compressive strain 


When a material is subject to tensile or compressive forces, it changes in 
length (Figure 3.3). The term strain, symbol e, is used for: 

„ . change in length 

Strain = — — — n — — r- 
original length 


Since strain is a ratio of two lengths it has no units; note that both lengths 
must be in the same units of length. Thus we might, for example, have a 
strain of 0.01. This would indicate that the change in length is 0.01 x the 
original length. However, strain is frequently expressed as a percentage: 


Strain 


change in length 
original length 


100 % 


Thus the strain of 0.01 as a percentage is 1%, i.e. this is when the change 
in length is 1% of the original length. 


Example 

A strip of material has a length of 50 mm. When it is subject to 
tensile forces it increases in length by 0.020 mm. What is the strain? 


„ . change in length 

Strain = — — — r-j — — r— 
original length 


— = 0.000 04 or 0.04% 



Example 

A tensile test piece has a gauge length of 50 mm. This increases by 
0.030 mm when subject to tensile forces. What is the strain? 


„ . change in length 

Strain = — — — 73 — — r— 
original length 


= 0.000 06 or 0.06% 


3.2.2 Shear stresses and strains 

There is another way we can apply forces to materials and that is in such a 
way as to tend to slide one layer of the material over an adjacent layer. 
This is termed shear. Shear stresses are not direct stresses since the forces 
being applied are in the same plane as the area being stressed. Figure 3.4 


Figure 3.4 Shear 
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shows how a material can be subject to shear. With shear, the area over 
which forces act is in the same plane as the line of action of the forces. 
The force per unit area is called the shear stress: 



Figure 3.5 Example 


The unit of shear stress is the pascal (Pa). 

With tensile and compressive stresses, changes in length are produced; 
with shear stress there is an angular change <f>. Shear strain is defined as 
being the angular deformation: 

shear strain = <fi 

The unit used is the radian and, since the radian is a ratio, shear strain can 
be either expressed in units of radians or without units. 

Example 

Figure 3.5 shows a component that is attached to a vertical surface by 
means of an adhesive. The area of the adhesive in contact with the 
component is 100 mm 2 . The weight of the component results in a 
force of 30 N being applied to the adhesive-component interface. 
What is the shear stress? 


Shear stress = force/area = 30/(100 x 10 6 ) = 0.3 x 10 6 Pa = 0.3 MPa. 


3.3 Stress-strain graphs 



If gradually increasing tensile forces are applied to, say, a strip of mild 
steel then initially when the forces are released the material springs back 
to its original shape. The material is said to be elastic. If measurements 
are made of the extension at different forces and a graph plotted, then the 
extension is found to be proportional to the force and the material is said 
to obey Hooke's law. Figure 3.6(a) shows a graph when Hooke’s law is 
obeyed. Such a graph applies to only one particular length and 
cross-sectional area of a particular material. We can make the graph more 
general so that it can be applied to other lengths and cross-sectional areas 
of the same material by dividing the extension by the original length to 
give the strain and the force by the cross-sectional area to give the stress 
(Figure 3.6(b)). Then we have, for a material that obeys Hooke’s law, the 
stress proportional to the strain: 



Figure 3.6 Hooke ’s law 


stress strain 

Figure 3.7 shows the type of stress-strain graph which would be given 
by a sample of mild steel. Initially the graph is a straight line and the 
material obeys Hooke’s law. The point at which the straight line 
behaviour is not followed is called the limit of proportionality. With low 
stresses the material springs back completely to its original shape when 
the stresses are removed, the material being said to be elastic. At higher 
forces this does not occur and the material is then said to show some 
plastic behaviour. The term plastic is used for that part of the behaviour 
which results in permanent deformation. The stress at which the material 
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starts to behave in a non-elastic manner is called the elastic limit. This 
point often coincides with the point on a stress-strain graph at which the 
graph stops being a straight line, i.e. the limit of proportionality. 



Figure 3.7 Stress— strain graph for mild steel 


The strength of a material is the ability of it to resist the application of 
forces without breaking. The term tensile strength is used for the 
maximum value of the tensile stress that a material can withstand without 
breaking, i.e. 


tensile strength = 


maximum tensile forces 
original cross-sectional area 


The compressive strength is the maximum compressive stress the material 
can withstand without becoming crushed. The unit of strength is that of 
stress and so is the pascal (Pa), with 1 Pa being 1 N/m 2 . Strengths are 
often millions of pascals and so MPa is often used, 1 MPa being 10 6 Pa or 
1 000 000 Pa. Typically, carbon and low alloy steels have tensile strengths 
of 250 to 1300 MPa, copper alloys 80 to 1000 MPa and aluminium alloys 
100 to 600 MPa. 

With some materials, e.g. mild steel, there is a noticeable dip in the 
stress-strain graph at some stress beyond the elastic limit and the strain 
increases without any increase in load. The material is said to have 
yielded and the point at which this occurs is the yield point. For some 
materials, such as mild steel, there are two yield points termed the upper 
yield point and the lower yield point. A carbon steel typically might have 
a tensile strength of 600 MPa and a yield stress of 300 MPa. 


Example 

A material has a yield stress of 200 MPa. What tensile forces will be 
needed to cause yielding with a bar of the material with a cross- 
sectional area of 100 mm 2 ? 

Since stress = force/area, then the yield force = yield stress x area = 
200 x 10 6 x 100 x 10- 6 = 20 000 N. 
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Lower surface compressed 
Figure 3.8 Bending 



Strain 


Figure 3.9 Modulus of 
elasticity = AB/BC 


Example 

Calculate the maximum tensile force a steel bar of cross-section 
20 mm x 10 mm can withstand if the tensile strength of the material is 
400 MPa. 

Tensile strength = maximum stress = maximum force/area and so the 
maximum force = tensile strength x area = 400 x 10 6 x 0.020 x 0.010 
= 80 000 N = 80 kN. 


The stiffness of a material is the ability of a material to resist bending. 
When a strip of material is bent, one surface is stretched and the opposite 
face is compressed, as illustrated in Figure 3.8. The more a material bends 
the greater is the amount by which the stretched surface extends and the 
compressed surface contracts. Thus a stiff material would be one that gave 
a small change in length when subject to tensile or compressive forces. 
This means a small strain when subject to tensile or compressive stress 
and so a small value of strain/stress, or conversely a large value of 
stress/strain. For most materials a graph of stress against strain gives 
initially a straight line relationship, as illustrated in Figure 3.9. Thus a 
large value of stress/strain means a steep slope of the stress-strain graph. 
The quantity stress/strain when we are concerned with the straight line 
part of the stress-strain graph is called the modulus of elasticity (or 
sometimes Young’s modulus). 


Modulus of elasticity = -SE§§s 


The units of the modulus are the same as those of stress, since strain has 
no units. Engineering materials frequently have a modulus of the order of 
1000 000 000 Pa, i.e. 10 9 Pa. This is generally expressed as GPa, with 
1 GPa = 10 9 Pa. A stiff material has a high modulus of elasticity. 

For most engineering materials the modulus of elasticity is the same in 
tension as in compression. Typical values are: steels 200 to 210 GPa, 
aluminium alloys 70 to 80 GPa, copper alloys 100 to 160 GPa. 


Example 

For a material with a tensile modulus of elasticity of 200 GPa, what 
strain will be produced by a stress of 4 MPa? Assume that the limit of 
proportionality is not exceeded. 


Since the modulus of elasticity is stress/strain then: 


strain = 


stress _ 4xl0 6 
modulus 200 xlO 9 


= 0.00002 


Example 

Calculate the strain that will be produced by a tensile stress of 
10 MPa stretching a bar of aluminium alloy with a tensile modulus of 
70 GPa. Assume that the limit of proportionality is not exceeded. 


Since the modulus of elasticity is stress/strain then: 


strain = 


stress _ lOx 10 6 
modulus 70xl0 9 


= 0.000 14 


Example 

A tie bar has two holes a distance of 4.0 m apart. By how much does 
this distance increase when a tensile load of 20 kN is applied to the 
tie bar? The tie bar is a rectangular section 40 mm x 10 mm and the 
material of which the bar is made has a tensile modulus of 210 GPa. 
Assume that the limit of proportionality is not exceeded. 


Stress — 20 X 10 3 i n6 p a 

Stress - area - o 040x0.010 10 ™ 


If the extension is e then the strain is change in length/original length 
= e/4.0. Since the modulus of elasticity is stress/strain then: 


210x 10 9 = 


50xl0 6 

(e/4.0) 


Hence e = 0.95 mm. 


Example 

A machine is mounted on a rubber pad. The pad has to carry a load of 
6 kN and have a maximum compression of 2 mm under this load. The 
maximum stress that is allowed for the rubber is 0.25 MPa. What is 
the size of the pad that would be appropriate for these maximum 
conditions? The modulus of elasticity for the mbber can be taken as 
being constant at 5 MPa. 


Since compressive stress = force/area then the area required is 

flrpa _ f or ce. _ ..6..X.10. 3 , n _ 3 2 

3X63 stress 0.25 xlO 6 24x10 m 

Since modulus of elasticity = stress/strain then: 

strain = = °j 5xl 6 ° 6 = 0.05 

modulus 5 x 10 6 


Strain = change in length/original length and so: 


change in length 


0.002 

0.05 


= 0.040 m = 40 mm 


The pad would thus require an area of 24 000 mm 2 and a thickness of 
40 mm. 


3.4 Poisson’s ratio When a piece of material is stretched, there is a transverse contraction of 
the material (Figure 3.10). The ratio of the transverse strain to the 
longitudinal strain is called Poisson ’s ratio : 
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After stretching 


Figure 3.10 Poisson ’s ratio 


Poisson’s ratio = — 


transverse strain 
longitudinal strain 


The minus sign is because when one strain is tensile and giving an 
increase in length the other is compressive and giving a reduction in 
length. Since it is a ratio, there are no units. For most engineering metals, 
Poisson’s ratio is about 0.3. 


Example 

A bar of mild steel of length 100 mm is extended by 0.01 mm. By 
how much will the width of the bar contract if initially the bar has a 
width of 1 0 mm? Poisson’s ratio = 0.31. 


Longitudinal strain = extension/(original length) = 0.01/100 = 0.0001. 
Since Poisson’s ratio = -(transverse strain)/(longitudinal strain) then 
transverse strain = -(Poisson’s ratio) x (longitudinal strain) = -0.31 x 
0.0001 = -0.000 031. Since, transverse strain = (change in 
width)/(original width), change in width = (transverse strain) x 
(original width) = -0.000 031 x 10 = 0.000 31 mm. 

Activities 1 Carry out the following simple experiments to obtain information 
about the tensile properties of materials when commercially made 
tensile testing equipment is not available. Safety note : when doing 
_____ experiments involving the stretching of wires or other materials, the 

specimen may fly up into your face when it breaks. When a taut wire 
snaps, a lot of stored elastic energy is suddenly released. Safety 
Rubber spectacles should be worn . 

k)ancl Obtain a force-extension graph for rubber by hanging a rubber 

f\_ ^ band (e.g. 74 mm by 3 mm by 1 mm band) over a clamp or other 

fixture, adding masses to a hanger suspended from it and measuring 
the extension with a ruler (Figure 3.11). In a similar way, obtain a 
force-extension graph for a nylon fishing line, the fishing line being 
Figure 3.11 Tensile test tied to form a loop (e.g. about 75 cm long). 

for rubber Determine the force-extension graph for a metal wire. Figure 3.12 

shows the arrangement that can be used with, for example, iron wire 
with a diameter of about 0.2 mm, copper wire about 0.3 mm diameter 
or steel wire about 0.08 mm diameter, all having lengths of about 
2.0 m. 


Wooden 



Figure 3.12 Tensile test for a metal 
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Problems 


Measure the initial diameter d of the wire using a micrometer 
screw gauge and the length L of the wire from the clamped end to the 
marker (a strip of paper attached by Sellotape) using a rule, a small 
load being used to give an initially taut wire. Add masses to the 
hanger and note the change in length e from the initial position. 
Hence plot a graph of force (F) against extension (e). Since E = 
stress/strain = (FAAnd 2 )l(e/L) then force F = {End 2 l4L)e, determine 
the modulus of elasticity E from the gradient of the initial 
straight-line part of the graph. 

1 What is the tensile stress acting on a test piece if a tensile force of 
1.0 kN is applied to a cross-sectional area of 50 mm 2 ? 

2 A pipe has an external diameter of 35 mm and an internal diameter of 
30 mm. What is the tensile stress acting on the pipe if it is subject to a 
tensile axial load of 800 N? 

3 A tensile force acting on a rod of length 300 mm causes it to extend 
by 2 mm in the direction of the force. What is the strain? 

4 A steel rod of length 100 mm has a constant diameter of 10 mm and 
when subject to an axial tensile load of 10 kN increases in length by 
0.06 mm. What is (a) the stress acting on the rod, (b) the strain 
produced, (c) the modulus of elasticity? 

5 A round tensile test piece has a gauge length of 100 mm and a 
diameter of 11.28 mm. If the material is an aluminium alloy with a 
modulus of elasticity of 70 GPa, what extension of the gauge length 
mi ght be expected when the tensile load applied is 200 N? 

6 A steel rod has a length of 1 .0 m and a constant diameter of 20 mm. 
What will be its extension when subject to an axial tensile load of 
60 kN if the modulus of elasticity of the material is 200 GPa? 

7 A steel rod with a constant diameter of 25 mm and a length of 
500 mm is subject to an axial tensile load of 50 kN. If this results in 
an extension of 0.25 mm, what is the modulus of elasticity? 

8 An aluminium alloy has a tensile strength of 200 MPa. What force is 
needed to break a bar with a cross-sectional area of 250 mm 2 ? 

9 The following results were obtained from a tensile test of a steel. The 
test piece had a diameter of 10 mm and a gauge length of 50 mm. Plot 
the stress-strain graph and determine (a) the tensile strength, (b) the 
yield stress, (c) the tensile modulus. 

Load/kN 0 5 10 15 20 25 30 32.5 35.8 

Ext./mm 0 0.016 0.033 0.049 0.065 0.081 0.097 0.106 0.250 

10 The following data were obtained from a tensile test on a stainless 
steel test piece. Determine (a) the limit of proportionality stress, (b) 
the tensile modulus. 

Stress/MPa 0 90 170 255 345 495 605 

Strain/xlO^ 0 5 10 15 20 30 40 

Stress/MPa 700 760 805 845 880 895 

Strain/xlO^ 50 60 70 80 90 100 


4 Linear motion 


4.1 Introduction This chapter is a review of the basic terms used in describing linear 
motion with a derivation of the equations used in tackling problems 
involving such motion. Also considered are the graphs of distance-time 
and velocity-time and the data that can be extracted from such graphs. 
The vector nature of velocity is considered and its resolution into 
components, this enabling problems to be tackled which involve 
projectiles. Chapter 5 extends this consideration of motion to that of 
angular motion. 


4.1.1 Basic terms 

The following are basic terms used in the description of linear motion: 

1 Distance is the distance along the path of an object, whatever the 
form of the path. Thus, if we say the distance covered in the motion 
of a car was, say, 3 km then the 3 km could have been covered along 
a straight road and the car be 3 km away from its start point. Another 
possibility is, however, that the 3 km was round a circular track and 
the car at the end of its 3 km might have been back where it started. 

2 Displacement is the distance in a straight line between the start and 
end points of some motion. Thus a displacement of 3 km would mean 
that at the end of the motion that an object was 3 km away from the 
start point. 

3 Speed is the rate at which distance is covered. Thus a car might be 
stated as having a speed of 50 km/h. 

4 Average speed is the distance covered in a time interval divided by 
the time taken: 


average speed = 


distance covered 
time taken 


A car which covers 80 km in 1 hour will have an average speed of 80 
km/h over that time. During the hour it may, however, have gone 
faster than 80 km/h for part of the time and slower than that for some 
other part. 

5 A constant or uniform speed occurs when equal distances are covered 
in equal intervals of time, however small we consider the time 
interval. Thus a car with an average speed of 60 km/h for 1 hour will 
be covering distance at the rate of 60 km/h in the first minute, the 
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second minute, over the first quarter of an hour, over the second half 
hour, indeed over any time interval in that hour. 

6 Velocity is the rate at which displacement along a straight line 
changes with time. Thus an object having a velocity of 5 m/s means 
that the object moves along a straight line path at the rate of 5 m/s. 

7 Average velocity is the displacement along a straight line occurring in 
a time interval divided by that time: 


average velocity = 


displacement occurring 
time taken 


Thus an object having a displacement of 3 m along a straight line in a 
time of 2 s will have an average velocity in the direction of the 
straight line of 1 .5 m/s over that time. During the 2 s there may be 
times when the object is moving faster or slower than 1.5 m/s. 

8 A constant or uniform velocity occurs when equal displacements 
occur in the same straight line direction in equal intervals of time, 
however small the time interval. Thus an object with a constant 
velocity of 5 m/s in a particular direction for a time of 30 s will cover 
5 m in the specified direction in each second of its motion. 

9 Acceleration is the rate of change of velocity with time. The term 
retardation is often used to describe a negative acceleration, i.e. 
when the object is slowing down rather than increasing in velocity. 

10 Average acceleration is the change of velocity occurring over a time 
interval divided by the time: 

, . change of velocity 

average acceleration = p ~-r 


Thus if the velocity changes from 2 m/s to 5 m/s in 10 s then the 
average acceleration over that time is (5 2)/10 = 0.3 m/s 2 . If the 

velocity changes from 5 m/s to 2 m/s in 10 s then the average 
acceleration over that time is (2 - 5)/10 = -0.3 m/s 2 , i.e. it is a 
retardation. 

11 A constant or uniform acceleration occurs when the velocity changes 
by equal amounts in equal intervals of time, however small the time 
interval. Thus an object with a constant acceleration of 5 m/s 2 in a 
particular direction for a time of 30 s will change its velocity by 5 m/s 
in the specified direction in each second of its motion. 


4.2 Straight line motion The equations that are derived in the following discussion all relate to 
uniformly accelerated motion in a straight line. If u is the initial velocity, 
i.e. at time t = 0, and v the velocity after some time t, then the change in 
velocity in the time interval t is (v - u). Hence the acceleration a is 
(v - u)/t. Rearranging this gives: 


+ at 


[Equation 1] 
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If the object, in its straight-line motion, covers a distance s in a time t, 
then the average velocity in that time interval is sit. With an initial 
velocity of u and a final velocity of v at the end of the time interval, the 
average velocity is ( u + v)/2. Hence sit ={u + v)/2 and so: 




Substituting for v by using the equation v = u + at gives: 

s = = ( ^2 ~ ut+ ~2 at2 [Equation 2] 


Consider the equation v = u + at. Squaring both sides of this equation 
gives: 


v 2 = ( u + at ) 2 = u 2 +2uat + a 2 1 2 = u 2 +2a(ut + j at 2 ) 

Hence, substituting for the bracketed term using equation 2: 

v 2 = u 2 + las [Equation 3] 

The equations [1], [2] and [3] are referred to as the equations for 
straight-line motion. The following examples illustrate their use in solving 
engineering problems. 

Example 

An object moves in a straight line with a uniform acceleration. If it 
starts from rest and takes 12 s to cover 100 m, what is the 
acceleration? If it continues with the same acceleration, how long will 
it take to cover the next 100 m and what will be its velocity after the 
200 m? 

For the first 100 m, we have u = 0, s = 100 m, t = 12 s and are 
required to obtain a. Using s = ut+ x kaf". 

100 = 0+ V 2 axl2 2 = 0 + 72a 

Hence a = 100/72 = 1.4 m/s 2 . 

To determine the time to cover the next 100 m we can use s = ut + 
'Aat 2 for the 200 m and subtract the time taken for the first 100 m. We 
have u = 0, s = 200 m and a = 1.4 m/s 2 , hence: 

200 = 0 + V 2 x 1.4 x F 

and so t = 16.9 s. Thus the time taken to cover the 100 m is 16.9 - 12 
= 4.9 s. 

The velocity v after the 200 m can be determined using v 2 = u 2 + 
las with u = 0, a = 1 .4 m/s 2 and a = 200 m. 


^ = 0 + 2 x 1.4x200 
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and v = 23.7 m/s. 

Example 

A car travelling at 25 m/s brakes and slows down with a uniform 
retardation of 1 .2 m/s 2 . How long will it take to come to rest? 

A retardation is a negative acceleration in that the final velocity is 
less than the starting velocity. Thus we have u = 25 m/s, a final 
velocity of v = 0, retardation a = -1.2 m/s 2 and are required to obtain 
*. Using v = u + at, then: 

0 = 25 + (-1.2)* = 25- 1.2* 

Thus 1.2*= 25 and so *= 25/1.2 = 20.8 s. 

Example 

A car is moving with a velocity of 10 m/s. It then accelerates at 
0.2 m/s 2 for 100 m. What will be the time taken for the 100 m to be 
covered? 

We have u = 10 m/s, a = 0.2 m/s 2 and s = 100 m and are required to 
obtain *. Using s = ut+ 'hat 2 '. 

s = 100 = 10* + ‘/ 2 x 0.2* 2 

We can write this equation as: 

0 . 1 * 2 + 10 *- 100 = 0 

This is a quadratic equation. Using the formula for the solution of 
quadratic equations: 

-b± Jb 2 - 4 ac 
la 

then: 


-10 ± ^100-4 x0.1(-100) -10±/I40 

2x0.1 - 0.2 

Hence * = -50 - 59.2 = -109.2 s or * = -50 + 59.2 = 9.2 s. Since the 
negative time has no significance, the answer is 9.2 s. The answer can 
be checked by substituting it back in the original equation. 

Example 

A stationary car A is passed by car B moving with a uniform velocity 
of 15 m/s. Two seconds later, car A starts moving with a constant 
acceleration of 1 m/s 2 in the same direction. How long will it take for 
car A to draw level with car B? 
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Both the cars will have travelled the same distance s when they have 
drawn level. We will measure time t from when car B initially passes 
car A. For car B, since u = 15 m/s and a = 0, using s = ut + 'hat 1 
gives: 

s= 15/+0 

For car A, since u = 0 and a = 1 m/s 2 , we can write, with (t - 2) for 
the time since car A is in motion for a time 2 s less than t: 

s = 0 + 7 2 x 1 x (/ - 2) 2 

These two simultaneous equations can be solved by substituting for s 
in the second equation. Thus: 

15/ = 0.5(/ - 2) 2 = O^/ 2 - 4/ + 4) = 0.5/ 2 - 2/ + 2 

Hence we obtain the quadratic equation: 

0.5/ 2 - 17/ + 2 = 0 

Using the formula for the solution of a quadratic equation: 

-b±Jb 2 -Aac 17± Vl7 2 -4x0.5x2 
t_ 2 a ~ 2x0.5 

Hence / = 17 ± V285 and / = 17 + 16.9 = 33.9 s or / = 17 - 16.9 = 
0.1 s. With the data given, this second answer is not feasible and so 
the time is 33.9 s after car B has passed car A. 

4.3 Vectors Velocity and acceleration are vector quantities (see Chapter 3). A vector 
quantity is one for which both its magnitude and direction have to be 
stated for its effects to be determined; they have to be added by methods 
which take account of their directions, e.g. the parallelogram method. 

Example 

A projectile is thrown vertically upwards with a velocity of 10 m/s. If 
there is a horizontal wind blowing at 5 m/s, what will be the velocity 
with which the projectile starts out? 

Figure 4.1 shows the vectors representing the two velocities and their 
resultant, i.e. sum, determined from the parallelogram of vectors. We 
can use a scale drawing to obtain the resultant or, because the angle 
between the two velocities is 90° we can use the Pythagoras theorem 
to give v 2 = 10 2 + 5 2 . Hence v = 1 1 .2 m/s. 

This velocity will be at an angle 6 to the horizontal, where tan 6 = 
10/5 and so 6 = 63.4°. 
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Figure 4.2 Resolving a 
velocity into components 


4.3.1 Resolution into components 

A single vector can be resolved into two components at right angles to 
each other by using the parallelogram of vector method of summing 
vectors in reverse. For example, a velocity v at an angle 6 to the horizontal 
can be resolved into a horizontal component of v cos 6 and a vertical 
component of v sin 0 (Figure 4.2). 

Example 

A projectile is fired from a gun with a velocity of 200 m/s at 30° to 
the horizontal. What is (a) the horizontal velocity component, (b) the 
vertical velocity component? 


(a) Horizontal component = v cos 6 = 200 cos 30° - 173 m/s. 

(b) Vertical component = v sin 6 = 200 sin 30° = 100 m/s. 


4.4 Motion under gravity 


Velocity = 0 
at greatest 
height 

Velocity ‘ 
decreasing 
Retardation 
-9 


Fall starts with 
zero velocity 


Velocity 
increasing 
Acceleration 
+ 9 


Initial . 
velocity y 


Final 

^velocity 


All freely falling objects in a vacuum fall with the same uniform 
acceleration directed towards the surface of the earth as a result of a 
gravitational force acting between the object and the earth. This 
acceleration is termed the acceleration due to gravity g. For most 
practical purposes, the acceleration due to gravity at the surface of the 
earth is taken as being 9.81 m/s 2 . The equations for motion of a falling 
object are those for motion in a straight line with the acceleration as g. 

When an object is thrown vertically upwards it suffers an acceleration 
directed towards the surface of the earth. An acceleration directed in the 
opposite direction to which an object is moving is a retardation, i.e. a 
negative acceleration since it results in a final velocity less than the initial 
velocity. The result is that the object slows down. The object slows down 
until its velocity upwards eventually becomes zero, it then having attained 
its greatest height above the ground. Then the object reverses the direction 
of its motion and falls back towards the earth, accelerating as it does; we 
have then the acceleration of +g. Figure 4.3 illustrates these points. 


Figure 4.3 Vertical motion 
under gravity 


Example 

A stone is dropped down a vertical shaft and reaches the bottom in 
5 s. How deep is the shaft? Take g as 9.8 m/s 2 . 


We have u = 0, t = 5 s and a = g = 9.8 m/s 2 . We have to determine the 
distance fallen, h. Using s = ut + 'hat 2 , we have h = 0 + V2 x 9.8 x 5 2 
= 122.5 m. 


Example 

An object is thrown vertically upwards with a velocity of 8.0 m/s. 
What will be the greatest height reached and the time taken to reach 
that height? Take g as 9.8 m/s 2 . 

We have u = 8.0 m/s, a = -g = -9.8 m/s 2 and, at the greatest height H, 
v = 0. We have initially to determine H. The velocities and 
displacement are measured in an upward direction and so the 
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Figure 4.4 Motion down a 
smooth plane under gravity 


4.5 Graphs of motion 



Figure 4.5 Distance-time 
graph 


acceleration due to gravity is negative. Thus, using v 2 = u 2 + las, 
gives 0 = 8.0 2 + 2 (-9.8)// and so H= 64/19.6 = 3.27 m. To determine 
t we can use v = u + at to give 0 = 8.0 + (-9.8)/. Thus 9.8/ = 8.0, and 
so/ = 8.0/9.8 = 0.82 s. 


4.4.1 Motion down an inclined plane 

For free fall the acceleration is g downwards. However, for objects 
moving down a smooth inclined plane, as in Figure 4.4, vertical motion is 
not possible. The result is an acceleration down the plane which is due to 
the resolved component of g in that direction: 

acceleration down plane due to gravity = g sin 0 

Example 

A smooth inclined chute is used to send boxed goods down from the 
store to delivery trucks. If the ramp has a maximum vertical height of 
4.0 m and is inclined at 30° to the horizontal, what will be the 
velocity of the boxes at the bottom of the chute and the time taken? 

With u = 0, a = g sin 0, s = 4/sin 6 (i.e. the length of the slope): 

v 2 = u 2 + las = 0 + 2 x 9.8 sin 30° x (4/sin 30°) 

and so v = 8.9 m/s. Using v = u + at gives 8.9 = 0 + (9.8 sin 30°) x / 
and hence /= 1.8 s. 

This section is a discussion of how graphs can be used to describe the 
motion of an object. 

4.5.1 Distance-time graphs 

If the distance moved by an object in a straight line, from some reference 
point on the line, is measured for different times then a distance-time 
graph can be plotted. For the distance-time graph shown in Figure 4.5, if 
the distance changes from si to s 2 when the time changes from t\ to t 2 , the 
average velocity is (s 2 - s,)/(h - h). But this is just the gradient of the 
graph. Thus: 

velocity = gradient of distance-time graph 

With a straight-line graph, the gradient is constant and the distance 
changes by equal amounts in equal intervals of time, however small a time 
interval we consider. There is thus a uniform velocity. 

When the graph is not a straight line, as in Figure 4.6, the gradient and 
hence the velocity is changing. (s 2 - .?,) is the distance travelled in a time 
of (/ 2 - /i) and the average velocity over that time is (s 2 - s\)l{t 2 - /i). The 
smaller we make the times between A and B then the more the average is 
taken over a smaller time interval and so the more it approximates to the 
instantaneous velocity. An infinitesimal small time interval means we 
have the tangent to the curve. Thus if we want the velocity at an instant of 
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Figure 4.7 Example 


time, say A, then we have to determine the gradient of the tangent to the 
graph at A. Thus: 

instantaneous velocity = gradient of tangent to the distance-time 
graph at that instant 


Example 

A car has a constant velocity of 4 m/s for the time from 0 to 3 s and 
then zero velocity from 3 s to 5 s. Sketch the distance-time graph. 

From 0 to 3 s the gradient of the distance-time graph is 4 m/s. From 
3 s to 5 s the velocity is zero and so the gradient is zero. The graph is 
thus as shown in Figure 4.7. 

Example 

Figure 4.8 shows an example of a distance-time graph. Describe how 
the velocity is changing in the motion from A to F. 



Time in s 


Figure 4.8 Example 

From the start position at A to B, the distance increases at a constant 
rate with time. The gradient is constant over that time and so the 
velocity is constant and equal to (4 - 0)/(2 - 0) = 2 m/s. 

From B to C there is no change in the distance from the reference 
point and so the velocity is zero, i.e. the object has stopped moving. 
The gradient of the line between B and C is zero. 

From C to E the distance increases with time but in a non-uniform 
manner. The gradient changes with time. Thus the velocity is not 
constant during that time. 

The velocity at an instant of time is the rate at which the distance is 
changing at that time and so is the gradient of the graph at that time. 
Thus to determine the velocity at point D we draw a tangent to the 
graph curve at that instant. So at point D my estimate of the velocity 
is about (6.0 - 3.2)/(5 - 3) = 1.4 m/s. 
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At point E the distance-time graph shows a maximum. The 
gradient changes from being positive prior to E to negative after E. At 
point E the gradient is momentarily zero. Thus the velocity changes 
from being positive prior to E to zero at E and then negative after E. 
At E the velocity is zero. 

From E to F the gradient is negative and so the velocity is 
negative. A negative velocity means that the object is going in the 
opposite direction and so is moving back to its starting point, i.e. the 
distance is becoming smaller rather than increasing. In this case, the 
object is back at its starting point after a time of 8 s. 



4.5.2 Velocity— time graphs 

If the velocity of an object is measured at different times then a velocity- 
time graph can be drawn. Acceleration is the rate at which the velocity 
changes. Thus, for the graph shown in Figure 4.9, the velocity changes 
from Vi to v 2 when the time changes from U to h. Thus the acceleration 
over that time interval is (v 2 - Vi )/(/ 2 - t\). But this is the gradient of the 
graph. Thus: 

acceleration = gradient of the velocity -time graph 


Figure 4.9 Velocity-time 
graph 



t : t 2 

Time 


With a straight line graph, the gradient is the same for all points and so 
we have a uniform acceleration. When the graph is not a straight line, as 
in Figure 4.10, the acceleration is no longer uniform. (v 2 - Vi) is the 
change in velocity in a time of (t 2 - 1\) and thus (v 2 - Vi )/(£> - /,) represents 
the average acceleration over that time. The smaller we make the times 
between A and B then the more the average is taken over a smaller time 
interval and more closely approximates to the instantaneous acceleration. 
An infinitesimal small time interval means we have the tangent to the 
curve. Thus if we want the acceleration at an instant of time then we have 
to determine the gradient of the tangent to the graph at that time, i.e. 

instantaneous acceleration = gradient of tangent to the 

velocity-time graph at that instant 


Figure 4.10 Velocity-time 
graph 



Figure 4.11 Distance travelled 


The distance travelled by an object in a particular time interval is 
average velocity over a time interval x the time interval. Thus if the 
velocity changes from Vi at time t\ to v 2 at time h, as in Figure 4.11, then 
the distance travelled between U and h is represented by the product of the 
average velocity and the time interval. But this is equal to the area under 
the graph line between U and t 2 . Thus: 

distance travelled between h and h = area under the graph between 
these times 


Example 

Figure 4.12 shows the velocity-time graph for a train travelling 
between two stations. What is (a) the distance between the stations 
and (b) the initial acceleration? 
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Figure 4.12 Example 

(a) The distance travelled is the area under the graph. This is the sum 
of the areas of the triangle ABE, the rectangle BCEF and the triangle 
CDF. Hence, distance travelled = '/ 2 x 15 x 50 + 15 x 50 + V 2 x 15 x 
100 = 3375 m. 

(b) The acceleration is the gradient of the graph and so acceleration = 
15/50 = 0.3 m/s 2 . 


Example 

For the velocity-time graph shown in Figure 4.13, determine the 
acceleration at points A, B and C and estimate the distance covered in 
the 8 s. 


C 



Time in s 


Figure 4.13 Example 

Initially the graph is a straight line of constant gradient. The gradient, 
and hence the acceleration, at A is 2/2 = 1 m/s 2 . 

At B the graph is no longer a straight line. The tangent to the curve 
at B has a gradient, and hence an acceleration, of about 
(4.5 - 3.0)/(4 - 2) = 0.75 m/s 2 . 

At C the velocity is not changing with time. Thus there is a 
uniform velocity with zero acceleration. 

At D the velocity is decreasing in a non-uniform manner with time. 
The tangent to the curve at that point has a gradient of about 
(0.5 - 4.8)/(8 - 6) = -1.15 m/s 2 . 
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Activities 


Problems 


The distance covered in the 8 s is the area under the graph. Using 
the mid-ordinate rule for the estimation of the area with the time 
interval divided into four strips gives the distance as 1.2 x 2 + 3.8 x 2 
+ 4.6 x 2 + 2.6 x 2 = 24.4 m. Alternatively we could have estimated 
the area by counting the number of graph squares under the graph and 
multiplying the result by the area of one graph square. 

1 Determine the acceleration due to gravity by an experiment involving 
the free fall of some object. One possible method is to use an electric 
stop clock to measure the time t taken for a steel ball bearing to fall 
over a distance s of about 1 m (Figure 4.14). With the two-way switch 
in the ‘up’ position, the ball bearing is held by an electromagnet. 
When the switch is changed to the ‘down’ position, the magnet 
releases the ball and simultaneously starts the clock. When the ball 
reaches the end of its fall, it strikes a ‘trap-door’ switch which opens 
and stops the clock. The equation s = 'Ag? can then be used to 
compute g. 



Figure 4.14 Activity 1 

2 Analyse the motion of a car as it accelerates from rest and is changed 
through the gears from measurements made of the speedometer 
reading at different times during the motion. From your results obtain 
velocity-time and speed-time graphs. 

1 A train is moving with a velocity of 10 m/s. It then accelerates at a 
uniform rate of 2.5 m/s 1 2 3 4 5 6 for 8 s. What is the velocity after the 8 s? 

2 An object starts from rest and moves with a uniform acceleration of 
2 m/s 2 for 20 s. What is the distance moved by the object? 

3 A cyclist is moving with a velocity of 1 m/s. He/she then accelerates 
at 0.4 m/s 2 for 100 m. What will be the time taken for the 100 m? 

4 A car accelerates from 7.5 m/s to 22.5 m/s at 2 m/s 2 . What is (a) the 
time taken, (b) the distance travelled during this acceleration? 

5 A conveyor belt is used to move an object along a production line 
with an acceleration of 1.5 m/s 2 . What is the velocity after it has 
moved 3 m from rest? 

6 A train starts from rest and moves with a uniform acceleration so that 
it takes 300 s to cover 9000 m. What is the acceleration? 
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7 A car is initially at rest. It then accelerates at 2 m/s 2 for 6 s. What will 
be the velocity after that time? 

8 A car accelerates at a uniform rate from 15 m/s to 35 m/s in 20 s. 
How far does the car travel in this time? 

9 An object has an initial velocity of 10 m/s and is accelerated at 3 m/s 2 
for a distance of 800 m. What is the time taken to cover this distance? 

10 A stone is thrown vertically upwards with an initial velocity of 
15 m/s. What will be the distance from the point of projection and the 
velocity after 1 s? 

1 1 A stone is thrown vertically upwards with an initial velocity of 5 m/s. 
What will be the time taken for it to reach the greatest height? 

12 A stone falls off the edge of a cliff. With what velocity will it hit the 
beach below if the height of the cliff above the beach is 50 m? 

13 What is the velocity attained by an object falling from rest through a 
distance of 4.9 m? 

14 An object is thrown vertically upwards with an initial velocity of 
8 m/s. How long will it take for the object to return to the same point 
from which it was thrown? 

15 A fountain projects water vertically to a height of 5 m. What is the 
velocity with which the water must be leaving the fountain nozzle? 

16 A stone is thrown vertically upwards with an initial velocity of 9 m/s. 
What is the greatest height reached by the stone and the time taken? 

17 An object is thrown vertically upwards with a velocity of 20 m/s from 
an initial height h above the ground. It takes 5 s from the time of 
being projected upwards before the object hits the ground. Determine 
h. 

1 8 An object is thrown vertically upwards with a velocity of 30 m/s and, 
from the same point at the same time, another object is thrown 
vertically downwards with a velocity of 30 m/s. How far apart will 
the objects be after 3 s? 

19 An object moving in a straight line gives the following distance- 
time data. Plot the distance— time graph and hence determine the 
velocities at times of (a) 2 s, (b) 3 s, (c) 4 s. 

distance in mm 0 10 36 78 136 210 

time ins 0 1234 5 

20 An object moving in a straight line gives the following distance - 
time data. Plot the distance-time graph and hence determine the 
velocities at times of (a) 5 s, (b) 8 s, (c) 11s. 

distance in m 0 1 15 31 49 75 110 

time ins 0 1 4 6 8 10 12 

21 A stone is thrown vertically upwards. The following are the velocities 
at different times. Plot a velocity-time graph and hence determine 
(a) the acceleration at the time / = 1 s, (b) the acceleration at t = 2.5 s, 
(c) the distance travelled to the maximum height where the velocity is 
zero. 
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velocity in m/s 15 10 5 0 -5 -10 -15 

time ins 0 0.5 1.0 1.5 2.0 2.5 3.0 

22 The velocity of an object varies with time. The following are values 
of the velocities at a number of times. Plot a velocity-time graph and 
hence estimate the acceleration at a time of 2 s and the total distance 
travelled in the 5 s. 

velocity in m/s 0 1.2 2.4 3.6 3.6 3.6 

time ins 01234 5 

23 The velocity of an object changes with time. The following are values 
of the velocities at a number of times. Plot the velocity-time graph 
and hence determine the acceleration at a time of 2 s and the total 
distance travelled between 1 s and 4 s. 

velocity in m/s 25 24 21 16 9 0 

time ins 012345 

24 State whether the distance -time graphs and the velocity-time graphs 
will be straight line with a non-zero gradient or zero gradient or 
curved in the following cases: (a) the velocity is constant and not 
zero, (b) the acceleration is constant and not zero, (c) the distance 
covered in each second of the motion is the same, (d) the distance 
covered in each successive second doubles. 

25 Car A, travelling with a uniform velocity of 25 m/s, overtakes a 
stationary car B. Two seconds later, car B starts and accelerates at 
6 m/s 2 . How far will B have to travel before it catches up A? 


5 Angular motion 


5.1 Introduction This chapter is concerned with describing angular motion, deriving and 
using the equations for such motion and relating linear motion of points 
on the circumference of rotating objects with their angular motion. The 
term torque is introduced. 



Figure 5.1 Angular motion 


5.1.1 Basic terms 

The following are basic terms used to describe angular motion. 

1 Angular displacement 

The angular displacement is the angle swept out by the rotation and is 
measured in radians. Thus, in Figure 5.1, the radial line rotates 
through an angular displacement of 0 in moving from OA to OB. One 
complete rotation through 360° is an angular displacement of 2n rad; 
one quarter of a revolution is 90° or nil rad. As In rad = 360°, then 
1 rad = 3607271 or about 57°. 

2 Angular velocity 

Angular velocity co is the rate at which angular displacement occurs, 
the unit being rad/s. 

3 Average angular velocity 

The average angular velocity over some time interval is the change in 
angular displacement during that time divided by the time. Thus, in 
Figure 5.1, if the angular displacement 0 takes a time t then the 
average angular velocity over that time interval co is 01 1. 

If a body is rotating at / revolutions per second then the angular 
displacement in 1 s is Inf rad and so it has an average angular 
velocity given by: 

co = Inf 

4 Constant angular velocity 

A constant or uniform angular velocity occurs when equal angular 
displacements occur in equal intervals of time, however small we 
consider the time interval. 

5 Angular acceleration 

Angular acceleration is the rate at which angular velocity is changing, 
the unit being rad/s 2 . 

6 Average angular acceleration 

The average angular acceleration over some time interval is the 
change in angular velocity during that time divided by the time. 
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7 Constant angular acceleration 

A constant or uniform angular acceleration occurs when the angular 
velocity changes by equal amount in equal intervals of time, however 
small we consider the time interval. 

Example 

What is the angular displacement if a body makes 5 revolutions? 

Since 1 revolution is an angular displacement of 2n rad then 5 
revolutions is 5 x 2n = 31.4 rad. 

Example 

Express the angular velocity of 6 rad/s in terms of the number of 
revolutions made per second. 

Using co = 2nf then /= col2n = 6/27 1 = 0.95 rev/s. 

Example 

A body rotates at 2 rev/s. What is its angular velocity in rad/s? 

Using co = 27t/'then co = 2nx2 = 12.7 rad/s. 

5.2 Equations of motion For a body rotating with a constant angular acceleration a, when the 
angular velocity changes from co 0 to co in a time t, then a = (co- co 0 )/t and 
hence we can write: 

co — co® + at [Equation 1] 

This should be compared with v=u + at for linear motion. 

The average angular velocity during this time is Vi(co + coo). If the 
angular displacement during the time is 6 then the average angular 
velocity is Bit and so (Oh) = 'A(co + co 0 ). Substituting for co using equation 
[1] gives: 

B_ _ m + at + m 
t ~ 2 

9 = coot + h 2 af [Equation 2] 

This should be compared with s = ut + 'Aaf for linear motion. 

Squaring equation [1] gives: 

co 2 = (coo + at) 1 = coq + 2am + a 2 t 2 = co\ + 2a(m + jat 2 ) 

Hence, using equation [2]: 

co 2 = co\ + 2a0 [Equation 3] 

This should be compared with v 2 = u 2 + 2 as for linear motion. 
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Example 

An object which was rotating with an angular velocity of 4 rad/s is 
uniformly accelerated at 2 rad/s 2 . What will be the angular velocity 
after 3 s? 

m = (Uo + at = 4 + 2x3 = 10 rad/s. 


Example 

The blades of a fan are uniformly accelerated and increase in 
frequency of rotation from 500 to 700 rev/s in 3.0 s. What is the 
angular acceleration? 

Since co = 2nf, the equation co = ca 0 + at gives: 

2ttx 700 = 271X500 + ax 3.0 
Hence a = 419 rad/s 2 . 

Example 

A flywheel, starting from rest, is uniformly accelerated from rest and 
rotates through 5 revolutions in 8 s. What is the angular acceleration? 

The angular displacement in 8 s is 27t x 5 rad. Hence, using the 
equation 9 = m () t + '/ 2 at 2 : 

27r x 5 = 0 + '/ 2 a x 8 2 

Hence the angular acceleration is 0.98 rad/s 2 . 

Example 

A wheel starts from rest and accelerates uniformly with an angular 
acceleration of 4 rad/s 2 . What will be its angular velocity after 4 s and 
the total angle rotated in that time? 

ct7 = a>o + at = 0 + 4x4=16 rad/s 

6 = coot+ 1 ha f = 0 + '/ 2 x 4 x 4 2 = 32 rad. 

5.3 Relationship between Consider the radial arm of radius r in Figure 5.2 rotating from OA to OB. 
linear and angular When the radial arm rotates through angle 9 from OA to OB, the distance 

motion moved by the end of the radial arm round the circumference is AB. One 

complete revolution is a rotation through In rad and point A moves 
completely round the circumference, i.e. a distance of 2nr. Thus a rotation 
through an angle of 1 rad has A moving a circumferential distance of r 
and so a rotation through an angle 9 has point A moving through a 
circumferential distance of rO. Hence, if we denote this circumferential 
distance by s then: 
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Figure 5.2 Angular motion 


s-r6 

If the point is moving with constant angular velocity co then in time t the 
angle rotated will be cot and so s = rcot. But sit is the linear speed v of 
point A round the circumference. Hence: 


Now consider the radial arm rotating with a constant angular 
acceleration. If the point A had an initial linear velocity u then its angular 
velocity co 0 would be given by u = rcoo. If it accelerates with a uniform 
angular acceleration a to an angular velocity co in a time t then a = 
(co - co 0 )lt. If the point A now has a linear velocity v then v = rco. Hence: 

(v/r) — (u/r) 
a ~ t 

The linear acceleration a of the point A is (v - u)/t and so: 


ra 


a 


Thus: 


Example 

What is the peripheral velocity of a point on the rim of a wheel when 
it is rotating at 3 rev/s and has a radius of 200 mm? 

v = rco = r x 2nf= 0.200 x2nx3 = 3.8 m/s. 

Example 

The linear speed of a belt passing round a pulley wheel of radius 
150 mm is 20 m/s. If there is no slippage of the belt on the wheel, 
how many revolutions per second are made by the wheel? 

co = v/r = 20/0/150 = 133 rad/s, hence/= co/2n = 133/2 n = 21 rev/s. 


Example 

The wheels of a car have a diameter of 700 mm. If they increase their 
rate of rotation from 50 rev/min to 1 100 rev/min in 40 s, what is the 
an g ular acceleration of the wheels and the linear acceleration of a 
point on the tyre tread? 

Using co = coo + at, then: 


1 =27TX777+ax40 
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Hence the angular acceleration is 2.75 rad/s 2 . Using a = ra, then a = 
0.350x2.75 = 0.96 m/s. 


5.4 Torque The turning effect of a force F about a point O is the moment of the force 
about that point and is the product of the force and the perpendicular 
distance r of O from the line of action of the force (Figure 5.3): 


moment of F about O = Fr 


O 


j: 


Figure 5.3 Moment 



Figure 5.4 Couple 


If the force F is applied to the surface of a shaft of radius r (Figure 5.4), 
then the turning moment of the force about the centre of the shaft O is Fr. 
A reactive force R is set up which is equal in magnitude and opposite in 
direction to F, i.e. R = -F, and can be considered to act at O. This pair of 
oppositely directed but equal in magnitude forces which are not in the 
same straight line is called a couple. The turning moment of F about O is 
Fr in an anticlockwise direction and that of the reactive force R about A is 
Rr = Fr and this still gives an anticlockwise rotational moment. Indeed if 
we take moments about any point between OA we obtain the same result, 
an anticlockwise moment of Fr. 

The turning moment of a couple is called the torque T. Thus: 


With the force in N and r in m, the torque is in units of N m. 

Example 

Determine the torque acting on the teeth of a gear wheel of effective 
radius 150 mm, if a tangential force of 200 N is applied to the wheel. 


T= Fr = 200 x 0.150 = 30 N. 


Activities 1 A stroboscope flashing light emits pulses of light at regular intervals 
of time and if a rotating object is viewed by means of such light it can 
be made to appear still if the flashing light is at such a frequency that 
every time the object is viewed it has rotated to the same position. 
The minimum frequency the light has to have to achieve this is the 
same frequency as that of the rotation of the object. Use such a 
flashing light to determine the frequency of rotation of some object 
such as a hand power tool. 


Problems 1 Express (a) an angular rotation of 100 revolutions as an angular 
displacement in radians, (b) an angular displacement of 600 radians 
into the number of revolutions, (c) an angular rotation of 15 rev/s into 
an angular velocity in rad/s, (d) an angular speed of 8 rad/s into the 
number of revolutions made per second, (e) an angular rotation of 
90 rev/min into an angular velocity in rad/s. 

2 What is the angular velocity in rad/s of a pulley which completes one 
revolution every ten seconds? 

3 What is the angular velocity in rad/s of a turntable which rotates at 
33.3 rev/min? 
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Figure 5.5 Problem 15 


4 A flywheel rotating at 3.5 rev/s is accelerated uniformly for 4 s until it 
is rotating at 9 rev/s. Determine the angular acceleration and the 
number of revolutions made by the flywheel in the 4 s. 

5 A flywheel rotating at 20 rev/min is accelerated uniformly for 10 s 
until it is rotating at 40 rev/min. Determine the angular acceleration 
and the number of revolutions made by the flywheel in the 10 s. 

6 A flywheel rotating at 210 rev/min is uniformly accelerated to 
250 rev/min in 5 s. Determine the angular acceleration and the 
number of revolutions made by the flywheel in that time. 

7 A flywheel rotating at 0.5 rev/s is uniformly accelerated to 1.0 rev/s 
in 10 s. Determine the angular acceleration and the number of 
revolutions made by the flywheel in that time. 

8 A grinding wheel is rotating at 50 rev/s when the power is switched 
off. It takes 250 s to come to rest. What is the average angular 
retardation? 

9 A wheel of diameter 350 mm rotates with an angular velocity of 
6 rad/s. What is the speed of a point on its circumference? 

10 A flywheel of diameter 360 mm increases its angular speed uniformly 
from 10.5 to 1 1.5 rev/s in 1 1 s. Determine (a) the angular acceleration 
of the wheel, (b) the linear acceleration of a point on the wheel rim. 

1 1 What is the peripheral speed of the tread on a car tyre of diameter 
700 mm if the wheel rotates about its axle with an angular velocity of 
6 rad/s? 

12 A car has wheels of diameter 550 mm and is travelling along a 
straight road with a constant speed of 20 m/s. What is the angular 
velocity of the wheel? 

13 A pulley attached to a shaft has a radius of 50 mm and rotates at 
24 rev/s. What is the linear speed of the pulley belt wrapped round 
the wheel if no slippage occurs? 

14 A bicycle has wheels of diameter 620 mm and is being pedalled along 
a road at 6.2 m/s. What is the angular velocity of the wheels? 

15 A cord is wrapped around a wheel of diameter 400 mm which is 
initially at rest (Figure 5.5). When the cord is pulled, a tangential 
acceleration of 4 m/s 2 is applied to the wheel. What is the angular 
acceleration of the wheel? 

16 Determine the torque acting on a wheel of radius 20 mm if a 
tangential force of 1 kN is applied to the wheel rim. 

17 A 100 mm diameter bar is being turned on a lathe. If the force on the 
cutting tool, which is tangential to the surface of the bar, is 1.2 kN, 
what is the torque being applied? 


6 Dynamics 


6.1 Introduction 


6.2 Newton’s laws 


Dynamics is the study of objects in motion. This chapter thus follows on 
from Chapter 4, where the terms and equations used in describing linear 
motion were introduced. Here we now consider the forces responsible for 
motion and deal with the forces and linear momentum involved with 
linear motion. 

The fundamental laws involved with the study of dynamics are Newton ’s 
laws of motion. These can be stated as: 

Law 1 

A body will continue in a state of rest or uniform motion in a straight 
line unless it is compelled to change that state by an externally 
applied force. 

Thus if an object is at rest then, unless a resultant force is applied 
to it there will be no motion. If an object is moving with a constant 
velocity then it will keep on in this motion until some externally 
applied force causes it to change its direction of motion and/or the 
magnitude of its velocity. 

Law 2 

The rate of change of momentum of a body is proportional to the 
applied external force and takes place in the direction of action of 
that force. 

Momentum is defined as being the product of mass m and velocity 
v of a body. It is a vector quantity with the basic unit of kg m/s. The 
second law can thus be written as: 

force cc rate of change of momentum (mv) 

The unit of force, the newton (N), is defined so that when the mass is 
in kg and the velocity in m/s, the force is in N and so: 

force = rate of change of momentum (mv) 

If mass m is constant, the above expression becomes: 

force = m x rate of change of v = ma 

where the rate of change of velocity is the acceleration a. Thus an 
alternative way of expressing the law is: The acceleration of a body is 
proportional to the applied external force and takes place in the 
direction of action of that force. 
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Figure 6.1 The reaction 
force 


This law thus enables us to calculate the force needed to change 
the momentum of a body and to accelerate it. 

Law 3 

If one body exerts a force on a second body then the second body 
exerts an equal and opposite force on the first, i.e. to every action 
there is an opposite and equal reaction. 

Thus if a gun fires bullets in one direction, i.e. exerts a force on 
them to propel them in that direction, the gun will experience a recoil 
force which is equal in size but in the opposite direction to the force 
propelling the bullets out of the gun. 

The mass of a body is a measure of the quantity of matter it contains. 
As the equation F = ma indicates, it can also be considered to be the 
quantity which determines the measure of the resistance of a body to be 
accelerated by a force; the more mass a body has the greater the force 
needed to give it a particular acceleration and so the greater inertia it has. 

The weight of a body at rest at the earth’s surface is equal to the 
gravitational force the earth exerts on it. If we allow a body to freely fall it 
will accelerate at the acceleration due to gravity g under the action of the 
gravitational force. Thus, using force = ma: 

weight = mass x acceleration due to gravity 

When an object of mass m is at rest on a horizontal surface there can be 
no resultant force acting on it (Newton’s first law). Thus the weight mg of 
the object, which acts at right angles to the horizontal surface, must be 
balanced by some reaction force N which is at right angles, i.e. normal, to 
the surface and acting on the mass (Figure 6.1). Thus: 



mg 


Figure 6.2 The reaction 
force 


If the object is resting on an inclined plane the reaction force is normal 
to the surface and must be equal to the component of the weight which is 
at right angles to the surface (Figure 6.2). Thus: 

N= mg cos 6. 

Example 

A caravan of mass 1 100 kg is towed by a car with an acceleration of 
0.15 m/s 2 . If the resistance to motion is 150 N, what is the force 
exerted by the car through the tow bar? 

The force acting on the caravan to give it this acceleration is F = ma 
= 1 100 x 0.15 = 165 N. Thus the total force exerted by the tow bar is 
165 + 150 = 315 N. 

Example 

A block of mass 4.0 kg rests on a smooth inclined plane which is at 
30° to the horizontal. If the block is connected to a 5.0 kg block by a 
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Figure 6.3 Example 


light string in the way shown in Figure 6.3, what is the acceleration of 
the blocks and the tension in the string? 

The resultant force acting on the 5.0 kg block is (5.0g - T). Hence, 
using F = ma: 


5.0g-T=5.0a 

where a is the acceleration. The 4.0 kg block has a weight of 4.0g 
acting vertically downwards. The component of this force which is 
acting parallel to the slope is 4.0g sin 30°. Hence the force exerted on 
the 4.0 kg block by the string must be (T - mg sin 30°) and so: 

T— mg sin 30° = 4.0a 

Adding the above two equations gives: 

5.0g - 4.0g sin 30° = 5.0a + 4.0a 

Hence a = 3.3 m/s 2 . Substituting this value in one of the equations 
gives T= 32.7 N. 

Example 

Calculate the average recoil force experienced by a machine gun 
firing 120 shots per minute, each bullet having a mass of 2 g and a 
muzzle velocity of 300 m/s. 

The momentum of one bullet is mv = 0.002 x 300 = 0.6 kg m/s. Thus 
the momentum given to 120 bullets is 120 x 0.6 = 72 kg m/s. This is 
the momentum given to the bullets in 60 s. The force acting on the 
bullets to give them this change of momentum must be: 

force = rate of change of momentum = 72/60 = 1.2 N 

The force experienced by the gun is opposite and equal to the force 
on the bullets (Newton’s third law); hence, the force experienced by 
the gun = 1 .2 N. 

Example 

A hammer of mass 2.0 kg moving with a velocity of 8.0 m/s hits a 
nail and comes to rest in 0.1 s. What is the force acting on the nail? 

The change in momentum of the hammer is 2.0 x 8.0 = 16 kg m/s. 
The rate of change of momentum of the hammer is thus 16/0.1 = 
160 N. The force responsible for bringing the hammer to rest must be 
opposite and equal to the force acting on the nail (Newton’s third 
law). Thus the force acting on the nail is 160 N. 
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(a) Before impact 



(c) After impact 


Figure 6.4 A collision 


Example 

A jet of water with a diameter of 300 mm and moving with a velocity 
of 8 m/s strikes the stationary vane of a water wheel along a line at 
right angles to the vane. Calculate the force exerted by the jet on the 
vane if the water does not rebound from the vane. The density of 
water is 1000 kg/m 3 . 

If v is the velocity of the water, all the water within a distance vt of 
the vane will hit it in a time t. If A is the cross-sectional area of the jet 
and p its density, then: 

mass of water hitting the vane in time t = pvtA 

momentum of water in time t = pvtAv 

Because the water does not rebound, all this momentum is lost by the 
water in time t. Thus: 

rate of change of momentum = pvtAv/ 1 = p\AA 
force acting on the water = p^A 

The force F acting on the vane is opposite and equal to the force 
acting on the water (Newton’s third law). Hence: 

F = pv>A = 1000 x 8 2 x n x 0.3 2 /4 = 4.5 x 10 3 N. 

6.2.1 Conservation of momentum 

Consider an object of mass m\ and velocity ui and another object of mass 
m 2 and velocity u 2 , as in Figure 6.4(a). If they collide (Figure 6.4(b)), then 
on impact we must have, according to Newton’s third law, the force on m x 
exerted by m 2 as opposite and equal to force on m 2 exerted by m x . Thus 
the rate of change of momentum of m x must be opposite and equal to the 
rate of change of momentum of m 2 . Thus, if the duration of the contact on 
impact is t\ 

(v 1 W 1 ) ( V 2 -U 2 ) 

rn - t = -m 2 - t 

Hence, rearranging this equation gives: 
m x u\ + m 2 u 2 = m x v\ + m 2 v 2 

The sum of the momentum before the collision equals the sum of the 
momentum after it. This is known as the conservation of momentum. 

Example 

A pile driver of mass 120 kg falls vertically from rest through a 
height of 2.0 m onto a pile of mass 100 kg. If no rebound occurs, 
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what will be the velocity of the pile driver and pile immediately after 
the impact? 

For the pile driver, if v is the velocity on impact, the initial velocity u 
= 0, the acceleration is that of free fall g, and the distance fallen s = 
2.0 m. Then v 2 = u 2 + las = 0 + 2 x 9.8 X 2.0 and so the velocity at 
impact v = 6.3 m/s. By the conservation of momentum: 

120 x 6.3 = (120 + 100) V 

where V is the combined velocity of pile and driver after impact. 
Hence V = 3.4 m/s. 

Example 

A truck with a mass of 40 kg and moving with a velocity of 4.0 m/s 
collides with a truck of mass 60 kg moving in the same straight line 
but in the opposite direction with a velocity of 2.0 m/s. When the 
tracks collide they lock together. What will be their velocity 
immediately after the collision? 

By the conservation of momentum and taking account of the direction 
of the velocities which gives the 60 kg track a negative momentum 
before the collision because it is moving in the opposite direction to 
the 40 kg track: 

40 x 4.0 - 60 x 2.0 = (40 + 60)F 

Thus V = 0.40 m/s and, since it is positive, it is in the same direction 
as the initial velocity of the 40 kg track. 

6.2.2 Impulse 

The term impulse is used for the product of a force F and the time t for 
which it acts. If the velocity of a body of mass m changes from u to v in a 
time t then the change of momentum is mv - mu and the rate of change of 
momentum is {mv - mu)/t. But the rate of change of momentum is equal to 
the force F responsible for the change (Newton’s second law). Thus F = 
{mv - mu)/t and so: 

impulse -mv- mu = change in momentum 

Example 

If a body is at rest on a smooth horizontal surface and a horizontal 
force of 2 N acts on the body for 6 s, what will be (a) the impulse 
given to the body, (b) the change in momentum? 

(a) Impulse = force x time = 2 x 6 = 12 N s. 

(b) Impulse = change in momentum and so the resulting change in 
momentum = 12 N s (kg (m/s)/s). 


64 Engineering Science 


Problems 


1 A constant horizontal force of 50 N acts on a body on a smooth 
horizontal plane. If the body starts from rest and is observed to move 
2.0 m in 1 .5 s, what is the mass of the body? 

2 What is the tension in a rope passing over a small frictionless pulley 
if at one end of the rope there is a mass of 200 g and at the other end 
100 g? Also, what will be the acceleration of the masses? 

3 A man with a mass of 80 kg stands on a platform which itself has a 
mass of 40 kg. The man pulls the platform, and himself, upwards with 
an acceleration of 0.6 m/s 2 by means of pulling on a rope which is 
attached at one end to the platform and runs over a pulley above his 
head. With what force does he need to pull on the rope? 

4 An object of mass 2.0 kg rests on a smooth horizontal plane and is 
attached by means of a string passing over a pulley wheel to a 
vertically suspended object of mass 2.5 kg. What is (a) the 
acceleration of the objects and (b) the tension in the string? 

5 The locomotive of a train can exert a maximum pull of 160 kN. If the 
locomotive has a mass of 80 000 kg and the train a mass of 
400 000 kg, what will be the maximum acceleration for the train on 
an incline of 1 in 250 if the resistances to motion amount to 24 kN? 

6 A jet of water 50 mm in diameter and with a velocity of 40 m/s 
strikes a plate fixed at right angles to the jet. Calculate the force 
acting on the plate if no rebound of water takes place. Density of 
water is 1000 kg/m 3 . 

7 A gun of mass 150 000 kg fires a shell of mass 1200 kg, giving it a 
muzzle velocity of 800 m/s. What is the gun’s initial recoil velocity? 

8 A sphere of mass 150 g is moving with a velocity of 4 m/s along a 
smooth horizontal plane and collides with a sphere of mass 350 g 
moving with a velocity of 2 m/s towards it. After the collision the 
350 g sphere has a velocity of 1 m/s in the opposite direction. What 
will be the velocity of the 150 g sphere? 

9 A truck of mass 800 kg moves along a straight horizontal track with a 
velocity of 6 m/s and collides with another truck of mass 2000 kg 
which is already moving in the same direction with a velocity of 
2 m/s. After collision the two trucks remain locked together. What 
will be their velocity? 

10 The hammer of a forging press has a mass of 400 kg and when in use 
is brought to rest from 10 m/s in 0.02 s when hitting a forging. What 
is (a) the impulse, (b) the force exerted on the forging? 


7 Energy 



Figure 7. 1 Using electrical 
energy 



Figure 7.2 Burning a fuel 

7.2 Energy transformations 



It is difficult to explain what is meant by the term energy, we can say that 
energy is involved in doing jobs, in making things move, in warming 
things up. For example: 

1 We can use an electric motor to lift a load (Figure 7.1) and consider 
that we are supplying electrical energy to the motor to do the job of 
lifting the load. 

2 We could use our own energy to lift a load and consider our energy 
comes from the chemical reactions in our body with the ‘fuel’, i.e. 
food, we have taken in. 

3 We can heat a boiler to produce hot water by burning a fuel (Figure 
7.2), e.g. coal, and consider the chemical reactions that are involved 
in the burning process supplying the energy to heat the water. 

4 Alternatively, we could have used an electric immersion heater to 
heat water and consider that electrical energy was used to supply the 
energy to heat the water. 

This chapter is an introduction to energy in its various forms, the idea 
that we can transform energy from one form to another and that in all the 
transformations the total amount of energy remains constant, i.e. the 
principle of the conservation of energy. Also introduced is the term 
power, it being the rate of transfer of energy. 

Consider the situation described in Figure 7.1 of electrical energy being 
used to lift a load. When the load has been lifted we can consider there is 
energy associated with the lifted load. For example, we might use the 
lifted load to fall and drive a dynamo (Figure 7.3) and so reverse the 
process of Figure 7. 1 and transform the energy associated with the lifted 
load into energy associated with motion and hence into electrical energy. 
The energy associated with a lifted load is termed potential energy and 
the energy associated with motion is termed kinetic energy. Thus, in 
Figure 7.1, we can consider there to be the energy transformations: 

electrical energy -»■ potential energy 

and in Figure 7.2: 

potential energy -*■ kinetic energy -* electrical energy 


Figure 7.3 Using falling load’ 
energy 


Figure 7.4 illustrates the sequence of energy transformations involved 
in using coal to heat a boiler to produce high-pressure steam which is then 
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used to produce rotation of a turbine, the turbine then driving a generator 
to produce electricity which is then used to produce heat from an electric 
fire. The energy associated with the rotation of the turbine shaft is energy 
associated with motion and so is a form of kinetic energy. The energy 
transformations are thus: 

fuel energy -» heat energy -*■ kinetic energy 

-» electrical energy -*• heat energy from electric fire 



Figure 7.4 Energy transformations 

7.2.1 Forms of energy 

There are many forms that energy can take, the mechanism that is used 
for transferring from one form to another being work or heat. 

1 Work 

Work is the transfer of energy that occurs when the point of 
application of a force moves through a distance (see Section 7.3). 

2 Heat 

Heat is the transfer of energy that occurs between two systems when 
there is a temperature difference between them. Thus if we observe 
an object and find that its temperature is increasing, then a transfer of 
energy, as heat, is occurring into the object (see Chapter 8). 

The following are forms that energy can take: 

1 Potential energy 

This is energy associated with position, e.g. a lifted load. The term 
gravitational potential energy is often used for the potential energy 
involved in the lifting of a load against gravity. The term strain 
energy is often used for the potential energy associated with the 
stretching of a spring or some other elastic material. For example, 
energy is stored in a stretched rubber band; when you release an 
unrestrained band this energy is transformed into kinetic energy. 

2 Kinetic energy 

This is energy associated with motion, e.g. a rotating shaft or a falling 
load. An object can increase its kinetic energy by increasing its linear 
velocity or by increasing its rotational velocity. 
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3 Chemical energy 

This is the energy released as a result of chemical reactions, e.g. the 
burning of a fuel, the eating of food or the reactions involved when 
explosives go off. 

4 Electrical energy 

This is the energy released when an electric current occurs. 

5 Magnetic energy 

If we bring one magnet close to another, attraction or repulsion can 
occur and the other magnet is forced to move. Thus magnetic energy 
has been transformed into kinetic energy. 

6 Light energy 

Passing an electric current through a lamp causes the filament to be- 
come hot and we talk of the electrical energy being converted into 
heat energy and light energy. 

7 Sound energy 

Sound is a propagating pressure wave. 

8 Radio energy 

Radio waves carry energy which can be transformed into electrical 
signals in radios and hence used to operate loudspeakers and produce 
sound as a result of the diaphragm of the speaker being caused to 
move back-and-forth. 

9 Nuclear energy 

When nuclei split or are fused together, energy can be released. 

7.2.2 Conservation of energy 

Energy does not disappear when a useful job has been done, it just 
changes from one form to another. When you lift an object off the floor 
and on to a bench, energy is transferred from you to the object which 
gains potential energy. The energy you have is provided by food. To lift 
an object of mass 1 kg through a height of 1 m uses the energy you gain 
from, for example, about 2.5 milligrams of sugar (this is typically about 
four grains of sugar). When the object falls off the table and down to the 
floor it loses its potential energy but gains kinetic energy. When it is just 
about to hit the floor, all the potential energy that it has acquired in being 
lifted off the floor has been transformed into kinetic energy. When it hits 
the floor it stops moving and so all the kinetic energy vanishes. It might 
seem that energy has been lost. But this is not the case. The object and the 
floor show an increase in temperature. The kinetic energy is transferred 
via heat into a rise in temperature. 

Energy is never lost, it is only transformed from one form to another 
or transferred from one object to another. 

This is the principle of the conservation of energy. In any process we 
never increase the total amount of energy, all we do is transform it from 
one form to another. 
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7.3 Work Work is said to be done when the energy transfer takes place as a result of 
a force pushing something through a distance (Figure 7.5), the amount of 
energy transferred W being the product of the force F and the 
displacement 5 of the point of application of the force in the direction of 
the force. 


With force in newtons and distance in metres, the unit of work is the joule 
(J) with 1 J being 1 N m. 


Figure 7.5 Work 


Example 

What is the work done in using a hoist to lift a pile of bricks of mass 
20 kg from the ground to the top of a building if the building has a 
height of 30 m? Take the acceleration due to gravity to be 9.8 m/s 2 . 


The work done is the force that has to be applied to lift the bricks, i.e. 
the weight mg, multiplied by the vertical distance through which the 
point of application of the force has to move the bricks. Thus: 


work done = mg x h = 20 x 9.8 x 30 = 5880 J 


Example 

The work done in moving an object through a distance of 20 m is 
500 J. Assuming that the force acts in the direction of the motion and 
is constant, calculate the value of the force. 

Using W=Fs we have 500 = Fx 20, hence F = 500/20 = 25 N. 


Example 

The locomotive of a train exerts a constant force of 120 kN on a train 
while pulling it at 40 km/h along a level track. What is the work done 
in 15 minutes? 



0 s 


Displacement 
in direction of force 

Figure 7.6 Force-displacement 
graph 


In 15 minutes the train covers a distance of 10 km. Hence, work done 
= 120 x 1000 x 10 x 1000 = 1200 000 000 J. 

7.3.1 Work as area under force-distance graph 

Consider the work done when the force moving an object is not constant 
but varying, e.g. in the manner shown in Figure 7.6. We can tackle such a 
problem by considering the displacement over some distance as being 
made up of a small number of displacements for each of which the force 
can be considered constant. Figure 7.7 illustrates this. For each small 
displacement the work done is the product of the force and the 
displacement and so is equal to the area of the strip. The total work done 
in giving a displacement from 0 to s is thus the sum of the areas of all the 
strips between 0 and s and so is equal to the area under the graph. 
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0 s 


Displacement 
in direction of force 


Example 

A load is hauled along a track with a tractive effort F which varies 
with the displacement s in the direction of the force in the following 
manner: 

Fin kN 1.6 1.4 1.2 1.0 0.8 0.6 

s in m 0 10 20 30 40 50 

Determine the work done in moving the load from displacement 0 to 
50 m. 


Figure 7.7 Forc^displacement Fi S ure 7 ' 8 shows the force-displacement graph. The work done is the 

graph area under the graph between displacements 0 and 50 m and hence is 

the area of a rectangle 600 x 50 J plus the area of the triangle ’/ 2 x 
(1600 - 600) x 50 J. The work done is thus 55 000 J. 



10 20 30 40 50 

Displacement in m 



Displacement s 

Figure 7.9 An oblique force 


Figure 7.8 Example 

7.3.2 Work due to an oblique force 

Consider the work done by a force F when the resulting displacement s is 
at some angle 0 to the force (Figure 7.9). The displacement in the 
direction of the force is s cos 0 and so the work done is: 

work done = Fxj cos 6 

Alternatively, we can consider the force can be resolved into two 
components, namely F cos 0 in the direction of the displacement and F sin 
0 at right angles to it. There is no displacement in the direction of the F 
sin 0 component and so it does no work. Hence the work done by the 
oblique force is solely due to the F cos 0 component and so is, as before, 
(F cos 0)xs. 


Example 

A barge is towed along a canal by a tow rope inclined at an angle of 
20° to the direction of motion of the barge. Calculate the work done 
in moving the barge a distance of 100 m along the canal if the pull on 
the rope is 400 N. 
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We have an oblique force and so, since the displacement in the 
direction of the force is 100 cos 20°, the work done = 400 x 100 
cos 20° = 37.6 kJ. 

7.3.3 Work due to volume change of a fluid 

In the case of fluids, i.e. liquids and gases, it is generally more convenient 
to consider the work done in terms of pressure and volume changes rather 
than forces and displacements. Consider a fluid at a pressure p trapped 
into a container by a piston of surface area A (Figure 7.10). Pressure is 
force/area and so the force acting on the piston is pA. The work done 
when the piston moves through a distance s is thus: 

work done W=Fs =pAs 

As is the change in volume of the trapped fluid. Thus: 
work done = p x change in volume 

Consider an object of mass m being lifted from the floor through a vertical 
height h (Figure 7.11). If the object has a weight mg then the force that 
has to be applied to move the object is mg and the distance through which 
the point of application of the force is moved in the direction of the force 
is h. Thus the work done is mgh. This is the energy transferred to the 
body. Energy an object has by virtue of its position is called potential 
energy. Thus the object gains potential energy of: 

potential energy = mgh 

This form of potential energy is often called gravitational potential 
energy because it is the energy an object has by virtue of moving against a 
gravitational force. The unit of potential energy, indeed all forms of 
energy, is the joule (J). 

Example 

What is the potential energy of an object of mass 3.0 kg relative to 
the floor when it is lifted vertically from the floor to a height of 1.2 m 
above the floor? Take g at 9.8 m/s 2 . 

The potential energy relative to the floor is mgh = 3.0 x 9.8 x 1.2 = 
35.28 J. 

7.4.1 Strain energy 

There are other forms of potential energy. Suppose we had the object 
attached to a spring and apply a force to the object which results in the 
spring being extended (Figure 7.12(a)). Work is done because the point of 
application of the force is moved through a distance. Thus the object gains 
potential energy as a result of the work that has been done. This form of 
potential energy is termed elastic potential energy or strain energy. 



A 


Figure 7.10 Work done by 
pressure 


7.4 Potential energy 



Figure 7.1 1 Potential energy 
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For a spring, or a strip of material, being stretched, the force F is 
generally proportional to the extension x (Figure 7.12(b)) and so the 
average force is V2F and work done = 'hFx. This is the energy stored in 
the spring as a result of it being extended; it is equal to the area under the 
force-extension graph from an extension of 0 to x. Thus: 

strain energy = 'l 2 Fx 

We can express this, for a strip of material in terms of stress and strain. 
If the volume of the material is AL then the stretching work done per unit 
volume is 1 ItFxIAL and, since F/A is the stress and x/L is the strain: 

work done per unit volume = l / 2 stress x strain 

The energy is in joules (J) when stress is in Pa and volume in m 3 . 

Example 

What is the energy stored in a spring when a force of 200 N is needed 
to stretch it by 20 mm? 

The strain energy is '/ 2 Fx = '/ 2 x 200 x 0.020 = 2 J. 

Example 

A crane has a steel cable of length 10 m and cross-sectional area 
1200 mm 2 . What will be the strain energy stored in the cable when an 
object of mass 3000 kg is lifted by it? The modulus of elasticity of 
the steel is 210 GPa. 

The strain energy per unit volume = 'h stress x strain and since 
stress/strain = modulus of elasticity E, if the cross-sectional area is A 
and the length L: 

strain energy = x xAL= 
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(3000 x9.8) 2 x 10 
~ 2 x 1200 x 10 -6 x 210 x 10 9 


7.5 Kinetic energy 



F igure 7.13 Kinetic energy 


Consider an object of mass m which has been lifted from the floor through 
a vertical height h, so acquiring a potential energy of mgh. If the object 
now falls back down to the floor (Figure 7.13), it loses its potential energy 
of mgh and gains energy by virtue of its motion, this being termed kinetic 
energy. The potential energy has been transformed into kinetic energy. 
The kinetic energy (KE) gained is the potential energy lost. If the object 
starts from rest on the table and has a velocity v when it hits the floor, then 
the average velocity is v/2. The average velocity is the distance h covered 
over the time t taken. Hence, average velocity = v/2 = hit and so h = vtl 2. 
The average acceleration is the change in velocity divided by the time 
taken. Thus g = vlt. Hence: 


KE gained = mgh = mxjx j = y»av 2 


Example 

Calculate the kinetic energy of an object of mass 5 kg moving at a 
velocity of 6 m/s. 


KE = V2/WV 2 = V 2 x 5 x 6 2 = 90 J. 


7.6 Conservation of In the absence of any dissipation of energy as heat, mechanical energy is 

mechanical conserved. For example, an object of height h above the ground has a 

energy potential energy mgh relative to the ground. When it falls, h decreases and 
so the potential energy decreases. But the velocity of the object increases 
from its initial zero value and so it gains kinetic energy. With the object 
just on the point of hitting the ground, the potential energy has become 
zero and the kinetic energy a maximum. At any point in the fall, the sum 
of the potential energy and the kinetic energy is a constant (Figure 7.14). 
Thus, when it is on the point of hitting the ground, the potential energy it 
has lost is equal to the gain it has made in kinetic energy. 



Distance fallen 

Figure 7.14 PE + KE = E 


Example 

An object of mass 20 kg is allowed to fall freely from rest to the 
ground through a vertical height of 2.0 m. Calculate its potential and 
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Figure 7.15 Example 


kinetic energies when the body (a) is 1.0 m above the ground, (b) hits 
the ground. Take g as 9.8 m/s 2 . 

(a) The potential energy at height 2.0 m is mgh = 20 x 9.8 x 2.0 = 
392 J and initially there is no kinetic energy. The total mechanical 
energy initially is thus 392 J. After falling to height 1 .0 m it will have 
lost half of this potential energy, i.e. 196 J, and will have a potential 
energy of 196 J. The potential energy lost will have been transformed 
into kinetic energy and so the kinetic energy gained will be 196 J. 

(b) When the object hits the ground it loses all its potential energy. At 
the point of impact this will all have been transformed into kinetic 
energy and so the kinetic energy is 196 J. 

Example 

An object of mass 2 kg slides from rest down a smooth plane inclined 
at 30° to the horizontal. What will its velocity be when it has slid 2 m 
down the plane? Take g as 9.8 m/s 2 . 

The object is losing potential energy and gaining kinetic energy and 
since the plane is stated as being smooth we can assume that there are 
no frictional effects and so no energy required to overcome friction 
and be dissipated as heat. Thus, for the sum of the potential energy 
and kinetic energy to be a constant we have PE lost in sliding down 
the plane = KE gained. 

The vertical distance through which the object has fallen (Figure 
7.15) is 2 sin 30° and so the potential energy lost is mgh = 2 x 9.8 x 
2 sin 30°. The gain in kinetic energy is V 2 mv 2 , where v is the velocity 
after the object has slid through 2 m. Thus we have: 

2 x 9.8 x 2 sin 30° = V 2 x 2 x v 2 

and so v = 4.4 m/s. 


Example 

A car of mass 850 kg stands on an incline of 5°. If the hand brake is 
released, what will be the velocity of the car after travelling 100 m 
down the incline if the resistances to motion total 60 N? 

Energy is conserved and so we have loss in PE = gain in KE + energy 
to overcome resistive forces. In travelling 100 m the car ‘falls’ 
through a vertical height of 100 sin 5°. Hence the loss in potential 
energy is: 

PE = mgh = 850 x 9.8 x 100 sin 5° = 7.26 x 10 4 J 
The work W done against friction during the motion is: 


W= Fs = 60 x 100 = 6000 J 
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The kinetic energy gained by the car at the bottom of the incline is the 
potential energy given up minus the work done against friction and so 
is KE = 72.6 x 10 3 - 6.0 x 10 3 = 66.6 x 10 3 J. But: 

KE = V 2 mv 2 = V 2 x 850V 2 

Hence v= 12.5 m/s. 

Example 

A simple pendulum has a bob of mass 1 kg suspended by a light 
string of negligible mass and length 1 m (Figure 7.16). If the 
pendulum swings freely through an angle of ±30° from the vertical, 
find the speed at its lowest position if all resistances to motion can be 
ignored. Take g as 9.8 m/s 2 . 


Figure 7.16 Example 

At its highest position the bob is stationary and has no kinetic energy 
but more potential energy than when it is swinging through its lowest 
position. Hence: 

KE at lowest position = loss in PE in moving from highest to 


Example 

A car of mass 1000 kg travelling at 20 m/s collides head on into a 
stationary car which has a mass of 800 kg. If the two vehicles lock 
together after impact, what will be their velocity and the loss in 
kinetic energy? 

Using the principle of the conservation of momentum 1000 x 20 = 
(1000 + 800)v and so v = 11.1 m/s. The loss in kinetic energy = 
>/ 2 x 1000 x 20 2 - V 2 (1000 + 800) x 1 l.l 2 = 8.9 x 10 4 J. 



lowest position 


>/ 2 x 1 x v 2 = 1 x 9.8 x (1 - 1 cos 30°) 


and so v= 1.6 m/s. 
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Figure 7.17 Example 


Example 

A car of mass 1000 kg is driven up an incline of length 750 m and 
inclination 1 in 25 (Figure 7.17). Determine the driving force 
required from the engine if the speed at the foot of the incline is 
25 m/s and at the top is 20 m/s and resistive forces can be neglected. 

The work done by the driving force F is F x 750 J. There is a change 
in both potential energy and kinetic energy as a result of the work 
done. The gain in potential energy is 1000 x 9.81 x 750 sin 9, where 
6 is the angle of elevation of the incline. Since sin 9 is given as 1/25 
then the gain in potential energy is 294.3 kJ. The initial kinetic energy 
at the foot of the incline is '/ 2 x 1000 x 25 2 = 312.5 kJ and at the top 
of the incline is */ 2 x 1000 x 20 2 = 200 kJ. Hence there is a loss in 
kinetic energy of 1 12.5 kJ in going up the slope. The work done must 
equal the total change in energy and so: 

Fx 750 = 294.3 x 10 3 - 1 12.5 x 10 3 

and the driving force is 242.4 N. 

Example 

A car of mass 850 kg stands on an incline of 5° to the horizontal. If 
the hand brake is released, what will be the velocity of the car after 
travelling 100 m if the resistance to motion total 60 N? 

The car ‘falls’ through a vertical height of 100 sin 5° and so the loss 
in potential energy is mgh = 850 x 9.8 x 100 sin 5° = 72.6 x 10 3 J. 
The work done against the resistances during the motion is Fs = 
60 x 100 = 6000 J. The kinetic energy gained by the car at the bottom 
of the incline is equal to the potential energy given up minus the work 
done against the resistances and so is 72.6 x 10 3 - 6.0 x 10 3 = 
66.6 x 10 3 J. Thus ‘/W = 66.6 x 10 3 and so v = 12.5 m/s. 


7.7 Power Power is the rate at which energy is transferred, i.e. 


energy transferred 
P° wer= time taken 


Hence, where the energy is transferred as a result of work, the power is 
the rate of doing work. When the energy is transferred as a result of heat, 
the power is the rate of heat transfer. When the unit of the energy 
transferred is the joule (J) and the time seconds (s), then power has the 
unit of J/s. This unit is given a special name and symbol, the watt (W). 
Thus 1 W is a rate of energy transfer of 1 J per second. 

For an object on which work is done for a time t and results in a 
displacement s in that time, the power = W/t = Fs/t. As sit is the average 
velocity v of the object over that time period: 

power = -j- = =Fxj =Fv 
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7.8 Torque and work done 


Example 

In an experiment to measure his/her own power, a student of mass 
60 kg raced up a flight of fifty steps, each step being 0.2 m high and 
found that it took 20 s. What is the power? 

The gain in potential energy of the student in moving his/her mass 
through a vertical height of 50 x 0.2 m is = mgh = 60 x 9.8 x 50 x 0.2 
= 5880 J. Hence the power is 5880/20 = 294 W. 

Example 

The locomotive of a train exerts a constant force of 120 kN on a train 
while pulling it at 40 km/h along a level track. What is the power? 

Power = Fv = 120 x 10 3 x 40 x 10 3 /3600 = 1.3 x 10 6 W = 1.3 MW. 

Example 

Calculate the power a car must exert if it is to maintain a constant 
velocity of 30 m/s when the resisting forces amount to 4.0 kN. 

Power = Fv = 4.0 x 10 3 x 30 = 120 x 10 3 W = 120 kW. 

Example 

What power will be required for a pump to extract water from a mine 
at 5 m 3 /s and pump it through a vertical height of 20 m. Water has a 
density of 1000 kg/m 3 . Take g as 9.8 m/s 2 . 

A volume of 5 m 3 of water has a mass of 5000 kg and a weight of 
5000g N. This weight of water has to be moved through a distance of 
20 m in 1 s, i.e. an average velocity of 20 m/s. Hence: 

Power = Fv = 5000 x 9.8 x 20 = 980 x 10 3 W = 980 kW. 

When a force is used to rotate an object then work is done since the point 
of application of the force moves through some distance (Figure 7.18). 



Figure 7.18 Angular motion 
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Thus if a force F causes a rotation from A to B in Figure 7.18, and 
angle 8 is swept out, then the work done is: 

work = force x distance = Fs = Fr8 

The torque T-Fr, hence: 

work = T8 


If the rotation is / revolutions per second, then in 1 s there are / 
revolutions and, since each revolution is 2n radians, the angle rotated in 
1 s is 2nf. Hence the work done per second = T x 2nf. The work done per 
second is the power and so, since the angular velocity co = 2nf. 

power = Too 


Example 

A constant torque of 50 N m is used to keep a flywheel rotating at a 
constant 5 rev/s. What is the power input to the flywheel? 

Since power = Too and co = 2nf, then power = Tx 2nf= 50 x 2n x 5 = 
1571 W= 1.571 kW. 


Activities 


^ F 2 
Q Weight 

F igure 7.19 A ctivity 2 


1 Determine the power that can be developed by a student by making 
him/her run up a flight of steps, so gaining potential energy, and 
measure time taken to gain this potential energy. 

2 The output power of a motor can be determined by a form of 
mechanical brake; Figure 7.19 shows one such form. A belt or rope is 
wrapped round a pulley driven by the motor. One end of the belt is 
attached by means of a spring balance to a horizontal support and the 
other end to a weight. With the arrangement shown in the figure, 
when the pulley is rotated in a clockwise direction the reading of the 
balance is taken and the value of the weight noted. The torque due to 
brake friction applied to the pulley is r(F t - F 2 ) where r is the radius 
of the pulley, F, is equal to the weight and F 2 is equal to the reading 
on the spring balance. If the motor has a rotational frequency off then 
the output power is r(F\ - F 2 ) x 2nf The output power of the motor is 
converted by the brake into heat. Use this, or a similar method, to 
determine the output power of a motor. 


Problems 1 List the main energy transformations involved in: (a) a car being 
driven along a level road, (b) a ball rolling down a hill, (c) a firework 
rocket is ignited and soars upwards, (d) a stretched rubber band 
snapping, (e) a hydroelectric system where water from a high 
reservoir is to fall and drive a turbine and hence produce electricity. 

2 Calculate the work done when a hydraulic hoist is used to lift a car of 
mass 1000 kg through a vertical height of 2 m. 

3 Calculate the work done in pushing a broken-down car a distance of 
20 m if a constant force of 300 N is required to keep it moving at a 
steady pace. 
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4 An object resting on a horizontal surface is moved 2.5 m along the 
plane under the action of a horizontal force of 20 N. Calculate the 
work done by the force. 

5 A hoist raises 15 crates, each of mass 250 kg, a vertical distance of 
3.0 m. Determine the work done by the hoist. 

6 An object resting on a horizontal surface is moved 2.5 m along the 
plane under the action of a force of 20 N which is at an angle of 60° 
to the surface. Calculate the work done by the force. 

7 A force of 200 N acts on a body. If the work done by the force is 
30 kJ, through what distance and in what direction will the body 
move? 

8 A spring is extended by 200 mm by a force which increases 
uniformly from zero to 500 N. Calculate the work done. 

9 The following data gives the force F acting on a body in the direction 
of its motion when it has moved through a number of distances s from 
its initial position. Determine the work done when the body is moved 
from zero to 50 m. 

FinN 100 180 225 240 200 150 

s in m 0 10 20 30 40 50 

10 A load with a mass of 2000 kg is hauled up an incline of 1 in 100. 
The frictional resistance opposing the motion up the plane is constant 
at 300 N. What energy is needed to get the load a distance of 4.0 m 
up the slope? 

11 A pump delivers 2.5 m 3 of water through a vertical height of 60 m. 
What is the work done? The density of water is 1000 kg/m 3 . 

12 A block of mass 2 kg slides at a constant speed a distance of 0.8 m 
down a plane which is inclined at 30° to the horizontal. Determine the 
work done by the weight of the block. 

13 Calculate the potential energy acquired by an object of mass 3.0 kg 
when it is lifted through a vertical distance of 1 .4 m. 

14 A car of mass 1200 kg starts from rest and reaches a speed of 20 m/s 
after travelling 250 m along a straight road. If the driving force is 
constant, what is its value? 

15 If a drag racing car with a mass of 1 000 kg can accelerate from rest to 
a speed of 120 m/s in 400 m what is (a) the work done by the driving 
force, (b) the value of the driving force if it is assumed to be 
constant? 

16 Determine (a) the kinetic energy and (b) the velocity of an object of 
mass 10 kg when it has moved from rest under the action of a force of 
20 N a distance of 4.0 m. 

17 Determine the amount of kinetic energy lost when a car of mass 
900 kg slows from 70 km/h to 50 km/h. 

18 What is the constant force acting on a body of mass 8 kg if its 
velocity increases from 4 m/s to 6 m/s while it moves through a 
distance in the direction of the force of 5 m? 

19 What distance will be needed to bring an object of mass 10 kg 
moving at a velocity of 5 m/s to rest if a constant force of 100 N is 
applied to the body in the opposite direction to its motion? 
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20 A car of mass 1200 kg travelling at 20 m/s brakes. The wheels lock 
and the car slides 30 m before coining to rest. What is the average 
frictional force bringing the car to rest? 

21 Two masses of 2 kg and 4 kg are connected by a light string passing 
over a light, frictionless pulley. If the system is released from rest, 
determine the velocity of the 4 kg mass when it has descended a 
distance of 1.4 m. 

22 A cutting tool operates against a constant resistive force of 2000 N. If 
the tool moves through a distance of 150 mm in 6 s, what is the 
power used? 

23 A train moving along a level track has a maximum speed of 50 m/s. 
Determine the maximum power of the train engine if the total 
resistance to motion is 30 kN. 

24 Determine the power required for a car to be driven along a straight 
road at a constant speed of 25 m/s if the resistance to motion is 
constant at 960 N. 

25 A car is found to have a maximum speed of 140 km/h along a level 
road when the engine is developing a power of 50 kW. What is the 
resistance to motion? 

26 At what speed must an electric motor be running if it develops a 
torque of 6 kN m and a power of 200 kW? 

27 What is the power developed by a motor running at 30 rev/s and 
developing a torque of 4 kN m? 

28 A steel pin of length 100 mm and cross-sectional area 500 mm 2 is 
subject to an axial load of 10 kN. What is the extension of the pin and 
the strain energy stored in it? The steel has an elastic modulus of 
210 GPa. 

29 A steel bar with a rectangular cross-section 50 mm x 30 mm and 
length 0.6 m is subject to an axial tensile load of 200 kN. If the steel 
has a tensile modulus of 210 GPa, what is the strain energy stored in 
the bar? 


8 Heat 


8.1 Introduction Heat is defined as the transfer of energy that occurs between two systems 
when there is a temperature difference between them. As with other forms 
of energy, the SI unit for heat is the joule (J). This chapter is a basic 
introduction to the effects of heat transfer, namely temperature changes, 
changes of state, expansion and pressure changes. 

8.1.1 Temperature scales 

Temperatures are expressed on the Celsius scale or the Kelvin scale. The 
Celsius scale has the melting point of ice as 0°C and the boiling point of 
water as 100°C. Temperatures on the Kelvin scale have the same size 
degree as the Celsius scale but the melting point of ice is 273.15 K and the 
boiling point of water is 373.15 K. Thus temperatures on the Kelvin scale 
equal temperatures on the Celsius scale plus 273.15. Temperatures on the 
Kelvin scale are usually denoted by the symbol T. 

8.1.2 Basic structure of solids, liquids and gases 

A simple model of a solid is that of closely packed spheres (Figure 
8.1(a)), each sphere representing an atom. Each sphere is tethered to its 
neighbours by springs, these representing the inter atomic bonds. 



(a) 


Equilibrium position 

cn^o 

| Attractive force 

I Extenc 

O^AO*— Squeeze 
(b) Repulsive force 


Figure 8.1 A model of a solid 


When forces are applied to stretch a material, then the springs are 
stretched and exert attractive forces pulling the material back to its 
original position; when forces are applied to compress the material then 
the springs are compressed and exert repulsive forces which push the 
atoms back towards their original positions. These forces thus keep a solid 
in a fixed shape. If a solid is heated, the heat causes the spheres to vibrate 
and the higher the temperature the greater the vibration. At a high enough 
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temperature the vibration is sufficiently vigorous for the spheres to break 
out of their close-packed array and the solid turns into a liquid. The 
spheres are still, however, close enough to each other for there to be weak 
forces which are sufficient to hold the spheres within the confines of a 
drop of liquid. Further heating results in an increase in temperature and 
the spheres moving about faster within the confines of the liquid as a 
result of gaining kinetic energy. At a higher enough temperature they have 
so much energy that they break free and the result is a gas (Figure 8.2). In 
the gas the spheres can be considered to have moved so far apart that 
there are no forces between them. They thus move around within the 
confines of a container, bouncing off the walls of the container. It is this 
bouncing off the walls which gives rise to the pressure on the walls. 


8.2 Heat capacity The heat capacity C of a body is the quantity of heat required to raise its 
temperature by 1 K and has the SI unit J/K. Thus the heat Q required to 
change the temperature by AT K is: 

Q= CAT 

The specific heat capacity c is the heat required to raise the temperature 
of 1 kg of a body by 1 K and has the unit J kg -1 K" 1 . Thus the heat Q 
required to change the temperature of m kg of a body by ATK is: 

Q = me AT 

Typical values of specific heat capacities are 4200 J kg -1 K" 1 for water, 
950 J kg 1 K" 1 for aluminium, 500 J kg" 1 K" 1 for iron and 390 J kg" 1 K" 1 for 
copper. 

Example 

How much heat will an iron casting of mass 10 kg have to lose to 
drop in temperature from 200°C to 20°C? The specific heat capacity 
of the iron is 480 J kg" 1 K" 1 . 

Q = mcAT= 10 x 480 x (200 - 20) = 8.64 x 10 5 J. 

Example 

What will be the rise in temperature of 0.5 kg of water in a container 
of capacity 50 J/K when 5 kJ of heat is transferred to the system? The 
specific latent heat of water is 4200 J kg" 1 K" 1 . 

The heat transfer will increase the temperature of both the water and 
its container. Thus: 

5000 = 0.5 x 4200 x AT + 50 x AT 


Hence AT= 2.3 K. 


82 Engineering Science 


8.2.1 Latent heat 

Heat transfer to a substance which results in a change of temperature is 
said to be sensible heat, such a transfer increasing the energy of its atoms 
or molecules. In some circumstances, heat transfer to a body may result in 
no temperature change but a structural change such as from solid to liquid 
or liquid to vapour or vice versa. Such a change is said to be a change of 
phase. A phase is defined as a region in a material which has the same 
composition and structure throughout. Liquid water and ice have different 
structures and thus when ice melts there is a change of phase. The energy 
gained by the body in such a situation is used to change bonds between 
atoms or molecules. Heat which results in no temperature change is called 
latent heat. 

The specific latent heat L of a material is defined as the amount of heat 
needed to change the phase of 1 kg of the material without any change in 
temperature and has the unit J/kg. Thus the heat transfer Q needed to 
change the phase of m kg of a material is: 

Q = mL 

The term specific latent heat of fusion is used when the change of phase is 
from solid to liquid and the term specific latent heat of vaporisation for 
the change from liquid to vapour. Typical values are: specific latent heat 
of fusion for water 335 kJ/kg, aluminium 387 kJ/kg, and iron 268 kJ/kg; 
specific latent heat of vaporisation for water 2257 kJ/kg, ethyl alcohol 
857 kJ/kg. 


Example 

How much heat is required to change 1 .2 kg of water at 20°C to steam 
at 100°C? The specific heat capacity of water in this temperature 
range is 4200 J kg -1 K _1 and the specific latent heat at 100°C for 
liquid to vapour is 2257 kJ/kg. 

To raise the water from 20°C to 100°C: Q = mcAt = 1.2 x 4200 x 
(100 - 20) = 4.0 x 10 5 J. To change water from liquid to vapour at 
100°C: Q = mL = 1.2 x 2257 x 10 3 = 27.1 x 10 5 J. The total heat 
required is thus 4.0 x 10 5 + 27.1 x 10 5 = 31.1 x 10 5 J. 

8.3 Expansion Solids expand when their temperature is increased. The amount by which 
a length of solid expands depends on the change in temperature, the 
original length of the material and the material concerned. The coefficient 
of linear expansion a (or linear expansivity) is defined as: 

change in length 

a ~ original length x change in temperature 


The coefficient has the unit of 1° C or /K. If Lg is the length at temperature 
9 and L 0 the length at temperature 0°C, then: 
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and so: 

Le = Lo(l + ad) 

Typical values of the coefficient are aluminium 0.000 023 /K, copper 
0.000 017 /K, mild steel 0.000 01 1 /K and soda glass 0.000 009 /K. 

Some practical implications of thermal expansion are: 

1 Overhead telephone and electrical cables are hung so that they are 
slack in summer and so the contraction that occurs in winter when the 
temperature drops does not result in the wires breaking. 

2 Steel bridges expand when the temperature rises and so the ends are 
often supported on rollers to allow them to expand and contract, 
freely. 

3 In fitting a metal collar onto a shaft, the collar is often heated so that 
it expands and can be easily slid onto the shaft; when it cools it 
contracts and binds firmly to the shaft. 

Example 

A bar of copper has a length of 300 mm at 0°C. By how much will it 
expand when heated to 50°C? The coefficient of linear expansion for 
the copper is 0.000 017 /K. 

Change in length = coefficient of linear expansion x original length x 
change in temperature = 0.000 017 x 300 x 50 = 0.255 mm. 

Example 

A copper telephone cable is to be fixed between two posts 40 m apart 
when the temperature is 25°C. How much slack should the engineers 
allow if the cable is not to become taut before the temperature 
reaches -10°C. The coefficient of linear expansion for the copper is 
0.000 017 /K. 

Slack = change in length = coefficient of linear expansion x original 
length x change in temperature = 0.000 017 x 40 x 35 = 0.0238 m. 

8.3.1 Area and volume expansion of solids 

Consider the expansion of the surface of a square sheet of material of side 
L 0 when the temperature increases by 6. Each side will expand to a length 
Le = L 0 ( 1 + ad) and thus the area at 6 is A e = Li = [To(l + a0)f. But the 
initial area A 0 = Li and so: 

Ag = A 0 (l + 2a6 + a 2 6 2 ) 

Since a is very small we can neglect the term involving a 2 and so: 


A e = A o (\ + 2a0) 
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We thus have an area coefficient of expansion for a solid which is twice 
the linear coefficient. 

Consider the expansion of the volume of a cube of material of side L 0 
when the temperature increases by 9. Each side will expand to a length Lg 
= L 0 (\ + ad) and thus the volume at 6 is V g = Li = [L 0 (\ + a6)f. But the 
initial volume V 0 = Li and so: 

Vg = Fo(l + 3 00 + 3a 2 9 2 + aW) 

Since a is very small we can neglect the term involving a 2 and a 3 and so: 
V e = Fo(l + 3 a9) 

We thus have a volume coefficient of expansion for a solid which is three 
times the linear coefficient. 

Example 

A block of metal has a volume of 5000 mm 3 at 20°C. What will be the 
change in volume when the temperature rises to 100°C if the 
coefficient of linear expansion is 0.000 023 /K? 

Change in volume = 3 x linear coefficient x original volume x change 
in temperature = 3 x 0.000 023 x 5000 x 100 = 34.5 mm 3 . 

8.3.2 Expansion of liquids 

When liquids expand as a result of an increase in temperature we can 
define a real volume coefficient expansion y as: 


^ original volume x change in temperature 

The coefficient has the unit of /°C or /K. If Vg is the volume at temperature 
6 and V 0 the volume at temperature 0°C, then: 


Vg=V 0 (l + y9) 

The term real is used for the coefficient when referring to the actual 
volume change occurring for the liquid. When the liquid is in a container, 
not only will the liquid expand but so will the container and the apparent 
volume of the liquid indicated by its level in the container is an 
underestimate of the true volume. We can thus define an apparent 
coefficient [i as: 

_ apparent change in volume 

’ ~ original volume x change in temperature 


change in volume 
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The change in volume of the container will be 3 a0V o , where a is the 
coefficient of linear expansion of the solid material used for the container. 
Hence the real change in volume of the liquid is the apparent change in 
volume plus 3a0V o and so: 

yV o0 = PV O 0 + 3a0V o 

y = P+3a 

The real coefficient is thus the sum of the apparent coefficient of the 
liquid and the volume coefficient of the container material. 

Example 

A glass container will hold 1000 cm 3 at 20°C. How much water will 
be needed to fill it when the temperature is 80°C? The real volume 
coefficient of expansion of water is 0.000 21 /K and the coefficient of 
linear expansion of the glass is 0.000 009 /K. 

The apparent coefficient of expansion is 0.000 21 - 3 x 0.000 009 = 
0.000 183 /K. Hence the apparent change in volume of the water 
= 0.000 183 x 1000 x 60 = 10.98 cm 3 and so the volume required is 
1010.98 cm 3 . 

8.4 Gas laws Gases are fluids, differing from liquids in that while liquids are practically 
incompressible and possess a definite volume, gases are readily 
compressible and can change their volume. The following are three laws 
which are found to be reasonably obeyed by the so-called permanent 
gases, e.g. oxygen and nitrogen, at temperatures in the region of room 
temperature. A gas which is considered to obey these laws exactly is 
called an ideal gas. 

1 Boyle '.v law 

The volume V of a fixed mass of gas is inversely proportional to its 
pressure p if the temperature remains constant: 

p oc MV or pV= a constant 

Thus if the initial pressure is p\ and the volume V\ and we then 
change the pressure to p 2 to give volume V 2 , without changing the 
temperature: 


P\V\ = P2V2 


Example 

A gas occupies a volume of 0.10 m 3 at a pressure of 1.5 MPa. What 
will be the gas pressure if the gas is allowed to expand to a volume of 
0.15 m 3 and the temperature remains constant? 


Applying Boyle’s law gives: 
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PiV l =p 2 V 2 

1.5 x 0.10 = p 2 x 0.15 

Hence p 2 = 1.0 MPa. 

2 Charles ’s law 

The volume V of a fixed mass of gas at constant pressure is 
proportional to the temperature T when the temperature is on the 
Kelvin scale (K): 

v 

-j = a constant 

Thus if initially we have a volume V\ at a temperature T\ and we then, 
without changing the pressure, change the temperature to T 2 to give a 
volume V 2 : 

Zl_Z2_ 

Ti ~ T 2 

Example 

A gas occupies a volume of 0.12 m 3 at a temperature of 20°C. What 
will be its volume at 100°C if the gas is allowed to expand to 
maintain a constant pressure? 

Using Charles’s law and Vi/Ti = V-JT 2 , with T, = 20 + 273 = 293 K 
and T 2 = 100 + 273- 373 K: 

0,12 Vi 
293 “ 273 

Hence K 2 = 0.11 m 3 . 

3 Pressure law 

The pressure p for a fixed mass of gas at constant volume is 
proportional to the temperature T on the absolute or Kelvin scale: 

p 

-f=a constant 

Thus if initially we have a pressure p\ at a temperature T-, and we 
then, without changing the volume, change the temperature to T 2 to 
give a pressure p 2 . 

EL -El. 

T\ ~ T 2 

Example 

A fixed volume of gas is initially at a pressure of 140 kPa at 20°C. 
What will be its pressure if the temperature is increased to 100°C 
without the volume changing? 
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Using the pressure law pdh = p 2 JT 2 with T x = 20 + 273 = 293 K and 
T 2 = 100 + 273 = 373 K: 

140 Pi 
293 ~ 373 

Hence p 2 = 178 kPa. 

In addition to the above laws relating pressure, volume and temperature 
we have a law which applies to mixtures of gases, e.g. air: 

4 Dalton ’s law of partial pressures 

The total pressure of a mixture of gases occupying a given volume at 
a particular temperature is equal to the sum of the pressures of each 
gas when considered separately. 

Example 

An enclosed sample of air produces a pressure of 1.2 kPa. When 
water vapour is introduced into the air the total pressure rises to 
1.3 kPa. What is the pressure due to just the water vapour at that 
temperature? 

Using Dalton’s law of partial pressures: 

total pressure = pressure due to air along + 

pressure to just the water vapour 

Hence the water vapour pressure is 1.3 - 1.2 = 0.1 kPa. 

A gas is said to be at standard temperature and pressure (STP) when it 
is at a temperature 0°C, i.e. 273 K, and the normal atmospheric pressure 
of 101.325 kPa. 

8.4.1 Characteristic gas equation 

Provided there is no change in the mass of a gas, we can combine Boyle’s 
law, Charles’s law and the pressure law to give the general equation: 


p\V\ _ P2V2 
Ti - T 2 



When 1 kg of gas is considered, the constant is called the characteristic 
gas constant and denoted by R. Its value depends on the gas concerned. 
For a mass m kg of gas, the constant has the value mR, hence: 
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The SI unit of R is thus (Pa x m 3 )/(K x kg) = (N/m 2 x m 3 )/(K x kg) = (N x 
m)/(K x kg) = J/(kg x K). Typical values for the characteristic gas 
constant R are oxygen 260 J kg' 1 K~', hydrogen 4160 J kg -1 K' 1 and air 
287 J kg' 1 K- 1 . 
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Figure 8.3 Kinetic model 


Example 

A gas has a volume of 0.10 m 3 at a pressure of 100 kPa and a 
temperature of 20°C. What will be the temperature of the gas when it 
is compressed to a volume of 0.04 m 3 by a pressure of 500 kPa? 

For an ideal gas p\ V\IT\ = p-iV-J^ and so: 

100x0.10 500x0,04 

293 ~ T 2 

Hence T 2 = 586 K=313°C. 


Example 

What will be the volume of 2.0 kg of air at 20°C and a pressure of 
1 . 1 MPa if the characteristic gas constant for air is 287 J kg~' K" 1 ? 


For an ideal gas pV/T = mR and thus: 


y — mRT _ 2.0 x 287 x 293 _ q 15 3 

y ~ d ~ iwios -u.iom 


Example 

A rigid gas container of internal volume 0.60 m 3 contains a gas at 
20°C and 250 kPa. If a further 1.5 kg of gas is pumped into the 
container, what will be the pressure when the temperature is back 
again at 20°C? Take R for air as 290 J kg' 1 K -1 . 


For an ideal gas pV/T= mR and thus initially we have: 


pV 250 xl0 6 x 0,60 
m ~ RT ~ 290 x 293 


= 1.8 kg 


Hence the new mass is 1.8 + 1.5 = 3.3 kg and thus: 

p = = 3.3 x 290x 293 = 467 x 1q3 Pa = 467 fcp a 


8.4.2 Kinetic model of an ideal gas 

A model of an ideal gas is of molecules, rather like little ball bearings, 
moving around in an enclosure and bouncing off each other and the 
container walls (Figure 8.3). The pressure exerted on the container walls 
is due to the walls being bombarded by the molecules. If we double the 
volume of a container then, assuming the mean velocity of the molecules 
does not change, it will take twice as long for molecules to cross from one 
side of the container to the other and so the number of collisions per 
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Figure 8.4 Activity 1 


second with the wall will be halved. Doubling the volume halves the 
pressure. We thus have an explanation of Boyle’s law. 

The molecules are considered to be minute and occupying such a small 
percentage of the total container volume that each molecule can 
effectively be considered to have the entire container volume in which to 
move. Each molecule is considered to move around in the container 
without its motion being influenced, other than at a point of collision, by 
the other molecules, i.e. there are no intermolecular forces other than at a 
point of collision. Thus if we have two gases in a container, the total 
pressure is due to the sum of the pressures due to each when considered to 
be alone occupying the container; hence we have an explanation for 
Dalton’s law of partial pressures. 

The internal energy of the gas, i.e. the mean kinetic energy of the 
molecules, is taken to be only a function of the temperature. Thus the 
higher the temperature the higher the mean kinetic energies of the 
molecules and the faster they move about in the container. For a given 
molecular mass, the higher the velocities of the molecules the greater the 
force they exert on the walls when they collide with it and so the greater 
the pressure. Thus increasing the temperature increases the mean kinetic 
energy of the molecules and the resulting increased velocity gives an 
increase in pressure in a fixed volume container. 


Activities 




Figure 8.6 Activity 3 


1 Determine the specific heat capacity of a liquid, e.g. water. A 
possible method is to use a small 12 V electric immersion heater 
(Figure 8.4). Thus 1 kg of water might be contained in a metal 
container and its temperature noted. Then, with the immersion heater 
wholly immersed in the water, the electricity is switched on for 5 
minutes. During that time the heater is used to stir the water and the 
stirring is continued after the heater is switched off. The highest 
temperature reached is noted. The power TV delivered to the heater 
can be measured by an ammeter and voltmeter. The heat capacity of 
the container can reasonably be neglected when such a large mass of 
water is used. 

2 Determine the specific heat capacity of a solid. One method that can 
be used involves the use of a metal block which has been drilled so 
that a 12 V electric immersion heater fits into one hole and a 
thermometer into another (Figure 8.5). The heater is switched on for 
5 minutes. The highest temperature reached is noted. The power IV 
delivered to the heater can be measured by an ammeter and voltmeter. 
Neglect heat losses to the surroundings. To ensure that the 
thermometer makes good thermal contact with the block, a little oil 
should be placed in the hole. 

3 Determine the specific latent heat of fusion of ice. One method that 
can be used involves the use of a 12 V electric immersion heater. The 
heater element is placed in a filter funnel surrounded with closely 
packed small pieces of ice (Figure 8.6). The heater is switched on for 
3 minutes and the mass of water produced measured. The power IV 
delivered to the heater can be measured by an ammeter and voltmeter. 
Neglect heat gains from the surroundings. 

4 Using the apparatus available in your laboratory, verify the gas laws. 
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5 Investigate the bicycle pump, determining how it functions and the 
pressures that can be obtained. 

6 Using the apparatus available in your laboratory determine the linear 
coefficient of expansion of a metal. 


Problems 


1 What will be the temperature change of 3 kg of aluminium when 
supplied with 5 kJ of heat if the specific heat capacity of aluminium is 
950 J kg' 1 K _I ? 

2 What will be the rise in temperature of 200 g of water in a container 
of capacity 40 J/K when 2 kJ of heat is transferred to the system? The 
specific latent heat of water is 4200 J kg" 1 K -1 . 

3 What heat is required to convert 5.0 kg of water at 20°C to steam at 
100°C? The specific heat capacity of water in this temperature range 
is 4.19 kJ kg 1 K" 1 and the specific latent heat at 100°C for liquid to 
vapour is 2257 kJ/kg. 

4 What heat is required to change 10 kg of ice into liquid water at 0°C 
if the specific latent heat of fusion is 335 kJ/kg? 

5 What heat is required to melt a 0.5 kg block of iron if initially it is at 
20°C and the melting point of iron is 1200°C? The specific heat 
capacity of the iron is 0.50 kJ kg -1 K" 1 and the specific latent heat of 
fusion is 270 kJ/kg. 

6 The heating element in an electric kettle is rated as 2 kW. If the water 
in the kettle is at 100°C, how much water will be converted into steam 
in 1 minute? The specific latent heat of vaporisation of the water is 
2257 kJ/kg. 

7 A steel tape-measure is correct at 18°C. If it used to measure a 
distance of 100 m when the temperature is 8°C, what error will be 
made? The coefficient of linear expansion is 0.000 012 /K. 

8 A steam pipe has a length of 20 m at 20°C. How much expansion will 
have to be allowed for when the steam increases the temperature of 
the pipe to 300°C? The coefficient of linear expansion of the pipe 
material is 0.000 012 /K. 

9 A copper sphere has a diameter of 40 mm at 0°C. By how much will 
its volume increase when the temperature is raised to 100°C? The 
coefficient of linear expansion is 0.000 017 IK. 

10 A plate has an area of 500 mm 2 at 18°C. By how much will this area 
increase when the temperature is raised to 100°C? The material has a 
coefficient of linear expansion of 0.000 017 /K. 

11 A steel girder has a length of 8.0 m at 25°C. What will be its length at 
0° if the coefficient of linear expansion of steel is 0.000 015 /K? 

12 A mercury-in-glass thermometer has a distance of 300 mm between 
the 0°C and the 100°C marks. If the cross-sectional area of the tube is 
0.15 mm 2 , what will be the total volume of mercury in the 
thermometer at 0°C? The real volume coefficient of expansion of 
mercury is 0.000 18 /K and the coefficient of linear expansion of the 
glass is 0.000 009 /K. 

13 Ethyl alcohol has a real coefficient of volume expansion of 
0.0011 /K, by how much will a volume of 2000 mm 3 be reduced 
when the temperature falls from 20°C to 0°C? 
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14 A steel tank has a volume of 4.0 m 3 and is filled with heating oil at 
15°C. How much of the oil will overflow if the temperature increases 
to 25°C? For the steel take the coefficient of linear expansion to be 
0.000 Oil /K and for the heating oil a real coefficient of volume 
expansion of 0.001 20 /K. 

15 Initially a gas has a volume of 0.14 m 3 and a pressure of 300 kPa. 
What will be its volume when the pressure becomes 60 kPa if the 
temperature remains unchanged? 

16 A gas with a volume of 2 m 3 is compressed from a pressure of 
100 kPa to a pressure of 500 kPa. If the temperature remains 
unchanged, what is the resulting volume? 

17 A gas has a volume of 0.010 m 3 at 18°C. What will be its volume at 
85°C if the pressure acting on the gas remains unchanged? 

18 A gas has a volume of 0.40 m 3 at 10°C and is heated to a temperature 
of 120°C. What will be its volume if the pressure remains the same? 

19 A gas has a volume of 0.100 m 3 at a temperature of 25°C and a 
pressure of 140 kPa. What will be its volume when it is at a pressure 
of 700 kPa and a temperature of 60°C? 

20 A gas cylinder contains 0.11 m 3 of gas at an absolute pressure of 
1000 kPa and a temperature of 15°C. What will be the volume of the 
gas at the atmospheric pressure of 101 kPa and a room temperature of 
25°C? 

21 A gas has a volume of 0.4 m 3 at a pressure of 90 kPa and a 
temperature of 30°C. What will be its volume at s.t.p.? 

22 A gas with a volume of 0.40 m 3 at s.t.p. is heated until it occupies a 
volume of 0.46 m 3 at a pressure of 115 kPa. What will be its 
temperature? 

23 A gas at a pressure of 250 kPa and temperature 20°C has a volume of 
0.050 m 3 . What will be its volume at a pressure of 400 kPa and a 
temperature of 100°C? 

24 What is the mass of a gas at a pressure of 500 kPa and a temperature 
of 50°C if it occupies a volume of 0.10 m 3 ? The gas has a 
characteristic gas constant of 189 J kg" 1 K" 1 . 

25 A rigid gas container of internal volume 1.2 m 3 holds 1.8 kg of a gas 
at 18°C. What is the pressure of the gas and to what value will it 
change if a further 0.8 kg of gas are added at the same temperature? 
The gas has a characteristic gas constant of 287 J kg -1 K _1 . 

26 What is the mass of a gas at a pressure of 350 kPa and a temperature 
of 35°C if it occupies a volume of 0.03 m 3 . The gas has a 
characteristic gas constant of 290 J kg -1 KT 1 ? 

27 A rigid container of internal volume 0.85 m 3 contains a gas at a 
pressure of 275 kPa and temperature 15°C. What will be the pressure 
of the gas in the container if an additional 1 .7 kg of the gas is pumped 
into the container at the same temperature? The gas has a 
characteristic gas constant of 290 J kg -1 K _1 . 
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9.1 Introduction 
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Figure 9. 1 Repulsion between 
like electric charges 
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Figure 9.2 Attraction between 
unlike electric charges 


This chapter is about d.c. circuits that just contain resistors and the basic 
terms used such as charge, current, voltage, resistance and power. 

9.1.1 Charge 

If you rub a strip of polyethylene, or a strip of cellulose acetate, or the 
case of a biro, on your sleeve and hold it above some small scraps of 
paper, the scraps are attracted to the strip and we say that the strip has 
acquired electric charge. 

If a polyethylene strip is placed in a paper or wire stirrup and 
suspended on a length of cotton thread (Figure 9.1), each end of the strip 
rubbed and then the end of a similarly rubbed polyethylene strip brought 
near to one end of the suspended strip, they are found to repel each other. 
The charges on the two strips of polyethylene will be the same and thus 
like charges repel each other. If we repeat the experiment with two 
cellulose acetate strips we obtain the same effect of like charges repelling. 
However, if we bring a charged polyethylene strip close to a suspended 
charged acetate strip, or bring a charged acetate strip close to a suspended 
charged polyethylene strip (Figure 9.2), we find that attraction occurs. 
The polyethylene and the acetate appear to be charged with different kinds 
of charge. Thus, unlike charges attract each other. 

The terms positive and negative are used to describe the two types of 
charge produced on the strips; the rubbing causes the polyethylene to 
become negatively charged and with the acetate strip the rubbing causes it 
to become positively charged. The rubbing action causing electrons to 
transfer to or from the rubbing cloth to the strips; with polyethylene the 
rubbing causes electrons to transfer from the cloth to the polyethylene and 
so the polyethylene acquires a surplus of electrons and so has a net 
negative electric charge, whereas with the acetate the rubbing causes 
electrons to transfer from the acetate to the cloth and so the acetate 
becomes deficient in electrons and so has a net positive charge. 

9.1.2 Electric current in metals 

A metal, such as copper, has atoms with outer electrons which are easily 
detached and so, when such atoms are packed tightly together, the outer 
electrons experience forces of attraction towards neighbouring atoms and 
become detached and can move within the metal. These will just drift 
around in a random manner. However, if a battery is connected across the 
metal rod, the random movements of the electrons has superimposed on 
them a general drift towards the positive terminal. It is this drift of the 
electrons that constitutes the electric current in the circuit. Current is 
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defined as the rate of movement of charge in a circuit. When there is a 
current I then the charge Q being moved in a time t is given by I = Qit. 

Current has the unit of ampere or amp (A), the unit being defined as 
that constant current which, when flowing in two straight parallel 
conductors of infinite length, of negligible cross-section, and placed 1 m 
apart in a vacuum, produces between the conductors a force of 2 x 10 -7 N 
per metre length (see Section 10.5 for a discussion of the force acting on 
current-carrying conductors). The instrument used to measure current is 
called an ammeter and is connected in series with the circuit element for 
which the current is required. 

The unit of charge is the coulomb (C) and is defined as the quantity of 
electricity passing a point in a circuit when a current of 1 A flows for 1 s. 
In an electric circuit the charge carriers through electrical conductors are 
electrons. One coulomb of charge is the total charge carried by 6.24 x 10 18 
electrons. 

Example 

If there is a current of 4 A through a particular part of a circuit, what 

will be the charge moved through that part in 1 minute? 

Charge moved Q = current I x time t = 4 x 60 = 240 C. 

9.1.3 Conductors and insulators 

The term conductor is used for a material which readily allows charge to 
flow through it; the term insulator is used for a material which allows very 
little movement of charge. The metal used for an electrical wire is a 
conductor, whereas the plastic in which it is sheathed is an insulator. 

9.1.4 Electrical energy, e.m.f. and potential difference 

When there is a current through a circuit then charge is continuously being 
moved through it. Energy has to be continually supplied to keep the 
charge moving. The rate at which this energy is required is called the 
power P. Thus if an energy W is required over a time t then P = Wit. The 
unit of power is the watt (W), one watt being a rate of energy use of 
1 joule per second. Thus, for example, a 1 kW electric fire requires 1000 J 
of electrical energy to be supplied every second. 

To establish a flow of charge through a circuit, it is necessary to exert 
some sort of force on the charge carriers to cause them to move. This is 
termed the electromotive force (e.m.f.). A battery is a source of e.m.f.; 
chemical energy is transformed in the battery into energy which is used to 
move the charge carriers round the circuit. If we think of a mechanical 
analogue, the battery lifts the charge carriers up to the top of a hill, i.e. 
gives them potential energy, and then the circuit allows them to flow down 
the hill back to the other terminal of the battery. The e.m.f. is a measure of 
the potential energy/charge that is given by the battery. The unit of e.m.f. 
is the volt (V) and an e.m.f. of 1 V is when the battery gives 1 J to each 
coulomb of charge. 

Energy is required to establish a flow of charge through a component. 
The term voltage or potential difference is used for the energy required to 
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move a unit charge between two points in a circuit and has the unit of volt 
(V). Thus if V is the potential difference between two points in a circuit 
then the energy W required to move a charge Q between the points is 
given by V= W/Q. Thus we can write: 

P= w^Q x w_ IV 

t t X Q ~ lV 

A potential difference of 1 V is said to exist between two points of a 
conducting wire carrying a constant current of 1 A when the power 
dissipated between these points is equal to 1 W. The instrument used to 
measure voltage is termed a voltmeter and is always connected in parallel 
with the circuit element across which the voltage is required. 


Example 

What is the electrical power developed between two points in an 
electrical circuit when there is a current of 2 A between the points 
and the potential difference between them is 4 V? 

P = IV= 2 x 4 = 8 W. 


9.1.5 Circuit symbols and sign conventions 

Figure 9.3 shows the basic symbols used in electrical circuit diagrams. 
With the cell, the positive plate of the cell is the long line and the shorter 
fatter line is the negative plate. 



(a) Cell (b) Battery of cells (c) Conductor 



(e) Two conductors (f) A resistor (g) Fuse 
crossing but not 
electrically connected 



(d) Junction of 
two conductors 

(h) Variable 
resistor 


-O- -©- “ 0 “ 

(i) Resistor with (j) General symbol (k) Ammeter (I) Voltmeter 

moving contact for an indicating or 

measuring instrument 


Figure 9.3 Basic symbols 


The convention adopted with electrical circuits is to indicate the 
direction of the current in a circuit conductor by an arrow on the 
conductor (Figure 9.4). Current / is taken as flowing out of the positive 
plate of a cell (the long line on the cell symbol), round the circuit and 
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/ T* / 

-► 1 ► 



Figure 9.4 Circuit notation 


back into the negative plate (the short fat line on the symbol), the arrow 
for current indicating this direction. This is the convention that was 
originally adopted by those who first investigated electrical currents and 
who thought that current flow was caused by the motion of positive charge 
carriers rather than negative charge. Thus they assumed that the current 
flowed from the positive terminal to the negative terminal and this 
convention for labelling current direction is still used. Now we know that 
in conductors the current flow is by electrons, negative charge carriers, 
and so the direction of the flow of electrons is in the opposite direction to 
the direction used to label the current in an electrical circuit. 

The direction of the potential difference V between two points in a 
circuit is indicated by an arrow between the points and which is parallel to 
the conductor (Figure 9.4). The arrow for the potential difference points 
towards the point which is taken to be more positive. Think of charge 
flowing down the potential hill of the circuit, with a cell pumping the 
charge back up to the top of the hill again, the arrow points uphill. 


9.2 Kirchhoff’s laws 

1 2 

h l 3 


Figure 9.5 Currents at a 
junction 




3n| If 3V 
2 ftfjf 2V 


Figure 9.6 Circuit to 
illustrate the voltage law 


There are two fundamental laws used in the analysis of circuits: 
Kirchhoff’s current law and Kirchhoff s voltage law. 

9.2.1 KirchhofTs current law 

When there is a current passing through a component, then all the charge 
that enters it over a period of time must equal all the charge that leaves it 
in the same time. Thus the rate at which charge enters a component, i.e. 
the current, must equal the rate at which current leaves the component. 
This idea can be extended to an electrical circuit; the total current 
entering any junction in a circuit must equal the total current leaving it. 
This is called Kirchhoff’s current law. Thus for the junction shown in 
Figure 9.5, we must have: 


9.2.2 Kirchhoff’s voltage law 

Consider the circuit shown in Figure 9.6. We have a voltage source of 
10 V and three series resistors. We see that the applied voltage of 10 V 
‘drops’ 5 V across the first resistor, 3 V across the second resistor and 2 V 
across the final resistor; when we reach the end we have ‘used up’ all the 
applied voltage. The sum of the voltage drops around the circuit loop is 
equal to the amount by which the voltage source increased it. This is the 
Kirchhoff’s voltage law. 


9.3 Resistance The electrical resistance R of a circuit element is the property it has of 
impeding the flow of electrical current and is defined by the equation: 



where V is the potential difference across an element when I is the current 
through it. The unit of resistance is the ohm (Q) when the potential 
difference is in volts and the current in amps. 
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It is sometimes more convenient to use the reciprocal value of a 
resistance, i.e. MR. This reciprocal value is called the conductance (G). 



With the resistance in ohms, the unit for the conductance is the siemen 
(S). Thus a resistance of 10 Q is a conductance of 1/10 = 0.10 S. 


Example 

An ammeter connected in series with a resistor indicates a current 
through the resistor of 0.2 A when the voltage across it is 2 V. What 
is (a) the resistance of the resistor, (b) the power needed to ‘push’ the 
current through the resistor, (c) the charge moved through the resistor 
in 1 minute? 


Graphite composition 
rod 



lacquer or 
plastic coating 



Figure 9.7 Graphite composition 
resistor 


Resistive spiral 
cut in metal film 



Insulating lacquer 
or plastic coating 


Figure 9.8 Thin film resistor 

- 67777777 ^ 

Figure 9.9 Wire-wound 
resistor 


(a) Resistance = VI I = 2/0.2 = 10 Q. 

(b) Power = VI =2x0.2 = 0.4 W. 

(c) Current is the rate of movement of charge; thus, a current of 0.2 A 
indicates that 0.2 C are moved in 1 s. Hence, in 1 minute we have 
60 x 0.2 = 12 C moved. 

Example 

What is the conductance of a resistor having a resistance of 50 Q? 
Conductance = 1/resistance = 1/50 = 0.02 S. 

9.3.1 Resistors 

There are a number of types of fixed value resistors. 

1 Carbon composition resistors are made by mixing finely ground 
carbon with a resin binder and insulating filler, compressing it into a 
cylindrical shape, and then firing it (Figure 9.7). Copper leads are 
provided at each end of the cylindrical shape and the resistor coated 
with an insulating plastic film. The resistance of the resistor depends 
on the ratio of carbon to insulating filler. 

2 Film resistors are made by depositing an even film of a resistive 
material on a ceramic rod. The materials used may be carbon 
(carbon-film resistors), nickel chromium (metal film resistors), a 
mixture of metals and glass (metal glaze resistors), or a mixture of a 
metal and an insulating oxide (metal oxide resistors). The required 
resistance value is obtained by cutting a spiral in the film (Figure 
9.8). 

3 Wire-wound resistors are made by winding resistor wire, such as 
nickel chromium or a copper-nickel alloy, onto a ceramic tube 
(Figure 9.9). The whole resistor is then coated with an insulator. 
Wire -wound resistors have power ratings from about 1 W to 25 W, 
the other forms tending to have ratings of about 0.25 W. The power 
rating is the maximum power that can be dissipated by the resistor. 
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First number] | Tolerance 
Second number 
Number of zeros 

Figure 9. 10 Colour coding 


9.3.2 Coding 

Small resistors are marked with a series of colour bands (Figure 9.10) to 
indicate the resistor value and tolerance. Three of the bands are located 
closer together towards one end of the resistor and with the resistor placed 
with this end to the left, the bands are then read from left to right. The first 
band gives the first number of the component value, the second band the 
second number, the third band the number of zeros to be added after the 
first two numbers and the fourth band the resistor tolerance. Table 9.1 
shows the colours assigned to the different numbers. 


Table 9.1 Colour coding 


Black 

Brown 

Red 

Orange 

Yellow 

0 

1 

2 

3 

4 

Green 

Blue 

Violet 

Grey 

White 

5 

6 

7 

8 

9 

Tolerance colour 

Brown 

Red 

Gold 

Silver 

None 

1% 

2% 

5% 

10% 

20% 


In catalogues and circuit drawings it is standard practice to not give 
decimal points in specifying values but include the prefix for the 
multiplication factor in place of the decimal point to avoid accidental 
marks being mistaken for decimal points. This system is also used where 
values are written on resistors instead of the colour code being used. The 
symbol R is used for xl, k for xlOOO and M for xl 000 000. Thus a 4.7 Q 
resistor would be written as 4R7, a 4.7 k£2 resistor as 4k7 and a 4.7 MQ 
resistor as 4M7. Tolerances can be indicated by adding a letter after the 
value code: F for ±1%, G for ±2%, J for ±5%, K for ±10%, M for ±20%. 

Example 

What is the value of a resistor coded, from the left end, yellow, violet, 
red, silver? 

Yellow has the value 4, violet the value 7, red the value 2 and thus 
the value is 4700 Q, the tolerance colour silver indicating 10%. 

Example 

What is the resistance value and tolerance of a resistor specified in a 
circuit diagram as 6R8M? 

6.8 Q with a tolerance of ±20%. 

9.3.3 Preferred values 

In order to provide coverage of a wide range of resistor values by means 
of only a limited number of resistors, a preferred range of values of 
resistances is used by manufacturers of resistors. Resistors are made in 
various tolerance bands , this being the percentage uncertainty with which 
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Variable resistor 
to adjust current 



Figure 9.11 Circuit to obtain 
current and p.d. values 


a manufacturer has stated the nominal value. For example, a resistor stated 
has having the nominal value of 10 Q resistor with ±10% (note that often 
the plus or minus is not stated but merely implied) tolerance band would 
have a resistance in the range 10 - 10% of 10 = 10 - 1 = 9 Q to 10 + 10% 
of 10 = 10 + 1 = 11 Q. 

The preferred values in a particular tolerance band are chosen so that 
the upper value of one resistor is either equal to or just overlaps with the 
lower value of the next higher resistor. Thus with the 10% tolerance band, 
the next resistor above the nominal 10 Q resistor would be 12 Q, it having 
a resistance between about 11 Q and 13 Q. Table 9.2 shows examples of 
nominal preferred resistance values and their tolerances. 


Table 9.2 Preferred resistance values for difference tolerances 



Example 

What is the possible resistance range of (a) a 47 Q resistor with a 5% 
tolerance, (b) a 330 Q resistor with a 20% tolerance? 

(a) Since 5% of 47 is 2 (rounded to the nearest whole number), the 
resistance value lies in the range 47 - 2 = 45 Q to 47 + 2 = 49 Q. 

(b) Since 20% of 330 is 66, the resistance value lies in the range 330 
- 66 = 264 Q to 330 + 66 = 396 Q. 

9.3.4 Ohm’s law 

For many resistors, if the temperature does not change, a measurement of 
the potential difference across a resistor and the current through it (Figure 
9.11) shows that the potential difference is proportional to the current 
through it. A graph of potential difference V against current I is a straight 
line passing through the origin (Figure 9.12) with a constant of VH. Hence 
the gradient is the resistance R. Thus we can write: 

V=RI 
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F igure 9.12 Circuit element 
obeying Ohm ’s law 
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Current 
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(b) Current 


Figure 9.13 (a) Thermistor, 

(b) filament lamp 



as an equation which gives a constant value of R for all values of current. 
This is called Ohm’s law. Thus circuit elements which obey Ohm’s law 
have a constant value of resistance which does not change when the 
current changes. Also, since the power P = IV, we can write: 

P = IV =Pr = ¥L 


Example 

A 200 Q resistor has a power rating of 2 W. What is the maximum 
current that can be used with the resistor without exceeding the power 
rating? 

Using P = PR: 



The maximum current is thus 0.1 A or 100 mA. 

9.3.5 Non-linear resistance elements 

Not all circuit elements give graphs which are straight line for the 
relationship between the potential difference across them and the current 
through them. Figure 9.13 shows examples of non-linear relationships that 
can be obtained with the circuit shown in Figure 9.11. Figure 9.13(a) is 
the type of graph obtained with a typical thermistor and Figure 9.13(b) is 
that obtained with a typical filament lamp. With the thermistor, the 
gradient of the graph decreases as the current increases and so the 
resistance decreases as the current increases. Thermistors (thermally 
sensitive resistors) are resistance elements made from mixtures of metal 
oxides, such as those of chromium, cobalt, iron, manganese and nickel. 
With the filament lamp, the gradient increases as the current increases and 
so the resistance increases as the current increases. The material used for a 
lamp filament is tungsten. 


9.4 Resistors in series When circuit elements are in series (Figure 9.14) then we have the same 
rate of flow of charge through each element, i.e. the same current I. Thus 
the potential difference V, across resistance R, is IRi. The potential 
difference V 2 across Ri is IRi. The potential difference V across the series 
arrangement is thus the sum of the potential differences, i.e. 


V= V, + V 2 = IRx + IRi = I(Ri + Ri) 


V 


We could replace the two resistors by a single, equivalent, resistor R if we 
have V= IR. Hence: 


Figure 9.14 Resistors in series R = R\ + Ri 


For resistors in series the total resistance is the sum of their resistances. 
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Figure 9.15 Voltage divider 
circuit 


v I 



v 1 

Figure 9.16 Potentiometer 


Example 

A circuit consists of four resistors in series, they having resistances of 
2 Q, 10 Q, 5 Q and 8 Q. A voltage of 12 V is applied across them. 
Determine (a) the total resistance, (b) the circuit current, (c) the 
power dissipated in each resistor, (d) the total power dissipation. 

(a) The total resistance is the sum of the four resistances and so we 
have/? = 2 + 10 + 5 + 8 = 25 Q. 

(b) The current I through the circuit is given by / = V/R = 12/25 = 
0.48 A = 480 mA. 

(c) The power developed in each resistance is given by P = PR, the 
current I being the same through each resistor. Thus, the powers are 
0.48 2 x 2 = 0.46 W, 0.48 2 x 10 = 2.30 W, 0.48 2 x 5 = 1.15 W and 
0.48 2 x 8 = 1.84 W. 

(d) The total power developed can be obtained, either by adding 
together the powers dissipated by each resistor or determining the 
power dissipated by the equivalent resistor. Thus, P = 0.46 + 2.30 + 
1.15 + 1.84 = 5.75 W or P = PR = 0.48 2 X 25 = 5.76 W. The slight 
difference in the answers is due to rounding errors. 

9.4.1 Voltage divider circuit 

Resistors in series can be used as a simple method of voltage division. 
Consider two resistors R\ and R 2 in series, as illustrated in Figure 9.15. A 
voltage V is applied across the arrangement. The total resistance is /?i + 
R 2 . Thus the current / through the series resistors is: 

7 =i?7T/?r 

The voltage across resistor /?i is IR U Hence if this voltage is taken as the 
output voltage, we have: 

Vl = /?,+'/? 2 V 

Thus the output voltage is the fraction i?i/(/?i + R 2 ) of the input voltage. 
The result is thus a voltage-divider circuit. 

It is often necessary to obtain a continuously variable voltage from a 
fixed supply voltage. For this a resistor with a sliding contact is used, such 
a circuit element being known as a potentiometer (Figure 9.16). The 
position of the sliding contact determines the ratio of the resistances R\ 
and R 2 and hence the output voltage. 

Example 

A potentiometer has a total track resistance of 50 Q and is connected 
across a 20 V supply. What will be the resistance between the slider 
and the track end when the output voltage taken of between these 
terminals is 5.0 V? 
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The potentiometer is effectively two resistors in series connected 
across the supply voltage (see Figure 9.16), namely the resistance 
between one end of the potentiometer and the slider and the 
resistance between the slider and the other end of the potentiometer. 
The fraction of the output voltage required is 5.0/20 and thus this 
must be the ratio of the resistance between one end and the slider to 
the sum of the two resistances, i.e. the total potentiometer resistance. 
Thus Rf 50 = 5.0/20 and so R = 12.5 Q. 

9.5 Resistors in parallel 

When circuit elements are in parallel (Figure 9.17) then the same 
potential difference occurs across each element. Since charge does not 
accumulate at a junction, then the current entering a junction must equal 
the sum of the current leaving it, i.e. I=I\ + I 2 . 

For resistance R\ we have V = fRi and for resistance R 2 we have V = 

/ , R 1 

I 2 R 2 , thus: 

/=/ 1+ / 2 = ^ + X = f (^ + _L) 

1 2 *2 

We could replace the two resistors by a single, equivalent, resistor R if we 

V p 

have / = V/R. Hence: 

Figure 9.17 Resistors in 
parallel 

i L + 

R~ Ri R 2 

We can write this equation in terms of conductances as: 

g=g, + g 2 

For circuit elements in parallel the total conductance is the sum of their 
conductances. 

With a circuit of resistors in series, the applied voltage is divided 
across the resistors. With a circuit of resistors in parallel, the current is 
divided between the parallel branches. A parallel circuit is thus a current 
divider circuit. 


Example 

A circuit consists of two resistors of 5 Q and 10 Q in parallel with a 
voltage of 2 V applied across them. Determine (a) the total circuit 
resistance, (b) the current through each resistor, (c) the total current 
entering the arrangement. 

(a) The total resistance R is given by: 

1 1,1 1,1 3 

R ~ Ri R 2 ~ 5 1 10 _ 10 

Hence R = 3.3 Q. 

(b) The same potential difference will be across each resistor. Thus 
the currents are l, = V/Ri = 2/5 = 0.4 A = 400 mA and I 2 = V/R 2 = 
2/10 = 0.2 A = 200 mA. 
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(c) The total current entering the arrangement can be obtained by 
either adding the currents through each of the branches or 
determining the current taken by the equivalent resistance. Thus, / = 
0.4 + 0.2 = 0.6 A or 600 mA, or /= V/R = 2/3.3 = 0.61 A or 610 mA. 
Rounding errors account for the slight differences in these answers. 

9.6 Series-parallel circuits Many circuits are more complicated than just the simple series or parallel 
connections of resistors and may have combinations of both series and 
parallel connected resistors. In general, such circuits are analysed by 
beginning with the innermost parts of the circuit and block-by-block 
reducing the elements to single equivalent resistances, before finally 
simplifying the circuit to just one equivalent resistance. 



30 

(b) 

Figure 9.18 Example 


Example 

Determine the total resistance of the circuits shown in Figure 9.18. 

(a) The circuit consists of a parallel arrangement of 4 Q and 2 Cl 
which is then in series with resistance of 6 Cl. The equivalent 
resistance for the parallel part of the circuit is given by: 

R~ 4 + 2 ~ 4 

and is thus 1.33 Q. This is in series with 6 Q and so the total 
resistance is 7.33 Q. 

(b) The circuit consists of 2 Q and 4 Q in series, i.e. an equivalent 
resistance of 6 Cl. This is then in parallel with 3 Cl. Thus the total 
resistance is given by: 

2_1 , 1_2 

R ~ 3 + 6 " 6 

and so R = 2 Cl. 


9.7 Resistivity 


If we add two identical lengths of wire in series we end up with twice the 
resistance and so the resistance of a length of wire is proportional to its 
length. If we connect two identical lengths of wire in parallel then the 
resistance is halved and so, as we are effectively doubling the cross- 
sectional area of the material in the circuit, the resistance of a length of 
wire is inversely proportional to the area. The resistance of a wire also 
depends on the material used for the wire. We can combine these three 
factors in the equation: 


R 


pL 

A 


F igure 9.19 Resistivity 


where R is the resistance of a length L of the material of cross-sectional 
area A (Figure 9.19). The electrical resistivity p is a measure of the 
electrical resistance of a material and has the unit of ohm metre. An 
electrical insulator, such as a ceramic, will have a very high resistivity, 
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9.8 Basic measurements 



typically of the order of 10 10 Q m or higher. An electrical conductor, such 
as copper, will have a very low resistivity of the order of 10~ 8 Q m. 

The electrical conductivity a is the reciprocal of the resistivity, i.e. 


The unit of conductivity is thus Q _1 m _1 or S mf 1 . Since conductivity is the 
reciprocal of the resistivity, an electrical insulator will have a very low 
conductivity, of the order of 10“ 10 S/m, while an electrical conductor will 
have a very high conductivity, of the order of 10 8 S/m. 

Pure metals and many metal alloys have resistivities that increase when 
the temperature increases; some metal alloys do, however, show increases 
in resistivities when the temperature increases. For insulators, the 
resistivity increases with an increase in temperature. 


Example 

What is the resistance of a 3 m length of copper wire at 20°C if it has 
a cross-sectional area of 1 mm 2 and the copper has a resistivity of 2 x 
10“ 8 Q m? 


R 


pL 

A 


2xlQ- 8 x3 

10-6 


= 0.06 Q m 


Example 

What is the electrical conductance of a 2 m length of nichrome wire 
at 20°C if it has a cross-sectional area of 1 mm 2 and an electrical 
conductivity of 0.9 x 10 6 S/m? 

1 oA 0.9 x 10 6 x 1 x 10 -6 
G= R= T = 2 = °' 45S 

A basic instrument for the measurement of direct current is the moving 
coil meter. The basic meter movement is likely to have a minimum d.c. 
full scale deflection of between 10 pA and 20 mA. Higher d.c. current 
ranges, up to typically about 10 A, can be obtained by the use of shunts. 
These are resistors connected in parallel with the instrument (Figure 9.20). 
The potential difference across the instrument is IR,. The current through 
the shunt is (/ - I) and so the potential difference across the shunt is 
(/ - Ji)R s . Thus, since these potential differences must be the same, we 
must have IR, = (/ - I,)R S . So the current I which will give a full scale 
deflection is: 

R s 

Such instruments have linear scales and accuracies up to about ±0.1% of 
full scale deflection. They are generally unaffected by stray magnetic 
fields. 

The moving coil meter can be used as a direct voltage voltmeter by 
measuring the current through a resistance. For the lowest voltage range 


Figure 9.20 Instrument shunt 
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Instrument 
Multiplier f 



this resistance is just the resistance of the meter coil. For higher voltage 
ranges a resistor, termed a multiplier, is connected in series with the meter 
movement (Figure 9.21). The potential difference F being measured is the 
sum of the potential differences across the meter resistance R t and across 
the multiplier resistance R m . 

V= 7i(/?i + R m ) 


Figure 9.21 Instrument 
multiplier 



Figure 9.22 Loading 


Such instruments typically are used for voltage ranges from about 50 mV 
to 100 V with an accuracy of up to ±0.1% of full scale deflection. 

An important point, with any voltmeter, is its resistance. This is 
because it is connected in parallel with a circuit element and acts as a 
bypass for some of the current. Thus the current through the element is 
reduced. The voltmeter is said to give a loading effect. Consider the 
circuit shown in Figure 9.22. With no voltmeter connected across R 2 then 
the true voltage across R 2 is, by voltage division, VRiJ{R\ + R 2 ). If now a 
voltmeter with a resistance R v is connected across R 2 , then we have R v 
and R 2 in parallel and so, using the equation for resistances in parallel, a 
total resistance of RvR 2 /(R v + R 2 ). Because this differs from the resistance 
that was there before the voltmeter was connected, then the voltage F is 
divided in a different manner and so the voltmeter reading is in error. For 
a 99% accuracy of reading by the instrument, the resistance of the 
voltmeter must be at least 99 times larger than that of the element across 
which it is connected. 

For alternating currents and voltages, the moving coil meter can be 
used with a rectifier circuit. Typically the ranges with alternating currents 
vary from about 10 mA to 10 A with accuracies up to ±1% of full scale 
deflection for frequencies in the region 50 Hz to 10 kHz. With alternating 
voltages, the ranges are typically from about 3 V to 3 kV with similar 
accuracies. 

Multimeters give a number of direct and alternating current and voltage 
ranges, together with resistance ranges (see next section for details of the 
ohmmeter). A typical meter has full scale deflections for d.c. ranges from 
50 pA to 10 A, a.c. from 10 mA to 10 A, direct voltages from 100 mV to 
3 kV, alternating voltages 3 V to 3 kV and for resistance 2 k£2 to 20 MQ. 
The accuracy for d.c. ranges is about ± 1% of foil scale deflection, for a.c. 
±2% of foil scale deflection and for resistance ±3% of the mid-scale 
reading. 

The moving coil meter has the problem of low input impedance and 
low sensitivity on a.c. ranges. This can be overcome by using an amplifier 
between the input and the meter to give an electronic instrument. The 
result is an increased sensitivity and a much higher input impedance. 
Hence there is less chance of loading presenting a problem. 

Another form of meter is the moving iron meter. Such meters can be 
used for direct and, because the deflection is proportional to the square of 
the current, alternating currents. The scale is non-linear, being most 
cramped at the lower end. Typically such instruments have ranges with 
foil scale deflections of between 0.1 and 30 A, without shunts, and an 
accuracy of about ±0.5% of foil scale deflection. 
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Example 

A moving coil meter has a resistance of 10 Q and gives a Ml scale 
deflection with 15 mA. What shunt resistance will be required if the 
meter is to give a Ml scale reading with 5 A? 

The potential difference across the meter equals that across the shunt, 
i.e. IiRi = (/ - Ii)R s . Thus: 

10 x 10“ 3 x 10 = (5 - 10 x 10 3 )i? s 

Hence the resistance of the shunt is 0.0200 Q. 


R 


Zero adjustment 



Figure 9.23 Ohmmeter 


Example 

A circuit consists of two 1 Mfi resistors in series with a voltage of 
50 V applied across them. What will be the reading indicated by a 
voltmeter of resistance 50 kQ when connected across one of the 
resistors? 


Before the voltmeter is connected the voltage across one of the 
resistors is, as a result of voltage division, 25 V. When the voltmeter 
is connected across a resistor the combined resistance R is given by: 

-i-^L + 1 

R 10 6 50xl0 3 


Thus R = 47.6 kQ. Hence the voltage is now, by voltage division: 


V — 50 — 47.6 x 10 3 2 3 V 

K “ S0 10^ + 47.6x103 V 


There is thus error in using a voltmeter of such low resistance. 


9.8.1 Measurement of resistance 

Figure 9.23 shows one form of a basic ohmmeter circuit. A battery of 
e.m.f. E is connected in series with the meter resistance R g , a zero 
adjustment resistor and the resistance R being measured. With R equal to 
zero, i.e. the terminals of the ohmmeter short circuited, the zero 
adjustment resistor R z is adjusted so that the meter gives a Ml scale 
deflection, this corresponding to the 0 mark on the resistance scale. When 
R is across the instrument terminals then the total resistance in the circuit 
is increased and so the current I reduces from the zero value and can be 
used as a measure of the resistance R: 

R g +R z +R 

This type of circuit is used in multimeters for the measurement of 
resistance. 
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Activities 


Problems 


Example 

An ohmmeter circuit, of the form indicated in Figure 9.23, is used to 
measure a resistance R. The moving coil meter used has a resistance 
of 50 Q and a full scale deflection of 10 mA. The ohmmeter battery 
has an e.m.f. of 1.0 V. What should be the value of the zero 
adjustment resistance for there to be zero current when R = 0 and 
what then will be the value of R which will give the mid-scale reading 
on the meter? 

When R = 0 then the current is the full scale value of 1.0 mA and so 
1.0 = 10 x 10“ 2 3 4 5 (50 + R z ). Thus R z = 50 Q. The mid-scale current 
reading for the meter is 5 mA. Hence, 1 .0 = 5 x 1 0“ 3 (50 + 50 + R) and 
soi?= 100 Q. 

1 Investigate how the current through electrical components is related 
to the potential difference across them. Consider (a) A wire wound or 
carbon composition resistor with a value between 1 and 10 Q. Either 
use a variable voltage supply (0 to 6 V d.c.) or a 6 V fixed d.c. 
voltage supply and a variable resistor (as in Figure 9.11). You will 
need a 0 to 1 A d.c. ammeter and a 0 to 5 V voltmeter, (b) A filament 
lamp such as a 6 V, 0.06 A lamp. Either use a variable voltage supply 
(0 to 6 V d.c.) or a 6 V fixed d.c. voltage supply and a variable 
resistor (as in Figure 10.9). You will need a 0 to 1 A d.c. ammeter 
and a 0 to 5 V voltmeter, (c) A thermistor. Consider what voltage 
supply and meters you might require for the thermistor given to you 
(you need to know from its specification its nominal resistance at 
25°C and its power rating); you might have to carry out some 
preliminary experimental work to determine what you require. 
Because of the wide variation in resistance that can occur, you might 
like to use a multi-range meter. 

1 The following results were obtained from measurements of the 
voltage across a lamp at different currents. Is Ohm’s law obeyed? 

Voltage in V 2.0 4.0 6.0 7.8 9.6 

Current in A 0.05 0.10 0.15 0.20 0.25 

2 An electrical lamp filament dissipates 20 W when the current through 
it is 0.10 A. What is (a) the potential difference across the lamp and 
(b) its resistance at that current? 

3 Within what range will the resistances lie for resistors specified as 
being (a) 20 Q, 5 % tolerance, (b) 68 Q, 10 % tolerance, (c) 47 Q, 
20 % tolerance? 

4 What are the nominal resistance and range of resistance values for 
resistors with the following colour codes: (a) blue, grey, black, gold, 
(b) yellow, violet, orange, silver, (c) blue, grey, green, gold? 

5 Write (a) the standard abbreviations used for resistors with 
resistances of 4.7 kQ and 5.6 Q and (b) the values represented by the 
abbreviations (a) 6M8, (b) 4R7. 
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6 A 100 Q resistor has a power rating of 250 mW. What should be the 
maximum current used with the resistor? 

7 A 270 Q resistor has a power rating of 0.5 W. What should be the 
maximum potential difference applied across the resistor? 

8 A 10 Q resistor is required for use in a circuit where the potential 
difference across it will be 4 V. What should its power rating be? 

9 Resistors of resistances 20 Q, 30 Q and 50 Q are connected in series 
across a d.c. supply of 20 V. What is the current in the circuit and the 
potential difference across each resistor? 

10 The current to a light-emitting diode (LED) of resistance 250 Q has 
to be limited to 5 mA. What resistor should be connected in series 
with the LED when it is connected to a 5 V d.c. supply? 

11 A potential divider circuit is to be used to reduce a 24 V d.c. supply 
to 5 V. What resistors should be used if the circuit current should not 
exceed 10 mA? 

12 Determine the power dissipated in each resistor and the total power 
dissipated when a voltage of 10 V is applied across (a) a series- 
connected and (b) a parallel-connected pair of resistors with 
resistances of 20 Q and 50 Q. 

13 Calculate the equivalent resistance of three resistors of 5 Q, 10 Q and 
15 Q which are connected in (a) series, (b) parallel. 

14 Three resistors of 15 kQ, 20 kQ and 24 kQ are connected in parallel. 
What is (a) the total resistance and (b) the power dissipated if a 
voltage of 24 V is applied across the circuit? 

15 A circuit consists of two resistors in parallel. The total resistance of 
the parallel arrangement is 4 Q. If one of the resistors has a resistance 
of 12 Q, what will be the resistance of the other one? 

16 A circuit consists of two resistors in series. If they have resistances of 
4 Q and 12 Q, what will be (a) the circuit current and (b) the potential 
difference across each resistor when a potential difference of 4 V is 
applied across the circuit? 

17 A circuit consists of two resistors in parallel. If they have resistances 
of 4 Q and 12 Q, what will be (a) the current through each resistor 
and (b) the total power dissipated when a potential difference of 4 V 
is applied across the circuit? 

18 A circuit consists of two parallel-connected resistors of 2.2 kQ and 
3.9 kQ in series with a 1.5 kQ resistor. With a supply voltage of 
20 V, what is the current drawn from the supply? 

19 A circuit consists of three parallel-connected resistors of 330 Q, 
560 Q and 750 Q in series with a 800 Q resistor. If the supply voltage 
connected to the circuit is 12 V, what are the voltages across the 
parallel resistors and the series resistor? 

20 Three resistors of 6 Q, 12 Q and 24 Q are connected in parallel 
across a voltage supply. What fraction of the supply current will flow 
through each resistor? 

21 Determine the total resistances of the circuits shown in Figure 9.24 
and the circuit currents I. 
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Figure 9.24 Problem 21 

22 A circuit consists of a resistor of 8 Q in series with an arrangement of 
another 8 Q resistor in parallel with a 12 Q resistor. With a 24 V 
input to the circuit, what will be the current taken from the supply? 

23 A circuit consists of a resistor of 2 Q in series with an arrangement of 
three parallel resistors, these having resistances of 4 Q, 10 Q and 
20 Q. If the voltage input to the circuit is 10 V, what will be the 
current through the 2 Q resistor? 

24 A moving coil meter has a resistance of 5 Q and gives a full scale 
deflection with 1 mA. Determine (a) the shunt resistance required if it 
is to give a full scale reading with 0.1 A, and (b) the multiplier 
resistance if it is to give a full scale deflection with 10 V. 

25 A moving coil meter has a resistance of 10 Q and gives a frill scale 
deflection with 10 mA. Determine (a) the shunt resistance required if 
it is to give a frill scale reading with 5 A, and (b) the shunt multiplier 
resistance if it is to give a full scale reading with 100 V. 

26 A circuit consists of two resistors, with resistances of 20 kQ and 
10 kQ, in series. A voltage of 100 V is applied to the circuit. What 
reading will be indicated by a voltmeter of resistance of 50 kQ 
connected across the 10 kQ resistor? 

27 An ohmmeter, of the form shown in Figure 9.23, uses a basic meter 
movement of resistance 50 Q and having a frill scale deflection of 
1 mA. The meter is to be used with a shunt. With a 3 V battery, what 
will be the shunt resistance and the zero adjustment resistance if the 
mid-scale reading of the instrument is to occur when the measured 
resistance R is 2 kQ? 

28 If aluminium has a resistivity of 2.5 x 10“ 8 Q m, what will be the 
resistance of an aluminium wire with a length of 1 m and a cross- 
sectional area of 2 mm 2 and what is the conductivity of the 
aluminium? 

29 What length of copper wire, of diameter 1 .5 mm, is needed to give a 
resistance of 0.3 Q if the resistivity is 1 .7 X 10~ 8 Q m? 


10 Magnetism 


10.1 Introduction This chapter reviews the concept of a magnetic field and then takes a look 
at the principles of electromagnetic induction, the force on current 
carrying conductors in magnetic fields and the principles of motors, 
generators, transformers and moving coil meters. 
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Figure 10.1 Suspended magnet 


10.1.1 Magnetic fields 

If a permanent bar magnet is suspended, as in Figure 10.1, so that it is free 
to swing in a horizontal plane, it will rotate until it lines up with one end 
pointing towards the earth’s north pole and the other towards the south. 
The end of the magnetic which points towards the north is termed the 
north pole and the end that points towards the south is the south pole. If 
the north pole of a magnet is brought near to the north pole of a suspended 
magnet (Figure 10.2), repulsion occurs; if the south pole of a magnet is 
brought near to the north pole of the suspended magnet, attraction occurs. 
Like poles repel each other, unlike poles attract each other. 



Figure 10.3 Use of compass 
needle to plot directions of 
magnetic field 



(a) (b) 


Figure 10.2 (a) Repulsion, (b) attraction 

A permanent magnet is said to produce a magnetic field in the space 
around it. Thus it is the magnetic field in the space around the magnetic 
which interacts with the suspended magnet and causes it to be attracted or 
repulsed. The magnetic field pattern in the space surrounding a permanent 
magnet can be shown by sprinkling iron filings around it or by means of a 
compass needle being used to plot the directions of the field (Figure 10.3). 
The direction of the magnetic field at a point is defined as the direction of 
the force acting on an imaginary north pole placed at that point and is thus 
the direction in which the north pole of a compass needle points. Figure 
10.4 shows examples of the field patterns produced by bar magnets. 

10.1.2 Characteristics of magnetic field lines 

Magnetic lines of force can be thought of as being lines along which 
something flows. The thing that flows is called flux (®). Such lines can be 
considered to have the following properties: 
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Figure 10.4 Examples of magnetic fields produced by magnets 



Figure 10.5 Closed path 


1 The direction of a line of magnetic flux at any point is given by the 
north pole of a compass needle placed at that point. 

2 The lines of magnetic flux never intersect. If lines did intersect then 
we would have, at the point of intersection, two possible field 
directions and a compass needle would not know which way to point. 

3 Each line of magnetic flux can be considered to form a closed path. 
This means that a line of flux emerging from the N pole of a magnet 
and, passing through the surrounding space back to the S pole is 
assumed to continue through the magnet back to the N pole to 
complete the closed loop (Figure 10.5). 

4 Lines of magnetic flux are like stretched elastic cords, always trying 
to shorten themselves. This is illustrated by the two bar magnets in 
Figure 10.6. The lines in ‘attempting to shorten themselves’ cause the 
magnets to be attracted to each other. 



Figure 10.6 Magnetic flux lines 



Figure 10.7 Current-carrying 
conductor 


10.1.3 Magnetic field produced by a current-carrying conductor 

When a current flows through a conductor, a magnetic field is produced in 
the space around the conductor. For a single wire the field pattern is 
concentric circles centred on the wire; Figure 10.7 shows the field pattern 
for the current passing at right angles into the plane of this page. For the 
current passing at right angles out of the plane of this page, the directions 
of the field are in the opposite direction (Figure 10.8). A useful way of 
remembering the direction of the field round a wire is the corkscrew rule. 
If a right-handed corkscrew is driven along the wire in the direction of the 
current, then the corkscrew rotates in the direction of the magnetic field. 
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Figure 10.8 Field directions 

With a single turn of wire, the magnetic field pattern is just the result of 
the addition of the fields due to each side of the wire loop which 
constitutes (Figure 10.9) the turn. 



Figure 10.9 Single loop 

With the solenoid, i.e. a coil with many turns and a length significantly 
larger than its diameter, the magnetic fields due to each turn add up to 
give a magnetic field with lines of force entering one end of the coil and 
leaving from the other (Figure 10.10(a)). The field pattern is just like that 
for a permanent bar magnet and as a result we can think of it having 
magnetic poles. Looking at the end elevation of a solenoid, then that end 
is a north pole if the current flow is anticlockwise and a south pole if 
clockwise (Figure 10.10(b)). The magnetic field from a solenoid may be 
increased in strength by inserting a rod of iron inside the solenoid. 



Figure 10.10 Solenoid 

10.1.4 Magnetic induction 

If a piece of unmagnetised soft iron is placed near a permanent magnet it 
becomes attracted to it (Figure 10.11). The lines of magnetic flux due to 
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FigurelO.il Magnetic induction 


the permanent magnet pass through the soft iron and we can explain the 
force of attraction as being due to the flux lines trying to shorten 
themselves. An alternative way of explaining the attraction is in terms of 
magnetic poles being induced in the soft iron and then attraction between 
the unlike poles of the permanent magnet and the induced poles in the soft 


10.1.5 Electromagnets 

A coil wound on an iron core will produce a much stronger magnetic field 
than one with just an air core. Typically the field will be thousands of 
times greater. Such an arrangement is termed an electromagnet (Figure 
10.12) and has many engineering applications. For example it is used as a 
lifting magnet with a coil being wrapped around an iron core and a current 
being passed through the coil to make the arrangement magnetic and so 
able to pick up iron items. When the current is switched off the items are 
dropped since the coil is no longer generating a magnetic field. 



Figure 10.12 A basic electromagnet 


10.2 Electromagnetic induction Consider what happens if we move a magnet towards a coil along its axis, 
as illustrated in Figure 10.13. The meter indicates a current and thus we 
conclude that an e.m.f. is being induced in the coil. Think of the pole of 
the magnet being rather like a garden water sprinkler spraying out water. 
As the magnet moves towards the coil so more of the ‘sprayed out water’ 
passes through the turns of the coil. An e.m.f. is only induced when the 
amount of flux linked by the coil, i.e. passing through the turns of the coil, 
is changing. Immediately the magnet stops moving, the induced e.m.f. 
ceases. 

If the magnet is kept stationary and the coil moved towards the magnet, 
an e.m.f. is induced. When the coil is stationary there is no e.m.f. Thus, 
for the magnet and the coil, when one moves relative to the other then 
there is a change in the flux linked and so an e.m.f. 

An e.m.f. is induced in a coil of wire when the magnetic flux linked by 
it changes. 

The faster we move a magnet towards a stationary coil, or a coil 
towards a stationary magnet, then bigger the size of the induced e.m.f. 



The size of the induced e.m.f. is proportional to the rate of change of 
flux linked by the coil. This is known as Faraday ’s law . 


If we move the magnet towards the coil there is an induced e.m.f.; if we 
move the magnet away from the coil there is an e.m.f. but it is in the 
opposite direction. The direction of the induced e.m.f. in the coil is always 
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in such a direction as to produce a current which sets up magnetic fields 
which tend to neutralise the change in magnetic flux linked by the coil 
which caused it. 

The direction of the induced e.m.f. is such as to oppose the change 

producing it. This is known as Lenz ’s law. 

This means, for example, that when the north pole of the magnet 
approaches the coil (Figure 10.14(a)) that the current produced in the coil 
is in such a direction as to make the end of the coil nearest the magnet a 
north pole, so opposing the approach of the magnet. If the north pole of 
the magnet is being moved away from the coil (Figure 10.14(b)) then the 
current induced in the coil is in such a direction as to make the end of the 
coil nearest the magnet north pole a south pole, so opposing the removal 
of the magnet. 


Thumb 

motion 


Figure 10.15 Right-hand 
rule 



Figure 10.14 Electromagnetic induction 


A useful way of determining the direction of the induced e.m.f. in a 
conductor is Fleming’s right-hand rule (Figure 10.15). If the thumb, the 
forefinger and the second finger of the right hand are set at right angles to 
each other, the thumb points in the direction of the movement of the 
conductor relative to the flux, the first finger in the direction of the 
magnetic flux and the second finger in the direction of the induced e.m.f. 


10.2.1 Magnitude of the induced e.m.f. 

The amount of magnetic flux passing at right angles through a unit area is 
called the magnetic flux density B, i.e. 

B ~ A 

The unit of flux density is the tesla (T), when the flux d> is in webers (Wb) 
and the area A in square metres. If the flux does not pass at right angles 
through the area but makes some angle 9 to the axis at right angles to the 
area (Figure 10.16), then since the area at right angles to the flux is now 
A cos 9, the flux density is: 
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Figure 10.16 Flux passing 
through an area 
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An e.m.f. is induced in a conductor when it moves in a magnetic field. 
Consider a conductor of length L moving through a magnetic field with a 
velocity v, as illustrated in Figure 10.17. In a time t the conductor will 
move a distance vt and the area through which the flux passes will have 
been changed by Lvt. Thus the flux linked will change by BLvt in a time t. 
The rate of change of flux linked with time is thus BLv and there will be 
an induced e.m.f. e of: 

e = BLv 



Figure 10.17 Changing the flux linked 


Example 

What is the average e.m.f. induced in a coil of 100 turns if the flux 
linked by it changes from zero to 0.05 Wb in a time of 10 s? 

The change of flux linked by each turn is 0.05 Wb in 10 s, and thus 
by the 100 turns is 100 x 0.05 Wb in 10 s. This is an average rate of 
change of flux linked of 0.5 Wb/s. Hence the induced e.m.f. is 0.5 V. 

Example 

What is the flux passing through an area of 1 cm 2 if the flux density is 
0.2 T? 

Using B = <S>/A, we have O = BA = 0.2 x 1 x 10"* = 2 x 10" 5 Wb. 

Example 

A conductor of length 0.01 m moves at right angles to a magnetic 
field of flux density 0. 1 T with a velocity of 4 m/s. What will be the 
e.m.f. induced between the ends of the conductor? 

E.m.f. e = BLv = 0A x 0.01 x 4 = 4 mV. 

10.3 Generators One way of changing the flux linked by a coil when in a magnetic field is 
to rotate the coil so that the angle between the field direction and the plane 
of the coil changes (Figure 10.18(a)). When the plane of the coil is at right 
angles to a field of flux density B then the flux linked per turn of wire is a 
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maximum and given by BA, where A is the area of the coil. When the 
plane of the coil is parallel to the field then there is no flux linked by the 
coil. When the axis of the coil is at an angle 6 to the field direction then 
the flux linked per turn is O = BA cos 6. The flux linked thus changes as 
the coil rotates. If the coil rotates with an angular velocity co then its angle 
6 at a time t is cot and so the flux linked per turn varies with time 
according to: 


$ = BA cos cot 

Figure 10.18(b) shows how the flux linked varies with time. The induced 
e.m.f. produced per turn is the rate at which the flux changes with time. It 
is thus the gradient of the graph of flux against time. Thus when the 
gradient is zero there is no induced e.m.f., when the gradient is a 
maximum the induced e.m.f. is a maximum (because of Lenz’s law the 
induced e.m.f. is -dO/dr). The result of considering the gradients is that 
the induced e.m.f. is given by a sine graph (Figure 10.18(c)), i.e. 

e = 2w sin cot 

Thus rotating the coil in a magnetic field has led to a basic alternating 
voltage generator. 



(c) 



Figure 10.18 The basic a.c. generator 
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10.4 Transformers 


Core of magnetic material 


Flux 



Primary Secondary 



Figure 10.20 Basic transformer 


We could have obtained the above equation by differentiating 
<E> = BA cos cot to give for the rate of change of flux with time d<&/d t = 
BA sin cot and thus, since e = -dd>/d t, obtain 

e = BAco sin cot = sin cot 

where the maximum e.m.f. E m is BAco. 


To induce an e.m.f. in a coil A we need to have the magnetic flux linking 
its turns changing. One way we can do this is by moving a permanent 
magnet along the axis of the coil A (Figure 10.19(a)) However, rather 
than using a permanent magnet to produce the magnetic field, we could 
pass a current through a coil to give a magnetic field. Thus we could 
induce an e.m.f. in coil A by moving a current-carrying coil B rather than 
a permanent magnet (Figure 10.19(b)). An alternative to moving coil B in 
order to give a changing magnetic field is to change the current in coil B, 
e.g. by supplying it with alternating current (Figure 10.19(c)). 



Figure 10.19 Electromagnetic induction 

A transformer basically consists of two coils, called the primary coil 
and the secondary coil, wound on the same core of magnetic material 
(Figure 10.20). An alternating voltage is applied to the primary coil. This 
produces an alternating current in that coil and so an alternating magnetic 
flux in the core. The secondary coil is wound on the same core and the 
flux produced by the primary coil links its turns so the alternating flux 
induces an alternating e.m.f. in the secondary coil. An alternating e.m.f. in 
the primary coil has been transformed into an alternating e.m.f. in the 
secondary coil. 
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10.5 Force on a current- A wire carrying a current produces a magnetic field in the region around it 

carrying conductor and is thus able to exert forces on magnets in that region. Conversely, a 

wire carrying a current when placed in a magnetic field experiences a 
force. Figure 10.21 shows how such a force might be demonstrated. Thick 
bare copper wire is used to make two horizontal rails and a movable 
crossbar that can slide on the rails. With the magnet giving lines of 
magnetic flux at right angles to the crossbar, when an electric current is 
switched on the crossbar moves along the rails. Thus a force is acting on 
the current-carrying conductor. 


Current Magnet 



Figure 10.21 Force on a current-carrying conductor in a magnetic field 


The current in the movable crossbar gives circular lines of magnetic 
flux around the wire. The magnet gives almost straight lines of magnetic 
flux across the gap between the poles. When we have both magnetic fields 
together, the fields add together to give the result shown in Figure 10.22; 
the result is what can be termed a catapult field. The distorted field lines 
act like a stretched elastic string bent out of the straight and which 
endeavours to straighten out and so exerts a force on the conductor. The 
force does not act along the wire carrying the current, nor does it act along 
the magnetic field; it acts in a direction which is perpendicular to both the 
current and the magnetic field. 

If a wire is placed in a magnetic field so that it is at right angles to 
the field, then when a current passes through the wire a force acts on 
the wire. This force is in a direction at right angles to both the 
current and the magnetic field. 



Figure 10.22 Catapult field 
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A rule that helps in remembering the directions is Fleming’s left-hand 
rule (Figure 10.23). If the thumb, forefinger and second finger of the left 
hand are set at right angles to each other, then the forefinger indicates the 
flux direction, the thumb the motion (or force) and the second finger the 
current direction. Only if there is a component of the magnetic field at 
right angles to the wire is there any force. 


Figure 10.23 Fleming’s left- 
hand rule 


10.5.1 D.c. motor 

The above is the basic principle involved in d.c. motors. The motor is 
essentially just a coil in a magnetic field. Figure 10.24 shows the basic 
principle. When a current passes one way through the coil it is acted on by 
a torque which causes it to rotate. However, when the coil has rotated to 
the vertical position the torque drops to zero. If the coil overshoots this 
point then the torque acts in the reverse direction to return the coil back to 
the vertical position and so the rotation ceases. To keep it rotating the 
current has to be reversed. The current is fed to the coil via a commutator 
attached to the axle and as this rotates it reverses the current as the coil 
passes through the vertical position. 



Commutator 


Figure 10.24 Basic elements of a d.c. motor 



Figure 10.25 Basic elements of 
a moving-coil galvanometer 


10.5.2 Moving coil galvanometer 

The moving coil galvanometer follows the same principle. Figure 10.25 
shows the basic principle involved. With a current through the coil, a 
torque acts on it and causes it to rotate. The coil moves against springs. 
These supply a restoring torque which is proportional to the angle 0 
through which they have been twisted. We can write this restoring torque 
as c6, where c is a constant for the springs. Thus the coil rotates to an 
angle at which the restoring force exerted by the springs just balances the 
torque produced by the current in the coil; the deflection of the coil is thus 
a measure of the current. 

With a more realistic form of moving coil meter, the magnet pole 
pieces are so designed that the flux density is always at right angles to the 
sides of the coil (Figure 10.26) and consequently the angular deflection is 
proportional to the current. 


Magnetism 119 


Activities 


Problems 



Air gap in Magnetic field always 
which coil a t right angles to the 
rotates vertical sides of coil 


Figure 10.26 Radial field 

1 Determine the magnetic field patterns for two bar magnets in a line 
end-to-end with (a) like poles facing each other, (b) opposite poles 
facing each other. 

2 Examine a moving coil meter, draw a diagram of its construction and 
explain the reasons behind the form and materials used, and the 
principles of its operation. 

1 What is the flux density when a flux of 2 x 10 -4 Wb passes through an 
area of 2 cm 2 at (a) right angles, (b) 45° to it? 

2 What is the flux density inside a solenoid with a cross-sectional area 
of 1 cm 2 if the flux passing through it is 20 pWb? 

3 The flux density in the air gap between the north and south poles of a 
horseshoe magnet is 2 T. If each of the pole surfaces has an area of 
2 cm 2 , what is the flux passing between the poles? 

4 What is the average e.m.f. induced in a coil of 120 turns if the flux 
linked changes from 0.05 Wb to 0.10 Wb in a time of 4 s? 

5 A coil with 100 turns is linked by a flux of 0.20 Wb. If the direction 
of the flux is reversed in a time of 5 ms, what is the average e.m.f. 
induced in the coil? 

6 A conductor of length 500 mm moves with a velocity of 20 m/s 
through a uniform magnetic field of flux density 1 .0 T, the field being 
at right angles to the conductor. What is the e.m.f. induced in the 
conductor if the direction of motion is (a) at right angles to the 
direction of the field, (b) at an angle of 30° to the field? 

7 A conductor of length 15 mm moves with a velocity of 20 m/s 
through a uniform magnetic field at an angle of 60° to the magnetic 
field direction. If the magnetic field has a flux density of 0.002 T, 
what is the e.m.f. induced in the conductor? 

8 A conductor of length 500 mm moves at right angles to its length with 
a velocity of 40 m/s in a uniform magnetic field of flux density 
1 Wb/m 2 . What is the e.m.f. induced in the conductor when the 
direction of motion is (a) perpendicular to the field, (b) at 30° to the 
direction of the field? 
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11.1 Introduction 


11.2 Block diagrams 


This chapter is an introduction to a systems approach to engineering. If 
you want to use an amplifier then you might not be interested in the 
internal working of the amplifier but what output you can obtain for a 
particular input. In such a situation we talk of the amplifier being a 
system. A system can be thought of as a box containing the ‘works’ to 
provide some form of output from a specified input or inputs to the box. 
With an engineering system an engineer is generally more interested in the 
inputs and outputs of a system than the internal workings of the 
component elements of that system, i.e. the bits in the ‘box’. 


Systems have inputs and outputs and a useful way of representing a 
system is as a block diagram. Within the boundary described by the block 
outline is the system and inputs to the system are shown by arrows 
entering the block and outputs by arrows leaving it. Figure 11.1(a) 
illustrates this for an electric motor system; there is an input of electrical 
energy and an output of mechanical energy, though you might consider 
there is also an output of waste heat. The interest is in the relationship 
between the output and the input rather than the internal science of the 
motor and how it operates. 


Input 

Electric 

Output 

Input 

Amplifier 

Electrical 

motor 

Mechanical 

V 

Gain G 

(a) ener9y 


energy 

(b) 



Figure 11.1 Examples of systems: (a) an electric motor, (b) an amplifier 


It is convenient to think of the system in the block operating on the 
input to produce the output. Thus, in the case of an amplifier system 
(Figure 11.1(b)) we can think of the system multiplying the input V by 
some factor G, i.e. the amplifier gain, to give the output GV. 


11.2.1 Connected systems 

We can consider a power station as a system which has an input of fuel 
and an output of electrical power (Figure 11.2(a)). However, it can be 
more useful to consider the power station as a number of linked systems 
(Figure 11.2(b)). Thus we can have the boiler system which has an input 
of fuel and an output of steam pressure which then becomes the input to 
the turbine to give an output of rotational mechanical power. This in turn 
becomes the input to the electrical generator system which gives an output 
of electrical power. 


Engineering systems 121 


Power 

station 

Output 

Electrical p ue | L 

Boiler J 

1 Steam L 

(a) 

power 

pressure 

(b) 


Figure 1 1 .2 Power station 


In drawing a system as a series of interconnected blocks, it is necessary 
to recognise that the lines drawn to connect boxes indicate a flow of 
information in the direction indicated by the arrow and not necessarily 
physical connections. As a further illustration, Figure 1 1.3 shows the basic 
form of a radio communication involving analogue signals. The input 
signal is the input to the modulator system which puts it into a suitable 
form for transmission. The signal is then transmitted before becoming the 
input to the receiver where it passes through the demodulator system to be 
put into a suitable form for reception. Because the input to the 
demodulator system is likely to be not only the transmitted signal but also 
noise and interference, the output signal from the modulator has added to 
it, at a summing junction, the noise and interference signal. A summing 
junction is represented by a circle with the inputs to quadrants of the 
circle given + or - signs to indicate whether we are summing two positive 
quantities or are summing a positive quantity and a negative quantity and 
so subtracting signals. 



Figure 11.3 A radio system 

Another element we will encounter in block diagram representations of 
systems is the take-off point. This allows a signal to be ‘tapped’ and used 
elsewhere in the system. For example, in the case of a central heating 
system, the overall output is the temperature of a room. But this 
temperature signal is also tapped off to become an input to the thermostat 
system where it is compared with the required temperature signal. Figure 
1 1 .4 shows the three elements involved in block diagrams. 



(a) 




U 


(c) 


Figure 11.4 Block diagram elements: (a) basic block, (b) a summing junction, (c) take-off point. 
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11.3 Measurement systems The following are types of elements commonly encountered in 
measurement systems, such systems being encountered in control systems 
(see later in this chapter) where a signal is required which is a measure of 
some variable, e.g. a central heating system where a signal is required 
which is a measure of the temperature: 

1 Sensor 

This is a system element which is effectively in contact with the 
process for which a variable is being measured and gives an output 
which depends on its value. For example, a thermocouple is a sensor 
which has an input of temperature and an output of a small e.m.f. 
(Figure 11.5(a)). Another example is a resistance thermometer 
element which has an input of temperature and an output of a 
resistance change (Figure 11.5(b)). 


^ 
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Figure 11.5 Sensors: (a) thermocouple, (b) resistance thermometer 
element 


2 Signal processor 

This element takes the output from the sensor and converts it into a 
form which is suitable for display or onward transmission in some 
control system. In the case of the thermocouple this may be an 
amplifier to make the e.m.f. big enough to register on a meter (Figure 
1 1 .6(a)). There often may be more than one item, perhaps an element 
which puts the output from the sensor into a suitable condition for 
further processing and then an element which processes the signal so 
that it can be displayed. Thus in the case of the resistance 
thermometer there might be a circuit which transforms the resistance 
change into a voltage change, then an amplifier to make the voltage 
big enough for display (Figure 1 1 .6(b)). 
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Figure 11.7 Data presentation 
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Figure 11.6 Signal processing 
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3 Data presentation 

This presents an output in a form which enables an observer to 
recognise it (Figure 1 1 .7). This may be via a display, e.g. a pointer 
moving across the scale of a meter or perhaps information on a visual 
display unit (VDU). 
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Figure 11.8 shows how these basic elements can form a measurement 
system. 



Figure 11.8 Measurement system elements 

11.3.1 Transducers 

The term transducer is used for system elements which convert an input 
in one form of energy into an output in another form of energy. Many 
transducers are used to transform non-electrical inputs into electrical 
outputs. Thus a thermocouple is an example of a transducer where an 
e.m.f. is produced as a result of a temperature difference between a pair of 
junctions of dissimilar metals - heat energy is transformed to electrical 
energy. Sensors are generally transducers. 

1 1 .4 Control systems A control system can be thought of as a system which for some particular 
input or inputs is used to control its output to some particular value or 
give a particular sequence of events or give an event if certain conditions 
are met. In this book we will consider just control systems being used to 
control outputs to particular values. 

11.4.1 Open- and closed-loop control systems 

Consider two alternative ways of heating a room to some required temp- 
erature. In the first instance there is an electric fire which has a selection 
switch which allows a 1 kW or a 2 kW heating element to be selected. 
The decision might be made that to obtain the required temperature it is 
only necessary to switch on the 1 kW element. The room will heat up and 
reach a temperature which is determined by the fact the 1 kW element is 
switched on. The temperature of the room is thus controlled by an initial 
decision and no further adjustments are made. This is an example of 
open-loop control. Figure 11.9 illustrates this. If there are changes in the 
conditions, perhaps someone opening a window, no adjustments are made 
to the heat output from the fire to compensate for the change. There is no 
information fed back to the fire to adjust it and maintain a constant 
temperature. 


of the switched 
selected temperature 


Heating 

process 


Figure 11.9 Open-loop system 

Now consider the electric fire heating system with a difference. To 
obtain the required temperature, a person stands in the room with a 
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thermometer and switches the 1 kW and 2 kW elements on or off, 
according to the difference between the actual room temperature and the 
required temperature in order to maintain the temperature of the room at 
the required temperature. There is a constant comparison of the actual and 
required temperatures. In this situation there is feedback, information 
being fed back from the output to modify the input to the system. Thus if a 
window is opened and there is a sudden cold blast of air, the feedback 
signal changes because the room temperature changes and is fed back to 
modify the input to the system. This type of system is called closed-loop. 
The input to the heating process depends on the deviation of the actual 
temperature fed back from the output of the system from the required 
temperature initially set. Figure 11.10 illustrates this type of system. 


Comparison Correction 

element element 



Feedback of temperature information 


Figure 11.10 Closed-loop system 

The comparison element in the closed-loop control system is 
represented by the summing symbol with a + opposite the set value input 
and a - opposite the feedback signal to give the sum 

+set value - feedback value = error 

This difference between the set value and feedback value, the so-called 
error, is the signal used to control the process. Because the feedback 
signal is subtracted from the set value signal, the system is said to have 
negative feedback. 

In an open-loop control system the output from the system has no effect 
on the input signal to the plant or process. The output is determined solely 
by the initial setting. In a closed-loop control system the output does have 
an effect on the input signal, modifying it to maintain an output signal at 
the required value. Open-loop systems have the advantage of being 
relatively simple and consequently cheap with generally good reliability. 
However, they are often inaccurate since there is no correction for errors 
in the output which might result from extraneous disturbances. 
Closed-loop systems have the advantage of being relatively accurate in 
matching the actual to the required values. They are, however, more 
complex and so more costly with a greater chance of breakdown as a 
consequence of the greater number of components. 
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11.4.2 Basic elements of a closed-loop system 

Figure 11.11 shows the general form of a basic closed-loop system, the 
following being the functions of the constituent elements: 


Input . 

Set 

value 



Figure 11.11 Basic elements of a closed-loop control system 


1 Comparison element 

This element compares the required value of the variable being con- 
trolled with the measured value of what is being achieved and 
produces an error signal. 


Error = reference value signal - measured value signal 


2 Control law implementation element 

The control law element determines what action to take when an error 
signal is received. The control law used by the element may be just to 
supply a signal which switches on or off when there is an error, as in 
a basic room thermostat switch which is used to compare the set value 
with the actual value and give an on-off control signal (Figure 11.12). 
Another type of control law is termed proportional in that an output 
signal is produced which is proportional to the size of the error. Such 
a control law might be provided by an amplifier. The term control 
unit is often used for the combination of the comparison element and 
the control law implementation element. 


Connections to heater 



Figure 11.12 Bimetallic thermostat switch 


3 Correction element 

The correction element or, as it is often called, the final control 
element, produces a change in the process which aims to correct or 
change the controlled condition. The term actuator is used for the 
element of a correction unit that provides the power to carry out the 
control action. An example of an actuator is a motor to correct the 
rotational speed of a shaft or perhaps, via possibly a screw, rotate and 
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correct the position of a workpiece. Another example of an actuator is 
a hydraulic or pneumatic cylinder (Figure 1 1.13). The cylinder has a 
piston which can be moved along the cylinder depending on a 
pressure signal from the controller. With a single acting cylinder, the 
pressure signal is used to move the piston against a spring; with the 
double acting cylinder the controller can increase the pressure on one 
side or the other of the piston and so move it in the required direction. 


(a) 


From controller 
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Figure 11.13 Cylinders: (a) single acting, (b) double acting 


4 Process element 

The process is what is being controlled, e.g. it might be a room in a 
house with its temperature being controlled. 


5 Measurement element 

The measurement element produces a signal related to the variable 
condition of the process that is being controlled. It might be a 
temperature sensor with suitable signal processing. 


A feedback loop is a means whereby a signal related to the actual 
condition being achieved is fed back to modify the input signal to a 
process. The feedback is said to be negative feedback when the signal 
which is fed back subtracts from the input value. It is negative feedback 
that is required to control a system. Positive feedback occurs when the 
signal fed back adds to the input signal. 

1 1 .5 Closed-loop systems The following are examples of closed-loop control systems. 


11.5.1 Control of the speed of rotation of a motor shaft 

As a an example of a control system involving feedback, consider the 
motor system shown in Figure 11.14 for the control of the speed of 
rotation of the motor shaft. The input of the required speed value is by 
means of the setting of the position of the movable contact of the 
potentiometer. This determines what voltage is supplied to the comparison 
element, i.e. the differential amplifier, as indicative of the required speed 
of rotation. The differential amplifier produces an amplified output which 
is proportional to the difference between its two inputs. When there is no 
difference then the output is zero. The differential amplifier is thus used to 
both compare and implement the control law. The resulting control signal 
is then fed to a motor which adjusts the speed of the rotating shaft 
according to the size of the control signal. The speed of the rotating shaft 
is measured using a tachogenerator, this being connected to the rotating 
shaft by means of a pair of bevel gears. The signal from the 
tachogenerator gives the feedback signal which is then fed back to the 
differential amplifier. Figure 11.15 shows the above system represented 
by block diagrams. 
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Figure 11.15 Control of the speed of rotation of a shaft 

11.5.2 Control of the position of a workpiece 

Figure 11.16 shows how the above system can be modified to enable it to 
be used to control the position of, say, a workpiece. The correction 
element is a motor with a gear and screw, the resulting rotation of the 
screw being used to give a displacement of the workpiece. The sensor that 
can be used to give a measurement signal is a rotary potentiometer 
coupled to the drive shaft of the screw, as the screw rotates it moves a 
slider over the resistance of the potentiometer and so gives a voltage 
related to the position of the workpiece. Figure 11.17 shows the system 
represented by a block diagram. 

Figure 11.18 shows a position control system using a hydraulic or 
pneumatic cylinder as an actuator to control the position of a workpiece. 
The inputs to the controller are the required position voltage and a voltage 
giving a measure of the position of the workpiece, this being provided by 
a potentiometer being used as a position sensor. The output from the 
controller is an electrical signal which depends on the error between the 
required and actual positions and is used, probably after some 
amplification, to operate a solenoid valve. When there is a current to the 
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solenoid of the valve it switches pressure to one side or other of the 
cylinder and causes its piston to move and hence move the workpiece in 
the required direction. Figure 11.19 shows the above system represented 
by a block diagram. 
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Figure 11.16 Position control system 
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Figure 11.17 Position control system 
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Figure 11.18 Position control system 
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Figure 11.19 Position control system 

11.5.3 Control of a conveyor belt system to deliver a fixed weight per 
unit time 

Figure 1 1 .20 shows a constant speed conveyor belt used to deliver a fixed 
weight of, say, coal per unit time. The weight of the coal on a segment of 
the conveyor belt applies a downward force on a platform and hence a 
beam. The beam is balanced, by means of a counterweight on the beam, to 
give a zero error signal when the required weight is passing over the 
platform. An error causes the beam to deflect and so trip on-off switches 
which cause a motor to operate and rotate a cam in such a direction as to 
either raise or lower the gate on the hopper and change the amount of coal 
being conveyed by the belt. Figure 1 1 .21 shows the system represented by 
a block diagram. 



Figure 1 1 .20 
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Figure 11.21 Conveyor belt system 


11.5.4 Control of fuel pressure with a car engine 

The modem car involves many control systems. For example, there is the 
engine management system aimed at controlling the amount of fuel 
injected into each cylinder and the time at which to fire the spark for 
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ignition. Part of such a system is concerned with delivering a constant 
pressure of fuel to the ignition system. Figure 1 1.22(a) shows the elements 
involved in such a system. The fuel from the fuel tank is pumped through 
a filter to the injectors, the pressure in the fuel line being controlled to be 
2.5 bar (2.5 x 0.1 MPa) above the manifold pressure by a regulator valve. 
Figure 11.22(b) shows the principles of such a valve. It consists of a 
diaphragm which presses a ball plug into the flow path of the fuel. The 
diaphragm has the fuel pressure acting on one side of it and on the other 
side is the manifold pressure and a spring. If the pressure is too high, the 
diaphragm moves and opens up the return path to the fuel tank for the 
excess fuel, so adjusting the fuel pressure to bring it back to the required 
value. 

The pressure control system can be considered to be represented by the 
closed-loop system shown in Figure 1 1.23. The set value for the pressure 
is determined by the spring tension. The comparator and control law is 
given by the diaphragm and spring. The correction element is the ball in 
its seating and the measurement is given by the diaphragm. 



Figure 1 1.22 (a) Fuel supply system, (b) fuel pressure regulator 



Figure 1 1 .23 Fuel supply control system 


11.5.5 Antilock brakes 

Another example of a control system used with a car is the antilock brake 
system (ABS). If one or more of the vehicle’s wheels lock, i.e. begins to 
skid, during braking, then braking distance increases, steering control is 
lost and tyre wear increases. Antilock brakes are designed to eliminate 
such locking. The system is essentially a control system which adjusts the 
pressure applied to the brakes so that locking does not occur. This 
requires continuous monitoring of the wheels and adjustments to the 
pressure to ensure that, under the conditions prevailing, locking does not 
occur. Figure 1 1.24 shows the principles of such a system. 
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Figure 1 1 .24 Antilock brakes: (a) schematic diagram, (b) block form of the control system 



voltage converter 
Figure 1 1 .25 Problem 4 


The two valves used to control the pressure are solenoid-operated 
valves, generally both valves being combined in a component termed the 
modulator. When the driver presses the brake pedal, a piston moves in a 
master cylinder and pressurises the hydraulic fluid. This pressure causes 
the brake calliper to operate and the brakes to be applied. The speed of 
the wheel is monitored by means of a sensor. When the wheel locks, its 
speed changes abruptly and so the feedback signal from the sensor 
changes. This feedback signal is fed into the controller where it is 
compared with what signal might be expected on the basis of data stored 
in the controller memory. The controller can then supply output signals 
which operate the valves and so adjust the pressure applied to the brake. 


Problems 


Solenoid valve to 
switch air pressure on-off 


yflL, Level probe 

aZS TI ff ris. 
■sr ■M Ir- 


Figure 1 1 .26 Problem 4 


1 Identify the sensor, signal processor and display elements in the 
following systems: (a) pressure measurement with a Bourdon gauge, 

(b) temperature measurement with a mercury-in-glass thermometer, 

(c) temperature measurement with a resistance thermometer. 

2 Explain the difference between open- and closed-loop control 
systems. 

3 Identify the basic functional elements that might be used in the 
closed-loop control systems involved in (a) a temperature-controlled 
water bath, (b) a speed-controlled electric motor, (c) rollers in a steel 
strip mill being used to maintain a constant thickness of strip steel. 

4 Figure 1 1.25 shows a temperature control system and Figure 1 1.26 a 
water level control system. Identify the basic functional elements of 
the systems. 


12 Circuit analysis 


12.1 Introduction This chapter is concerned with the analysis of circuits containing just 
resistors and d.c. sources and follows on from the discussion of such 
circuits in Chapter 9. Circuit elements which obey Ohm’s law have a 
constant value of resistance R which does not change when the current 
changes and so the potential difference V across such a resistor is related 
to the current I through it by V = IR. Also, since the power P = IV, we can 
write: 

P = IV =]2 R = ll 

The fundamental laws used in circuit analysis are Kirchhoff s laws: 

1 Kirchhoff’ s current law states that at any junction in an electrical 
circuit, the current entering it equals the current leaving it. 

2 Kirchhoff’s voltage law states that around any closed path in a 
circuit, the sum of the voltage drops across all the components is 
equal to the sum of the applied voltage rises. 

The techniques used in this chapter for d.c. circuit analysis with circuits 
containing just resistors are: 

1 Circuit reduction techniques for resistors in series and parallel, 
including the current divider rule and the voltage divider rule. 

2 Kirchhoff’s laws with node and mesh analysis. 

12.2 Series and parallel Circuit elements are said to be connected in series when each element 
resistors carries the same current as the others; they are in parallel with one 
another when the same voltage appears across each of the elements. A 
series-parallel circuit is one that contains combinations of series- and 
parallel-connected components. A technique for solving such circuits is to 
systematically determine the equivalent resistance of series or parallel 
connected resistors and so reduce the analysis problem to a very simple 
circuit. This was illustrated in Chapter 9 and this reviews the principles 
and then extends them to more difficult problems. 

12.2.1 Resistors in series 

For series resistors the equivalent resistance is the sum of the resistances 
of the separate resistors: 


equivalent resistance R e = R\ + R 2 + ... 
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where R h R 2 , etc. are the resistances of the separate resistors. As an 
illustration of the reduction technique, consider the series circuit shown in 
Figure 12.1(a). The equivalent resistance R e of the two resistors Ri and R 2 
is Ri + R 2 and thus we can reduce the circuit to that in Figure 12.1(b). The 
circuit current / can then be obtained for this reduced circuit, being E/R e 
and hence is E/(R ] + R 2 ). 



(a) (b) 


Figure 12.1 Circuit reduction 


12.2.2 Resistors in parallel 

For resistors in parallel the equivalent resistance R e is given by: 

-i L + J_ + 

R e ~ Ri R 2 — 


and hence, for two resistors: 


Re 


R1R2 

R1+R2 


As an illustration of the circuit reduction technique involving parallel 
resistors, consider the circuit shown in Figure 12.2(a). This circuit is 
shown in a number of alternative but equivalent forms, all involving a 
battery of e.m.f. E and two parallel resistors. The equivalent resistance R e 
for the two parallel resistors is given by the above equation as R c = 
R]R 2 /(R] + R 2 ). Thus the current / drawn from the voltage source E is E/R e 
= E(Ri + R 2 )/R t R 2 . 



(a) (b) 

Figure 12.2 (a) Versions of the same parallel circuit, (b) the equivalent circuit 


12.2.3 Circuits with series and parallel resistors 

For a circuit consisting of both series and parallel components, we can use 
the above techniques to simplify each part of the circuit in turn and so 
obtain a simple equivalent circuit. 

As an illustration, consider the circuit in Figure 12.3(a). As a first step 
we can reduce the two parallel resistors to their equivalent, thus obtaining 
circuit (b) with R v = R 2 R 2 !{R 2 + R 2 ). We then have R\ in series with R p and 
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20 Q 



Figure 12.5 Example 


so can obtain the equivalent resistance R c = R t + R 2 R 3 /(R 2 + i? 3 ) and circuit 
(c). Thus the current I = E/[R l + R 2 R 2 I(R 2 + /f 3 )]. 



(a) (b) (c) 

Figure 12.3 (a) Series-parallel circuit, (b) first reduction, (c) second 
reduction 

Figure 12.4(a) gives another illustration. As a first step we can reduce 
the two series resistors to their equivalent, thus obtaining circuit (b) with 
R s = Ri + R 2 . We then have R s in parallel with R 3 and so can obtain the 
equivalent resistance R e = RsR 3 /(R s + i? 3 ) = (Ri + R 2 )Rd(R\ + R 2 + Ri). 
Thus the current / = E(R, +R 2 + i? 3 )/[(i?i + i? 2 )i? 3 ]. 



reduction 

Example 

Determine the current I taken from the voltage source in the circuit 
given by Figure 12.5. 

For the two resistors in parallel we have an equivalent resistance R p : 

J L,^L_I±2 _A_ 

R p ~ 60 + 30 - 60 - 20 


Hence the circuit reduces to that in Figure 12.6(a). 



Figure 12.6 Example 
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For the two resistors in series, the equivalent resistance is 20 + 20 = 
40 Q. We now have the circuit shown in (b) and so 1 is E/R c = 24/40 
= 0.6 A. 



Figure 12.9 Voltage drops 
in a series circuit 


Example 


Determine the current I taken from the voltage source in the circuit 
given by Figure 12.7. 



Figure 12.7 Example 


The equivalent resistance for the two series resistors is 8 + 4 = 12 Q. 
This gives the simpler circuit shown in Figure 12.8(a). The equivalent 
resistance for the two parallel resistors is 12 x 6/(12 + 6) = 4 Q. This 
gives Figure 12.8(b). The equivalent resistance for the two series 
resistors is 8 + 4 = 12 Q. Hence we end up with the equivalent circuit 
shown in Figure 12.8(c). The current I is thus 24/12 = 2A. 




Figure 12.8 Example 


12.2.4 Voltage and current division 

Often in circuit analysis it is necessary to find the voltage drops across 
one or more series resistors. Consider the circuit shown in Figure 12.9. 
The current I is given by: 

/= E 
Ri+R 2 


Thus the voltage drop V, across resistance R, of IR, is: 


and the voltage drop V\ across resistance R 2 of IRi is: 
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E — — — 
b Rx+R 2 


Note that the above equations indicate that the voltage drop across a 
resistor is proportional to the ratio of that resistance to the total resistance 
of the circuit. We have voltage division with the supply voltage being 
divided into bits across each resistor according to its resistance as a 
fraction of the total resistance. The voltage division rule can be stated as: 


The voltage across any resistance in a series circuit is the source 
voltage multiplied by the ratio of that resistance to the total 
resistance of the circuit. 



Figure 12.10 Current division 
with parallel circuit 


For a parallel circuit we have a current division rule. Consider the 
circuit shown in Figure 12.10. The equivalent resistance for the two 
parallel resistors is R c = R X R 2 J{R X + R 2 ) and so E = IR C = IR X R 2 !(R\ + R 2 ). 
The potential drop across each resistor is the same, namely E. Thus the 
current 7i through resistor R x is: 


h 


E _ IRe _ t R\Ri _ T Ri 
R\ Ri ~ I Ri(R l +R 2 ) ~ 1 Ri+R 2 


The current I 2 through resistor R 2 is: 


h = 


E IRe 

R 2 ~ r 2 


— i EjMz 

- l R 2 (Ri+R 2 ) 


“ 1 Ri+R 2 


Thus we can state a current division rule 


8 n 



Figure 12.11 Example 
8n 



Figure 12.12 Example 


With two resistors in parallel, the current in each resistor is the total 
current multiplied by the fraction of the resistance of the opposite 
resistor divided by the sum of the two resistances. 

When we have a series-parallel circuit then we can use the voltage 
division rule to determine the voltage drop across each group of series 
elements and the current division rule to determine the current through 
each branch of parallel elements. 


Example 

Determine the voltage drops across, and the current through, each of 
the resistors in the circuit given in Figure 12.11. 


The equivalent resistance R p of the pair of parallel resistors is: 


12x8 
’ 12 + 8 ' 


We can thus draw the equivalent circuit of Figure 12.12. 

The voltage drop across the 8 Q resistor is given by the voltage 
divider mle as: 
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f * = 24 FmJ = 15v 

The voltage drop across the parallel resistors is given by the voltage 
divider rule as: 


We can check these values by the use of KirchhofFs voltage law 
which states that: around any closed path in a circuit that the sum of 
the voltage drops and voltage rises from sources is zero. Thus we 
have 15 + 9 = 24 V. 

The total circuit resistance is the sum of the series resistances in the 
equivalent circuit in Figure 12.12, i.e. 8 + 4.8 = 12.8 £2. Thus the 
circuit current I is 24/12.8 = 1.875 A. This is the current through the 
8 £2 resistor. It is the current entering the parallel arrangement and 
being divided between the two resistors. Using the current divider 
mle, the current through the 12 £2 resistor is: 


/i2 = 1-875-j^g = 0.75 A 
and the current through the 8 £2 resistor is: 
h = 1-875^2+^’ = 1-125 A 

We can check these values by using Kirchhoff s current law: the 
current entering a junction equals the current leaving it. The current 
entering the parallel arrangement is 1.875 A and the current leaving it 
is 0.75+ 1.125 = 1.875 A. 


Example 

Determine the voltage drops across, and the current through, each of 
the resistors in the circuit given in Figure 12.13. 

8Q 2£] 



Figure 12.13 Example 

For the series arrangement of the 2 £2 and 10 £2, the equivalent 
resistance is 12 £2. This gives the simplified circuit of Figure 
12.14(a). For the parallel arrangement of the 12 £2 and 6 £2, the 
equivalent resistance is 12 x 6/(12 + 6) = 4 £2. This gives the 
simplified circuit of Figure 12.14(b). 
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12fi 


Figure 12.14 Example 


The voltage drop across the 8 £2 resistor is thus given by the voltage 
division rule as: 


^=12gT4= 8V 

The voltage drop across the parallel arrangement is: 


We can check this with Kirchhoff’s voltage law: 8 + 4 = 12 V. For 
the series element of the parallel arrangement we have 4 V across 2 £2 
in series with 10 £2. Hence, using the voltage divider rule: 

F2 = 4 2TTo =0 ' 67A 
Kio = 4 2^0 =333A 

We can check this with KirchhofFs voltage law: 0.67 + 3.33 = 4 V. 

For the currents through the resistors we need the total circuit 
current I. The simplified circuit of Figure 12.14(b) has 8 £2 and 4 £2 
in series and so we can obtain the simplified circuit of Figure 
12.14(c). The circuit current is thus /= 12/(8 + 4) = 1.0 A..This is the 
current through the 8 £2 resistor. It is also the current entering the 
parallel arrangement. Using the current divider rule for Figure 
12.14(a): 

I 6 = l -°T+l2 = °' 67 A 
Il2 = L0 ~6+U =033a 

12.3 Kirchhoff’s laws A node is a point in a circuit where two or more devices are connected 
together, i.e. it is a junction at which we have current entering and current 
leaving. A loop is a sequence of circuit elements that form a closed path. 
For the circuit shown in Figure 12.15, there are four different nodes a, b, c 
and d and three loops LI, L2 and L3. Loop 1 is through a, b and d, loop 2 
is through b, c and d and loop 3 is round the outer elements of the circuit, 
i.e. a, b, c and d. One way we can use KirchhofFs laws to analyse circuits 
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is to write equations for the currents at every node in the circuit and write 
equations for every loop in the circuit. We then have to solve the resulting 
set of simultaneous equations. There are, however, two methods that can 
be used to reduce the number of simultaneous equations that have to be 
solved, these being node analysis and mesh analysis. 



d 


Figure 12.15 Nodes and loops 

12.3.1 Node analysis 

Node analysis uses Kirchhoff s current law to evaluate the voltage at each 
principal node in a circuit. A principal node is a point where three or 
more elements are connected together. Thus in Figure 12.15, just b and c 
are principal nodes. One of the principal nodes is chosen to be a reference 
node so that the potential differences at the other nodes are with reference 
to it; in Figure 12.15 we might choose d to be the reference node. 
Kirchhoff s current law is then applied to each non-reference node. The 
procedure is thus: 

1 Draw a labelled circuit diagram and mark the principal nodes. 

2 Select one of the principal nodes as a reference node. 

3 Apply Kirchhoff s current law to each of the non-reference nodes, 
using Ohm’s law to express the currents through resistors in terms of 
node voltages. 

4 Solve the resulting simultaneous equations. If there are n principal 
nodes there will be (n - 1) equations. 

5 Use the derived values of the node voltages to determine the currents 
in each branch of the circuit. 

As an illustration of the application of the above method of circuit 
analysis, consider the circuit shown in Figure 12.16. 



d 


Figure 12.16 Node analysis 
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There are four nodes a, b, c and d, of which b and d are principal 
nodes. If we take node d as the reference node, then the voltages F a , V b 
and V c are the node voltages relative to node d. This means that the 
potential difference across resistor Ri is (F a - F b ), across resistor R 2 is F b 
and across R 2 is (V 0 - F b ). Thus the current through R t is (F a - V b )/R\, 
through resistor R 2 is VJR 2 and through R 2 is (F c - V b )/R 3 . Thus, applying 
Kirchhoff s current law to node b gives: 



But F a = F x and F c = F y and so: 

V\~ Vb , Vy - F b F b 
Ri R 3 ~ Ri 

Hence the voltage at node b can be determined and hence the currents in 
each branch of the circuit. 

Example 

Determine the currents in each branch of the circuit shown in Figure 
12.17. 



d 


Figure 12.17 Example 

The nodes are a, b, c and d with b and d being principal nodes. Node 
d is taken as the reference node. If F a , F b and F c are the node voltages 
relative to node d then the potential difference across the 4 Q resistor 
is (F a - F b ), across the 3 Cl resistor is F b and across the 2 Q resistor is 
(F c - F b ). Thus the current through the 4 Q is (F a - F b )/4, through the 
3 Cl resistor is F/3 and through the 2 Cl resistor is (F c - F b )/2. Thus, 
applying Kirchhoff s current law to node b gives: 

Fa-F b Fc-F b Fb 
4 + 2 “ 3 


But F a = 10 V and F c = 5 V and 

10- Fb , 5 - F b F b 
4 + 2 “ 3 


2(10- F b ) + 4(5 -F b ) Fb 
8 “ 3 
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60-6F b + 60- 12F b = 8K b 

Thus Vb = 4.62 V. The potential difference across the 4 Q resistor is 
thus 10 - 4.62 = 5.38 V and so the current through it is 5.38/4 = 
1.35 A. The potential difference across the 3 Q resistor is 4.62 V and 
so the current is 4.62/3 = 1.54 A. The potential difference across the 
2 Q resistor is 5 - 4.62 = 0.38 V and so the current is 0.38/2 = 
0.19 A. 

12.3.2 Mesh analysis 

A mesh is a loop which does not contain any other loops within it. Thus 
for Figure 12.18 loops 1 and 2 are meshes but loop 3 is not. Mesh analysis 
involves defining a current as circulating round each mesh. The same 
direction must be chosen for each mesh current and the usual convention 
is to make all the mesh currents circulate in a clockwise direction. Thus 
for Figure 12.18 we would define a current h as circulating round mesh 1 
and a current h round mesh 2. Having specified mesh currents, 
Kirchhoff’s voltage law is then applied to each mesh. The procedure is 
thus: 


Figure 12.18 Meshes and loops 

1 Label each of the meshes with clockwise mesh currents. 

2 Apply Kirchhoff s voltage law to each of the meshes, the potential 
differences across each resistor being given by Ohm’s law in terms of 
the current through it and in the opposite direction to the current. The 
current through a resistor which borders just one mesh is the mesh 
current; the current through a resistor bordering two meshes is the 
algebraic sum of the mesh currents through the two meshes. 

3 Solve the resulting simultaneous equations to obtain the mesh 
currents. If there are n meshes there will be n equations. 

4 Use the results for the mesh currents to determine the currents in each 
branch of the circuit. 

Note that mesh analysis can only be applied to planar circuits, these 
being circuits that can be drawn on a plane so that no branches cross over 
each other. 

As an illustration of the above method of circuit analysis, consider the 
circuit shown in Figure 12.19. There are three loops ABCF, CDEF and 
ABCDEF but only the first two are meshes. We define currents I\ and h as 
circulating in a clockwise direction in these meshes. 
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Figure 12.19 Mesh currents 

Consider mesh 1. The current through R t is the mesh current R. The 
current through R 2 , which is common to the two meshes, is the algebraic 
sum of the two mesh currents, i.e. h - I 2 . Thus, applying Kirchhoff s 
voltage law to the mesh gives 

E\ - I\R\ - (/] - I 2 )R 2 = 0 

For mesh 2 we have a current of I 2 through R 3 and a current of ( I 2 - 7i) 
through R 2 . Thus applying Kirchhoff s voltage law to this mesh gives: 

-E 2 -I 2 R 2 -(I 2 -I l )R 1 = 0 

We thus have the two simultaneous equations for the two meshes. 

Example 

Determine, using mesh analysis, the current through the 20 Q resistor 
in the circuit shown in Figure 12.20. 


Figure 12.20 Example 

There are two meshes and we define mesh currents of R and I 2 as 
circulating round them. For mesh 1, applying Kirchhoffs voltage 
law, 



20(/ 1 - g 20(/ z - 


5 - 5/, - 20(7, - I 2 ) = 0 
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This can be rewritten as: 

5 = 25/i - 20/2 

For mesh 2, applying KirchhofFs voltage law: 


-IO/2 - 20 - 20(/ 2 - /1) = 0 
This can be rewritten as: 

20 = 20 7, - 30/2 

We now have a pair of simultaneous equations. Multiplying the 
equation for mesh 1 by 4 and subtracting from it five times the 
equation for mesh 2 gives: 

20=1007, - 8O/2 
minus 100 = 1007, - 1507, 

-80= 0 + 70 7 2 

Thus h = -1 . 14 A and, back substituting this value in one of the mesh 
equations, 7, = -0.71 A. The minus signs indicate that the currents are 
in the opposite directions to those indicated in the figure. The current 
through the 20 Q resistor is thus, in the direction of 7,, -0.71 + 1.14 = 
0.43 A. 

12.4 Internal resistance If the potential difference V between the terminals of a voltage source, 
such as a battery, is measured then the value obtained is found to depend 
on the current 7 taken from the battery. The greater the current taken the 
lower the potential difference. Figure 12.21 shows the type of result 
obtained. The value of the potential difference for a battery when no 
current is taken is called the electromotive force (e.m.f. E) and for a 
power supply is the no load output voltage. 



Figure 12.21 Voltage-current relationship for a voltage source with 
internal resistance 

The voltage source can be considered to consist of an ideal voltage 
source in series with an internal resistance, the ideal voltage source being 
one with no internal resistance and giving at all currents the same voltage, 
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namely the e.m.f. E. When a current I occurs, then the potential difference 
V between the terminals of the source is E minus the potential drop across 
the internal resistance r, i.e. 

V= E-Ir 

When voltage sources such as cells are connected in series, then the 
total e.m.f. is the sum of the e.m.f.s of the separate sources and the total 
internal resistance is the sum of the internal resistances of each source, 
they are after all just resistances in series. Series connection is thus a way 
of getting a larger e.m.f. but at the expense of a higher internal resistance. 
When voltage sources with the same e.m.f. are connected in parallel, then 
the total e.m.f. is the e.m.f. of one source and the total internal resistance 
r to . is that of the parallel connected internal resistances. Thus if each 
source has the same internal resistance r, for three cells we have: 


The internal resistance is thus one-third that of a single cell. For n cells we 
have r tot = r/n. Parallel connection is thus a way of getting a lower internal 
resistance for the same e.m.f. 

Example 

When a 2 Q resistor is connected across the terminals of a battery a 
current of 1.5 A occurs. When a 4 Q resistor is used the current is 
1 .0 A. Determine the e.m.f. and internal resistance of the battery. 


Figure 12.22 Example 

The circuit is as shown in Figure 12.22. The total circuit resistance is 
R + r and so E = I{R + r). Initially we have E= 1 .5(2 + r) = 3.0 + 1.5/- 
and then E= 1 .0(4 + r) = 4.0 + 1 .Or. Hence: 

3.0 +1.5r = 4.0+1. Or 

and so r = 2.0 Q. Substituting this into either of the initial equations 
gives E - 6.0 V. 


Problems 1 Determine by simplifying the circuits the total resistance and the total 


circuit drawn from the voltage source in each of the series-parallel 
arrangements of resistors shown in Figure 12.23. 



V 



R 
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Figure 12.23 Problem 1 



2 Determine the output voltage V a for the circuit given in Figure 12.24. 

3 Determine, by simplifying the circuits, the current through and the 
voltage drop across each of the resistors in the series-parallel circuits 
shown in Figure 12.25. 



Figure 12.25 Problem 3 


20 Q 



4 Determine the potential difference across the 10 Q resistor in the 
circuit shown in Figure 12.26. 

2on ion io Q 



5 


Figure 12.27 Problem 5 


Figure 12.26 Problem 4 

Determine the current through the 10 Q resistor in the circuit shown 
in Figure 12.27. 
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Figure 12.28 Problem 6 


6 Determine the current through the 1 kQ resistor in Figure 12.28 when 
the slider of the potentiometer is located at its midpoint. 

7 Determine, using (a) node analysis and (b) mesh analysis, the current 
I in each of the circuits shown in Figure 12.29. 



8 Use mesh analysis to determine the currents through the resistors in 
the circuit shown in Figure 12.30. 

ion 2 on 3on 



Figure 12.30 Problem 8 


9 A battery consists of four cells in series, each having an e.m.f. of 
1.5 V and an internal resistance of 0.1 £1. What is the e.m.f. and 
internal resistance of the battery? 

10 A battery has an e.m.f. of 6 V and an internal resistance of 1.0 Q. 
What will be the potential difference between its terminals when the 
current drawn is 2.0 A? 

11 A battery supplies a current of 2.0 A when a 1.5 Q resistor is 
connected across its terminals and 0.8 A when the resistor is 
increased to 4.0 Q. What is the e.m.f. and internal resistance of the 
battery? 

12 Four batteries, each of e.m.f. 2.0 V and internal resistance 0.2 Q are 
connected in parallel. What is the total e.m.f. and internal resistance 
of the arrangement? 


o o 


13 Semiconductors 


13.1 Introduction In terms of their electrical conductivity, materials can be grouped into 
three categories, namely conductors, semiconductors and insulators. 
Conductors have electrical resistivities of the order of 10 -6 Q m, semi- 
conductors about 1 Q m and insulators 10 10 Q m. The higher the 
resistivity of a material the lower is its conductivity. Conductors are 
metals with insulators being polymers or ceramics. Semiconductors 
include silicon, germanium and compounds such as gallium arsenide. In 
this chapter the discussion of the behaviour of semiconductors leads to an 
explanation of the behaviour of the junction diode in electrical circuits. 


13.2 Current flow 



Direction of electron flow 

Figure 13.1 Electric current 
in a metal 


In discussing electrical conduction in materials, a useful picture is of an 
atom as consisting of a positively charged nucleus surrounded by its 
electrons. The electrons are bound to the nucleus by electric forces of 
attraction. The force of attraction is weaker the further an electron is from 
the nucleus. The electrons in the furthest orbit from the nucleus are called 
the valence electrons since they are the ones involved in the bonding of 
atoms together to form compounds. 

Metals can be considered to have a structure of atoms with valence 
electrons which are so loosely attached that they easily drift off and can 
move freely between the atoms. Typically a metal will have about 10 28 
free electrons per cubic metre. Thus, when a potential difference is 
applied across a metal, there are large numbers of free electrons able to 
respond and give rise to a current. We can think of the electrons pursuing 
a zigzag path through the metal as they bounce back and forth between 
atoms (Figure 13.1). An increase in the temperature of a metal results in a 
decrease in the conductivity. This is because the temperature rise does not 
result in the release of any more electrons but causes the atoms to vibrate 
and scatter electrons more, so hindering their progress through the metal. 

Insulators, however, have a structure in which all the electrons are 
tightly bound to atoms. Thus there is no current when a potential 
difference is applied because there are no free electrons able to move 
through the material. To give a current, sufficient energy needs to be 
supplied to break the strong bonds which exist between electrons and 
insulator atoms. The bonds are too strong to be easily broken and hence 
normally there is no current. A very large temperature increase would be 
necessary to shake such electrons from the atoms. 

Semiconductors, e.g. silicon, can be regarded, at a temperature of 
absolute zero, as insulators in having no free electrons, all the valence 
electrons being involved in bonding and so not free to move. However, 
the energy needed to remove a valence electron from an atom is not very 
high and at room temperature there has been sufficient energy supplied by 
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the thermal agitation resulting from the temperature for some electrons to 
have broken free. Thus the application of a potential difference will result 
in a current. Increasing the temperature results in more electrons being 
shaken free and hence an increase in conductivity. At about room 
temperature, a typical semiconductor will have about 10 16 free electrons 
per cubic metre and 10 16 atoms per cubic metre with missing electrons. 

When a semiconductor atom, such as silicon, loses an electron, we can 
consider there to be a hole in its valence electrons (Figure 13.2(a)) in that 
the atom is now one electron short. When electrons are made to move as a 
result of the application of a potential difference, i.e. an electric field, they 
can be thought of as hopping from a valence site into a hole in a 
neighbouring atom, then to another hole, etc. Not only do electrons move 
through the material but so do the holes, the holes moving in the opposite 
direction to the electrons. We can think of the above behaviour in the way 
shown in Figure 13.2(b). 


Direction of electric field 


Movement of electrons 



New holes created by 
movement of an electron 


( a ) ( b ) Hole motion 

Figure 13.2 (a) Holes and free electrons in silicon, (b) current when an 
electric field is applied 

One way of picturing this behaviour is in terms of a queue of people at, 
say, a bus-stop. When the first person gets on the bus, a hole appears in 
the queue between the first and second person. Then the second person 
moves into the hole, which now moves to between the second and third 
person. Thus as people move up the queue, the hole moves down the 
queue. 

Because, when there is an electric field, holes move in the opposite 
direction to electrons we can think of the holes as behaving as though they 
have a positive charge. 

13.2.1 Doping 

With a pure semiconductor, each hole is produced by the release of an 
electron and so we have an equal number of electrons and holes. Thus an 
electric current with such a material can be ascribed in equal parts to the 
movement of electrons and holes. Such a semiconductor is said to be 
intrinsic. 
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The balance between the number of electrons and holes can be changed 
by replacing some of the semiconductor atoms by atoms of other 
elements. This process is known as doping and typically about one atom 
in every ten million might be replaced. 

The silicon atom has four electrons which participate in bonding and so 
if atoms of an element having five electrons which participate in bonding, 
e.g. phosphorus, are introduced, since only four of the electrons can 
participate in bonds with silicon atoms we have a spare electron with each 
dopant atom (Figure 13.3(a)). These extra electrons easily break free and 
become available for conduction. Thus we now have more free electrons 
than holes available for conduction. Such a doped material is said to be 
n-type, the n inducting that the conduction is predominantly by negative 
charge carriers, i.e. electrons. Arsenic, antimony and phosphorus are 
examples of elements added to silicon to give n-type semiconductors. 



(a) 





(b) 


Figure 13.3 Doping with (a) phosphorus, (b) aluminium 


If an element having atoms with just three electrons which participate 
in bonding is added to silicon, then all its three electrons will participate 
in bonds with silicon atoms. However, there is a deficiency of one 
electron and so one bond with a silicon atom is incomplete (Figure 
13.3(b)). A hole has been introduced. We thus have more holes than free 
electrons. Electrical conduction with such a doped semiconductor is 
predominantly by holes, i.e. positive charge carriers, and so such materials 
are termed p-type. Boron, aluminium, indium and gallium are examples of 
elements added to silicon to give p-type semiconductors. 

Such doped semiconductors, n-type and p-type, are termed extrinsic. 
This signifies that they have a majority charge carrier and a minority 
charge carrier. With n-type material, the majority charge carrier is 
electrons and for p-type it is holes. Typically, doping replaces about one 
in every ten million atoms, i.e. 1 in 10 7 . Since there are about 10 28 atoms 
per cubic metre, about 10 2 ' dopant atoms per cubic metre will be used. 
Each dopant atom will donate one electron or provide one hole. Thus 
there will be about 10 21 electrons donated or holes provided per cubic 
metre. Since intrinsic silicon has about 10 16 conduction electrons and 
holes per cubic metre, the doping introduces considerably more charge 
carriers and swamps the intrinsic charge carriers. The majority charge 
carriers are thus considerably in excess of the minority charge carriers. 

Thus when a potential difference is connected across a piece of semi- 
conductor, if it is n-type then the resulting current is largely the result of 
the movement of electrons and if it is p-type, the current is largely the 
result of movement of holes. 
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13.2.2 The pn junction 

Consider what happens if we put an n-type semiconductor in contact with 
a p-type semiconductor. Before contact we have two materials that are 
electrically neutral, i.e. in each the amount of positive charge equals the 
amount of negative charge. However, in the n-type semiconductor we 
have mostly electrons available for conduction and in the p-type material 
we have mostly holes available for conduction. When the two materials 
are in contact then electrons from the n-type semiconductor can diffuse 
across the junction and into holes in the p-type semiconductor (Figure 
13.4(a)). We can also consider the holes to be diffusing across the 
junction in the opposite direction. Because electrons leave the n-type 
semiconductor it is losing negative charge and so ends up with a net 
positive charge. Because the p-type material is gaining electrons it 
becomes negatively charged. Thus electrons and holes diffuse across the 
junction until the build-up of charge on each material is such as to prevent 
further charge movement. We end up with a layer on either side of the 
junction which is short of the necessary charges to give neutrality and we 
call such a layer the depletion layer. The result is shown in Figure 
13.4(b). This separation of charge in the vicinity of the junction gives a 
barrier potential across the depletion layer and a result which is similar to 
a battery (Figure 13.4(c)). At room temperature, with doped silicon the 
barrier potential is approximately 0.7 V and with doped germanium about 
0.3 V. 


Surplus O q 
holes ° n 


Electron movement 
(a) Hole movement 
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Figure 13.4 pn junction: (a) the initial movement of electrons and holes, 
when the materials are put in contact, (b) the outcome, (c) the equivalent 
circuit. 

When an external potential difference is connected across a pn 
junction, if it is connected so that the p-type side is made more negative 
than the n-type side, i.e. so termed reverse bias, then the depletion layer 
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becomes larger as more positive ions are created in the n region and more 
negative ions in the p region (Figure 13.5(a)). The bias voltage adds to the 
barrier potential of the unbiased junction. As a consequence there is only 
a very small current across the junction since there are only few charge 
carriers with enough energy to overcome the potential barrier at the 
junction. When the junction is connected to an external potential 
difference so that the p-type side is made positive with respect to the 
n-type side, i.e. the so termed forward bias, the depletion layer is made 
narrower (Figure 13.5(b)). This is because the external potential 
difference provides the n-region electrons with enough energy to move 
across the junction where they combine with p-region holes. As electrons 
leave the n-region then more flow in from the negative terminal of the 
battery and so there is a circuit current. Thus, we can easily get electrons 
to flow through the circuit when they flow in the direction from p to n, in 
the reverse direction they are opposed by the barrier potential at the 
junction and so current flow in just one direction is allowed. 



(a) Reverse bias (b) Forward bias 


Figure 13.5 The effect of bias 

When the pn junction is reverse biased, the depletion layer acts as an 
insulator between layers of oppositely charged ions and thus acts like a 
parallel plate capacitor. Since the depletion layer widens when the reverse 
biased voltage is increased, the capacitance decreases; the capacitance is 
thus a function of the size of the applied bias voltage. 

13.3 Junction diodes The junction diode is a device involving a pn junction and has a high 
resistance to the flow of current in one direction and a low resistance in 
the other. Figure 13.6(a) shows the diode symbol. The current-voltage 
characteristic of a junction diode is the graph of the current through the 
device plotted against the voltage applied across it. Figure 13.6(b) shows 
the general form of the characteristic of a junction diode. With forward 
bias there is no significant current until a particular voltage is reached. 
With reverse bias there is no significant current until breakdown occurs. 
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Figure 13.6 Junction diode 
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Figure 13.7 shows typical forward and reverse bias characteristics for 
silicon and germanium diodes. For the silicon diode the forward current 
does not noticeably increase until the forward bias voltage is greater than 
about 0.6 V. For the germanium diode the forward current does not 
noticeably increase until the forward bias voltage is greater than about 
0.2 V. 



Figure 13.7 Characteristics 

13.3.1 Diodes in circuits 

A simple model we can use for a junction diode in a circuit is that of a 
switch which is on when the diode is forward biased and off when reverse 
biased; the voltage drop across the diode when forward biased is 
neglected. The characteristic assumed for such a diode is thus as shown in 
Figure 13.8(a). 
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0 
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Figure 13.8 Diode models 

A more refined model assumes that there is a constant voltage drop 
when forward biased (Figure 13.8(b)). For a silicon diode we might 
assume a value of 0.7 V. 

Another model assumes there is a voltage drop which is not constant 
but increases with the current (Figure 13.8(c)). We can think of the diode 
as being like a battery with a series resistance, the value of the resistance 
depending on the current in the circuit. The d.c. resistance of a diode at a 
particular voltage is the value of the voltage divided by the value of the 
current; however, in selecting the value of the resistance to be used, we 
need to consider the voltage at which the diode will be operating and thus 
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Figure 13.9 Example 


use a different resistance value called the a.c. resistance r x (or dynamic 
resistance). This is the reciprocal of the slope of the characteristic at a 
particular voltage and is thus: 


where SV is the change in voltage and 31 is the resulting change in current. 

Example 

Determine the current I in the circuit of Figure 13.9 when the voltage 
is 10 V assuming the diode can be modelled by (a) a switch, (b) a 
constant voltage drop of 0.7 V. 

(a) The current I = 10/10 000 = 1 mA. 

(b) The current 1= (10 - 0.7)/10 000 = 0.93 mA. 

Example 

Estimate (a) the d.c. resistance and (b) the a.c. resistance of the diode 
giving the characteristic shown in Figure 13.10 at a voltage of 0.28 V. 



Figure 13.10 Example 

(a) The current at 0.28 V is 66 mA and so the d.c. resistance is 
0.28/0.066 = 4.2 £2. 

(b) The graph is almost straight line at 0.28 V so that we can obtain a 
reasonable estimate of the a.c. resistance by considering the change in 
current produced by a small incremental change in voltage (it must be 
small since the graph is not a perfectly straight line). We thus find 
values of the currents at voltages which are small equal increments 
either side of the 0.28 V. At 0.27 V the current is 60 mA and at 
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0.29 V it is 86 mA. Thus a change of voltage of 0.02 V produces a 
change in current of 26 mA and so the a.c. resistance is 0.02/0.026 = 
0.77 a 

Example 

For the circuit shown in Figure 13.11, the diode has an a.c. resistance 
of 50 Q at the nominal current of 1 mA. What will be the change in 
the voltage drop across the diode when the supply voltage changes by 
±1 V? 

Figure 13.11 Example 

The circuit is a potential divider and so a change of 1 V will give a 
voltage change across the diode v d of : 

Vd= fl+77 v= 10000 + 50 xl = 5 - 4mA 
Thus the voltage drop changes by ±5.4 mA. 

Activities 1 Use the circuit shown in Figure 13.12 to determine the forward bias 
characteristic of a junction diode. Then reverse the connections of the 
diode and obtain the reverse bias characteristic. 




Figure 13.12 Activity 1 

Problems 1 Determine the current I in the circuits of Figure 13.13 when the 
voltage is 10 V assuming the diode can be modelled by (i) a switch, 
(ii) a constant voltage drop of 0.7 V. 


I I 



Figure 13.13 Problem 1 

2 Estimate (a) the d.c. resistance and (b) the a.c. resistance of the diode 
giving the characteristic shown in Figure 13.10 at a voltage of 0.24 V. 

3 For the circuit shown in Figure 13.14, the diode has an a.c. resistance 
of 10 Q at the nominal current of 1 mA. What will be the change in 
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the voltage drop across the diode when the supply voltage changes by 
±1 V? 



Figure 13.14 Problem 3 


4 The following is the current-voltage data for the forward part of the 
characteristic of a diode. By plotting the characteristic, determine the 
d.c. and a.c. resistances when the applied voltage is-0.25 V. 

Voltage V 0 0.05 0.10 0.15 0.20 0.25 0.30 

Current mA 0 0.20 0.40 0.60 4.00 30.00 200 


14 Capacitance 


14.1 Introduction This chapter is about capacitors, these being components which are 
widely used in electronic circuits. The concept of an electric field is 
reviewed and the basic principles and use of capacitors considered. 

14.1.1 Electric fields 

If we pick up an object and then let go, it falls to the ground. We can 
explain this by saying that there are attractive gravitational forces between 
two masses, the earth and the object. There is another way of explaining 
this. We can say that the earth produces in its surroundings a gravitational 
field and that when the object is in that field it experiences a force which 
causes it to fall. A mass is thus said to produce a gravitational field. Other 
masses placed in that field experience forces. 

A charged body is said to produce an electric field in the space around 
it. Any other charged body placed in the electric field experiences a force. 
The direction of the electric field at a point is defined as being the 
direction the force would be if a positive charge was placed at the point. 
The field can be visualised by drawing lines representing the directions of 
the field, these lines being called lines of force. Figure 14.1 shows the 
field patterns for isolated positive and negative charges. 



Figure 14.1 Field patterns of (a) an isolated positive charge, (b) an 
isolated negative charge 

14.1.2 Forces on charged bodies 

As indicated in Chapter 9, like charges repel, unlike charges attract. 
Thus, by the definition given above for field direction, a positive charge 
when placed in an electric field will move in the direction of that field, i.e. 
away from another positive charge or towards a negative charge, while a 
negative charge in an electric field will move in the opposite direction. 
We can define the electric field strength E as the force F experienced per 
unit charge placed in a field and so for a charge q: 


E — — 

B ~ a 
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14.2 Capacitor If a pair of parallel plates separated by an insulator, e.g. air, are connected 
to a direct voltage supply such as a battery (Figure 14.2), the battery 
pushes electrons through the circuit onto one of the plates and removes 
them from the other plate. The result is that the plate that has gained 
electrons becomes negatively charged and the plate that has lost electrons 
becomes positively charged. The result is an electric field between the 
plates. The electric field is, with the exception of near the edges of the 
plates, constant between the plates and at right angles to them. In this 
situation there is a potential difference between the plates. 



Figure 14.2 (a) Charging a pair of parallel plates, (b) field pattern 
between parallel oppositely charged plates 

The potential difference V between the plates tells us the energy used to 
move a charge between the plates; energy = Vq (see Chapter 9). The work 
done must be the product of the force F acting on the charge and the 
distance d moved, i.e. the plate separation. Thus: 

Fd= Vq 

Since we have defined the electric field strength E as F/q, then: 



The unit of electric field strength is thus either newton/coulomb or 
volt/metre. 



V 


Figure 14.3 Charging a 
capacitor 


Example 

What is the electric field strength between a pair of parallel 
conducting plates, 2 mm apart, when the potential difference between 
them is 200 V? 

E= V/d= 200/(2 x 10- 3 ) = 1.0 x 10 5 V/m. 

14.2.1 Capacitance 

When a pair of parallel conducting plates are connected to a d.c. supply 
and a potential difference produced between them, one of the plates 
becomes positively charged and the other negatively charged (Figure 
14.3). This arrangement of two parallel conducting plates is called a 
capacitor and the material between the plates is the dielectric. The 
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14.3 Capacitors in series 
and parallel 


amount of charge Q on a plate depends on the potential difference V 
between the plates. Q is found to be directly proportional to V. The 
constant of proportionality is called the capacitance C. Thus: 

Q=CV 

The unit of capacitance is the farad (F), when V is in volts and Q in 
coulombs. Note that a capacitance of 1 F is a very large capacitance and 
more usually capacitances will be microfarads (pF), i.e. 10 -6 F, or 
nanofarads (nF), i.e. 1CT 9 F, or picofarads (pF), i.e. 10" 12 F. 


Example 

What are the charges on the plates of an 8 pF capacitor when the 
potential difference between its plates is 120 V? 

Q = CV= 8 x 10~* x 120 = 960 x 10 -6 = 960 pC and so the charges on 
the plates are +960 pC and -960 pC. 

Consider three capacitors in series, as in Figure 14.4. 



+Q — Q 

^ V 

Figure 14.4 Capacitors in series 

The potential difference V across the arrangement will be the sum of 
the potential differences across each capacitor. Thus: 

V= V\+ V 2 + V 3 


In order to have the same current through all parts of the series circuit we 
must have the same charge flowing onto and off the plates of each 
capacitor. Thus each capacitor will have the same charges of +Q and -Q. 
Dividing the above equation throughout by Q gives: 


V__V± 
Q~ Q 




Q 


II 

Q 


But Ci = QIV i, C 2 = Q/V 2 and C 3 = QtV 3 . Hence, if we replaced the three 
series-connected capacitors by a single equivalent capacitor with a 
capacitance given by C = QtV, we must have: 


1 L + _L,J_ 

C - Cl c 2 + c 3 
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Figure 14.5 Capacitors 
in parallel 


The reciprocal of the equivalent capacitance of series-connected 
capacitors is the sum of the reciprocals of their individual capacitances. 

Consider the voltage drops across series capacitors. For two capacitors 
Ci and C 2 in series we have, for the first capacitor, Q= C\V\ and, for the 
second capacitor, Q = C 2 V 2 . Therefore, Ci V\ = C 2 V 2 and we can write: 

Il_c l 
Vi - c 2 

and we have voltage division. 

Example 

What is the capacitance of a 2 pF capacitor and 4 pF capacitor when 
connected in series? 

1/C= 1/2 + 1/4 = 3/4, hence C= 1.33 pF. 


Example 

If two capacitors having capacitances of 6 pF and 10 pF are 
connected in series across a 200 V supply, determine (a) the p.d. 
across each capacitor and (b) the charge on each capacitor. 

(a) Let V, and V 2 be the p.d.s across the 6 pF and 10 pF capacitors 
respectively. As the charges on each capacitor will be the same, then 
Vi = Q /( 6 x 10*) and V 2 = 0/(10 x 10*). Thus VJV 2 = 10/6. Since 
V\+ V 2 = 200 then (10/6)F 2 + V 2 = 200 and so V 2 = 75V and V, = 
125 V. 

(b) Q = C,V, = 6 x 10^x 125 = 750 pC. 

14.3.1 Capacitors in parallel 

Consider three capacitors in parallel, as in Figure 14.5. Because they are 
in parallel, the potential difference V across each capacitor will be the 
same. The charges on each capacitor will depend on their capacitances. If 
the total charge shared between the capacitors is Q, then: 

Q= Q\ + Qi + Qi 


Dividing throughout by V gives: 


Q-Ql + Ql + Ql 

V ~ V + V + V 


But Ci = Q\ IV, C 2 = Q 2 IV and C 3 = Qi IV. Hence, if we replaced the three 
parallel-connected capacitors by a single equivalent capacitor with a 
capacitance given by C = Q/V, we must have: 


C=C, + C2+C 3 


The equivalent capacitance of parallel-connected capacitors is the sum of 
their individual capacitances. 
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Example 

What is the capacitance of a 2 pF capacitor and 4 pF capacitor when 
connected in parallel? 


14.4 Parallel plate capacitor The capacitance of a pair of parallel conducting plates depends on the 
plate area A, the separation d of the plates and the medium, i.e. the 
dielectric, between the plates. To see how these factors determine the 
capacitance, consider the effect of doubling the area of the plates as being 
effectively the combining of two unit area capacitors in parallel (Figure 
14.6(a)). For two identical capacitors in parallel, the total capacitance is 
the sum of the individual capacitances and so the capacitance is doubled. 
Thus doubling the area doubles the capacitance. The capacitance is 
proportional to the area A: 

C°cA 



(b) 2d 


Figure 14.6 (a) Capacitors in parallel and equivalent capacitor, (b) 
capacitors in series and equivalent capacitor 

Now consider the effect of doubling the separation of the plates. This 
can be thought of as combining two identical capacitors in series (Figure 
14.6(b)). The reciprocal of the total capacitance is then 2/C and so the 
capacitance is halved by doubling the separation. The capacitance is thus 
inversely proportional to the separation: 



Hence we can write: 

C = e 4 

where e is the constant or proportionality and is the factor, called the 
absolute permittivity, which depends on the material between the plates, 
this being termed the dielectric. A more usual way of writing the equation 
is, however, in terms of how much greater the permittivity of a material is 
than that of a vacuum. 
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C = e r £o^ 

where e = s£ 0 with e r being called the relative permittivity of a material 
and £o the permittivity of free space. The permittivity of free space has the 
value 8.85 x 10“ 12 F/m. The relative permittivity is often referred to as the 
dielectric constant. For a vacuum the relative permittivity is 1, for dry air 
close to 1, for plastics about 2 to 3, for oxide films such as aluminium or 
tantalum oxide about 7 to 30, and for ceramics it can be many thousands. 

Example 

What are the capacitances of a parallel plate capacitor which has 
plates of area 0.01 m 2 and 1 mm with a dielectric of (a) air with 
relative permittivity 1, (b) mica with relative permittivity 7? 

(a) C = e r E 0 j= 1 x 8-85 xir^ 2 x 0.01 = 8 85xl0 -n 
Hence the capacitance is 88.5 pF. 

(b) The capacitance will be 7 times that given in (a) and so 619.5 pF. 

14.4.1 Capacitance of a multi-plate capacitor 

Suppose a capacitor to be made up of n parallel plates, alternate plates 

being connected together as in Figure 14.7. Let A = the area of one side of 

A B each plate, d = the thickness of the dielectric and e r its relative 

0 — _ ~ — • 1 * — ° permittivity. The figure shows a capacitor with seven plates, four being 

t > connected to A and three to B. There are six layers of dielectric 

sandwiched by the plates and so, consequently, the useful surface area of 

eac jj set 0 f pi a t es j s 6^4 p or n plates, the useful area of each set is thus 

(n l)A. Therefore: 

Figure 14.7 Multi-plate 

capacitor r _ e r £o(»- 1M 

d 


Example 

A capacitor is made with seven identical plates connected as in 
Figure 14.7 and separated by sheets of mica having a thickness of 
0.3 mm and a relative permittivity of 6. If the area of one side of each 
plate is 0.05 m 2 , calculate the capacitance. 


6 x 8.85 x 10~ 12 x(7-l)x0.05 
0.0003 


10“ 8 F 


14.4.2 Dielectric and electric fields 

The term dipole is used for atoms or groups of atoms that effectively have 
a positive charge and a negative charge separated by a distance (Figure 
14.8(a)). These may be permanent dipoles because of an uneven 
distribution of charge in a molecule or temporally created as a result of 
the electric field distorting the arrangement of the electrons in an atom. 
When an electric field is applied to a material containing dipoles, i.e. a 
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dielectric, the dipoles become reasonably lined up with the field. Figure 
14.8(b) illustrates this, the material being between the plates of a parallel 
plate capacitor and the electric field produced by a potential difference 
applied between the plates. The result of using a dielectric between the 
plates of the capacitor, whether the dipoles are permanent or temporary, is 
thus to give some alignment of the dipoles with the electric field and the 
charge on the plates is partially cancelled by the charge on the dipoles 
adjacent to the plates. Thus there is a net smaller charge Q on the plates 
for the same potential difference V and so a higher capacitance. 


Electric field 


© — o 


(b) 



Dielectric Orientation of all the dipoles 


Figure 14.8 (a) A dipole, (b) dipoles in the dielectric of a capacitor 


14.4.3 Dielectric strength 

For the dielectric in a capacitor, if the electric field becomes large enough 
it can cause electrons to break free from the dielectric atoms and so render 
the dielectric conducting. When this happens the capacitor can no longer 
maintain charge on the plates. The maximum field strength that a 
dielectric can withstand is called the dielectric strength. Dry air has a 
dielectric strength of about 3 x 10 6 V/m, ceramics about 10 x 10 6 V/m, 
plastics about 20 x 10 6 V/m, mica about 40 x 10 6 V/m. 


Example 

What is the maximum potential difference that can be applied to a 
parallel plate capacitor having a mica dielectric of thickness 0.1 mm 
if the dielectric strength of the mica is 40 x 10 6 V/m? 

Frnax = Emax d= 40 x 10 6 X 0.001 = 4 kV 

14.5 Forms of capacitors The following are types of capacitors commonly available: 

1 Variable air capacitors 

These are parallel plate capacitors with air as the dielectric and are 
generally multi-plate (Figure 14.9(a)). They consist of a set of plates 
which can be rotated and so moved into or out of a set of fixed plates, 
so varying the area of overlap of the plates and hence the area of the 
capacitor. Such capacitors have maximum capacitances of the order 
of 1000 pF. 
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Figure 14.9 (a) Air capacitor, (b) paper capacitor, (c) plastic film capacitor, (d) ceramic disc capacitor, (e) 
aluminium electrolytic capacitor. 


2 Paper capacitors 

These consist of a layer of waxed paper, relative permittivity about 4, 
sandwiched between two layers of metal foil, the whole being wound 
into a roll (Figure 14.9(b)) and either sealed in a metal can or 
encapsulated in resin. An alternative form is metallised paper in 
which the foil is replaced by thin films of metal deposited on the 
paper. Such capacitors have capacitances between about 10 nF and 
10 pF. Working voltages are up to about 600 V. 

3 Plastic capacitors 

These have a similar construction to paper capacitors, consisting of 
layers of plastic film, e.g. polystyrene with a relative permittivity of 
2.5, between layers of metal foil (Figure 14.9(c)) or metallised plastic 
film with metal films being deposited on both sides of a sheet of 
plastic, e.g. polyester with a relative permittivity of 3.2. Polystyrene 
film capacitors have capacitances from about 50 pF to 0.5 pF and 
working voltages up to about 500 V, metallised polyester about 50 pF 
to 0.5 pF up to about 400 V. The capacitor value may be marked on it 
or a colour code used (Table 14.1). Such a capacitor is compact and 
widely used in electronic circuits. 

4 Mica capacitors 

These generally consist of thin sheets of mica, relative permittivity 
about 5 to 7, about 2.5 pm thick and coated on both sides with silver. 
They have capacitances ranging from about 5 pF to 10 nF with a 
working voltage up to 600 V. These are used in situations where high 
stability is required. 
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Table 14.1 Colour code, values in pF 


Colour 

Band 1 

Band 2 

Band 3 

Band 4 

Band 5 


1st no. 

2nd no. 

no of 0s 

tolerance 

Max. voltage 

Black 

Brown 

1 

0 

1 

None 

1 

20% 

100 V 

Red 

2 

2 

2 


250 V 

Orange 

3 

3 

3 



Yellow 

4 

4 

4 


400 V 

Green 

5 

5 

5 

5% 


Blue 

6 

6 

6 



Violet 

7 

7 

7 



Grey 

8 

8 

8 



White 

9 

9 

9 

10% 



5 Ceramic capacitors 

These can be in tube, disc or rectangular plate forms, being 
essentially a plate of ceramic silvered on both sides (Figure 14.9(d)). 
Depending on the ceramic used, they have capacitances in the range 
5 pF to 1 pF, or more, and working voltages up to about 1 kV. 

6 Electrolytic capacitors 

One form of electrolytic capacitor consists of two sheets of 
aluminium foil separated by a thick absorbent material, e.g. paper, 
impregnated with an electrolyte such as ammonium borate, with the 
whole arrangement being rolled up and put in an al umi nium can 
(Figure 14.9(e)). Electrolytic action occurs when a potential 
difference is connected between the plates and results in a thin layer 
of aluminium oxide being formed on the positive plate. This layer 
forms the dielectric. Another form uses tantalum instead of 
aluminium, with tantalum oxide forming the dielectric. The 
electrolytic capacitor must always be used with a d.c. supply and 
always connected with the correct polarity. This is because if a 
reverse voltage is used, the dielectric layer will be removed and a 
large current can occur with damage to the capacitor. Electrolytic 
capacitors, because of the thinness of the dielectric, have very high 
capacitances. Aluminium electrolytic capacitors have capacitances 
from about 1 pF to 100 000 pF, tantalum ones 1 pF to 2000 pF. 
Working voltages can be as low as 6 V. 

14.6 Capacitors in circuits Consider the action of a capacitor, e.g. a 20 pF electrolytic capacitor (note 
that such a capacitor has a polarity indicating that it can only be connected 
one way in the circuit if it is not to be damaged), in a circuit in series with 
a resistor, e.g. a 1 MQ resistor (Figure 14.10). A cathode ray oscilloscope 
is connected across the capacitor in order to indicate the potential 
difference across that component and a centre-zero microammeter used to 
monitor the current. These readings are observed for the charge and the 
discharge of the capacitor. 
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Figure 14.10 Capacitor charge and discharge 

When the two-way switch is closed to the charge position, the 
deflection on the meter rises immediately to its maximum value and then 
falls off to zero as the capacitor is charged by electrons flowing onto one 
plate of the capacitor to give it an excess of electrons and so a negative 
charge and, at the same time, electrons flowing away from the other plate 
of the capacitor to leave it with a deficiency of electrons and hence a 
positive charge. The current decreases with time as more and more charge 
accumulates on the capacitor plates, until eventually the current drops to 
zero and the capacitor is fully charged. At the same time as the current is 
decreasing, the CRO shows that the p.d. across the capacitor is increasing, 
reaching a maximum value when the capacitor is fully charged. 

During the charging, when the capacitor is fully charged and the current 
has dropped to zero, there is no current through the resistor and hence no 
p.d. across the resistor and thus the entire applied p.d. V is across the 
capacitor. When the two-way switch is moved to the discharge position, 
i.e. a path between the plate with the excess of negative charge and the 
plate with the deficiency, i.e. the positively charged plate, the current rises 
immediately to the same maximum as during the charging but in the 
reverse direction; it then decreases with time. The CRO shows that the 
p.d. across the capacitor drops with time from its initially fully charged 
value to become zero when the capacitor is fully discharged. 

If the experiment is repeated with more resistance in the charge and 
discharge circuits, it takes longer to charge or discharge a capacitor. If the 
capacitance is made larger then the time to charge or discharge is 
increased. The term time constant is used for the product of the 
capacitance and resistance, i.e. CR, and the bigger the time constant the 
longer it will take to charge or discharge. 

14.6.1 Capacitor in d.c. and a.c. circuits 

When a capacitor is in a d.c. circuit, once it has become fully charged then 
the current in the circuit is zero and so it ‘blocks’ the passage of a d.c. 
current. However, with an a.c. circuit, we can think of the continual 
changes in the direction of the applied current as charging the capacitor, 
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then discharging it, then charging it, then discharging it, and so on. During 
charging and discharging, there is a current in a capacitor circuit. Thus, 
with a.c. we have an alternating current in the capacitor circuit. A 
capacitor does ‘not block’ an a.c. current. Thus, if we have a signal which 
might be a mixture of a direct current and an alternating current and we 
put a capacitor in the circuit, the d.c. component will be blocked off and 
only the a.c. component transmitted. 

14.7 Energy stored in a Consider a constant current / being applied to charge an initially 

charged capacitor uncharged capacitor C for a time t. Since current is the rate of movement 

of charge then the charge moved onto one of the plates and off the other 
plates will be It. If this movement of charge results in the p.d. across the 
capacitor rising from 0 to V then the charge = It = CV and thus I = VCIt. 
The average p.d. across the capacitor during the charging is 'AV and so the 
average power to the capacitor during charging = I x 'AV. The energy 
supplied to capacitor during charging = average power x time and, hence 
stored by it, is thus: 

energy stored = VJVt = ' A(VC/t ) x Vt= ‘ACV 1 
Since Q = CV, we can also write the above equation in the two forms: 
energy stored = 'ACV xV= 'AQV 

energy stored = jC^T] = ^ 


Example 

What is the energy stored in a 10 pF capacitor when the voltage 
between its terminals is 20 V? 

Energy = ‘ACV 2 = 'Ax 10 x 10^ x 20 2 = 0.002 J 


Example 

A 50 pF capacitor is charged from a 20 V supply. After being 
charged, it is immediately connected in parallel with an uncharged 
30 pF capacitor. Determine (a) the p.d. across the combination, (b) 
the total energy stored in the capacitors before and after the 
capacitors are connected in parallel. 

(a) Since Q = CV, then the charge Q = 50 x 10 -6 x 20 = 0.001 C. 
When the capacitors are connected in parallel, the total capacitance is 
50 + 30 = 80 pF. The charge of 0.001 coulomb is then divided 
between the two capacitors. Hence, using Q = CV we have V = QIC = 
0.001/80 x 10 -6 = 12.5 V. 

(b) When the 50 pF capacitor is charged to a p.d. of 20 V the stored 
energy = ‘A x 50 x 10 -6 x 20 2 = 0.01 J. With the capacitors in parallel 
the total stored energy = 'A x 80 X 10 -6 x 12.5 2 = 0.00625 J. 
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Activities 


Problems 


Connecting the uncharged capacitor in parallel with the charged 
capacitor results in a reduction in the energy stored in the capacitors 
from 0.01 J to 0.00625 J. This loss of energy appears mainly as heat 
in the wires as a result of the circulating current responsible for 
equalising the p.d.s. 

1 Use the circuit shown in Figure 14.10 to investigate the action of a 
capacitor in a d.c. circuit. You might initially try a 20 pF electrolytic 
capacitor in series with a 1 MQ resistor and then see the effect of 
doubling the resistance to 2 MQ. Note that with the oscilloscope, the 

а. c./d.c. switch should be on the d.c. setting. 

1 What is the electric field strength between a pair of parallel plates 
3 mm apart if the potential difference between the plates is 120 V? 

2 A capacitor of capacitance 10 pF has a potential difference of 6 V 
between its plates. What are the charges on the capacitor plates? 

3 What size capacitor is required if it is to have 24 pC of charge on its 
plates when a 6 V supply is connected across it? 

4 What is the potential difference between the plates of a 4 pF capacitor 
when there is a charge of 16 pC on its plates? 

5 A 2 pF capacitor and a 4 pF capacitor are connected in series across a 
12 V d.c. supply. What will be the resulting (a) charge on the plates 
of each capacitor and (b) the potential difference across each? 

6 What will be the total capacitances when three capacitors, 2 pF, 4 pF 
and 8 pF, are connected in (a) series, (b) parallel? 

7 Three capacitors, 1 pF, 2 pF and 3 pF, are connected in parallel 
across a 10 V d.c. supply. What will be (a) the total capacitance, (b) 
the resulting charge on each capacitor, (c) the resulting potential 
difference across each capacitor? 

8 Three capacitors, 20 pF, 30 pF and 60 pF, are connected in series 
across a 36 V d.c. supply. What will be (a) the total equivalent 
capacitance, (b) the charge on the plates of each capacitor and (c) the 
potential differences across each capacitor? 

9 Three capacitors, 50 pF, 100 pF and 220 pF, are connected in parallel 
across a 10 V d.c. supply. What will be (a) the total capacitance, (b) 
the resulting charge on each capacitor, (c) the resulting potential 
difference across each capacitor? 

10 A parallel plate capacitor has plates of area 200 cm 2 , separated by a 
dielectric of thickness 1.0 mm and having a relative permittivity of 5. 
What is the capacitance? 

[ 1 A 2 pF capacitor is to be made from rolled up sheets of al uminium 
foil separated by paper of thickness 0.1 mm and relative permittivity 

б. What plate area is required? 

[2 A 50 pF electrolytic capacitor has aluminium plates of area 600 cm 2 
with an oxide dielectric of relative permittivity 20. What is the 
thickness of the dielectric? 

.3 A 1 pF capacitor is made up of two strips of metal foil, width 
100 mm, separated by a paper dielectric of thickness 0.02 mm and 
relative permittivity 3.0. What will be the length of each strip of 
metal foil? 
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14 A parallel plate capacitor has two rectangular plates, each 10 mm by 
20 mm, separated by a 0.2 mm thick sheet of mica. What is the 
capacitance? Take the relative permittivity of the mica to be 5. 

15 A parallel plate capacitor has 7 metal plates connected as shown in 
Figure 15.10 and separated by sheets of mica of relative permittivity 
5, thickness 0.2 mm and having an area on each side of 0.040 m 2 . 
What is the capacitance? 

16 A parallel plate capacitor has 9 metal plates connected as shown in 
Figure 15.10 and separated by sheets of mica of relative permittivity 
5 and having an area on each side of 0.012 m 2 . Determine the 
thickness of mica required to give a capacitance of 200 pF. 

17 What is the maximum voltage that can be applied to a parallel plate 
capacitor with a dielectric of thickness 0.1 mm and dielectric strength 
16 x 10 6 V/m? 

18 An electrolytic capacitor has an oxide dielectric of thickness 1 pm 
and dielectric strength 6 x 10 6 V/m. What is the maxim um voltage 
that can be used with this capacitor? 

19 What energy is stored in a 100 pF capacitor when it has a potential 
difference of 12 V between its plates? 

20 What size capacitor is required if it is to store energy of 0.001 J when 
it is fully charged by a 10 V d.c. supply? 

21 Three capacitors of 2 pF, 3 pF and 6 pF are connected in series across 
a 10 V d.c. supply. What will be (a) the total capacitance, (b) the 
charge on each capacitor, (c) the potential difference across each 
capacitor, (d) the energy stored by each capacitor? 

22 A 10 pF capacitor is charged until the potential difference across its 
plates is 5 V. It is then connected across an uncharged 4 pF capacitor. 
Calculate the stored energy before and after they are connected 
together. 

23 A parallel plate capacitor is formed by plates each of area 100 cm 2 
spaced 1 mm apart in air. What is the capacitance? If a voltage of 
1 kV is applied to the plates, what is the energy stored in the 
capacitor? 


15 Magnetic flux 


15.1 Introduction This chapter follows on from the discussion of magnetism in Chapter 10 
and considers in more detail electromagnetic induction. Magnetic lines of 
force can be thought of as lines along which something flows, this being 
termed flux. When the magnetic flux linked by a coil changes then an 
e.m.f. is induced. 

We also look at the effect of the materials through which lines of 
magnetic flux pass. This is important since most devices employing 
magnetism involve the use of materials such as iron or steel in their 
construction. When any material is placed in a magnetic field, the extent 
to which the magnetic field permeates the medium when compared with 
what would happen in a vacuum is known as the relative permeability. For 
a material, termed ferromagnetic, such as iron there is a tendency for the 
lines of magnetic flux to crowd through it and it has a high relative 
permeability (Figure 15.1(a)). An important consequence of this high 
permeability of iron is that an object surrounded by iron is almost 
completely screened from external magnetic fields as the magnetic flux 
lines crowd through the iron (Figure 15.1(b)). 

Finally in this chapter we look at the forces experienced by current- 
carrying conductors when in magnetic fields, this being the basic principle 
behind d.c. motors. 


Magnetic field with no iron present 



Figure 15.1 (a) A piece of iron in a magnetic field, (b) screening 



15.2 Electromagnetic We can represent Faraday’s law and Lenz’s law for electromagnetic 
induction induction (see Chapter 10) as: 

induced e.m.f. e - (rate of change of flux d> with time t) 

The minus sign indicates that the induced e.m.f. is in such a direction as to 
oppose the change producing it. We can put the constant of 
proportionality as 1 and write rate of change of flux as dO/dt: 
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dr 

The unit of flux is the weber (Wb). If the flux linked changes by 1 Wb/s 
then the induced e.m.f. is 1 V. 

For coil with N turns, each turn will produce an induced e.m.f. and so 
the total e.m.f. will be the sum of those due to each turn and thus: 


e = -N- 


d<D 


15.2.1 Transformer 

With a transformer, we have basically two coils wound on a magnetic 
material (Figure 15.2). When an alternating current passes through one 
coil it produces changing magnetic flux which links the other coil and 
induces an alternating e.m.f. in it. 


Core of magnetic material 



Figure 15.2 The basic transformer 


Because the core is made of a magnetic material, to a reasonable 
approximation, the flux linking each turn of the secondary coil is the same 
as the flux linking each turn of the primary coil. Because the flux is 
changing there must be an induced e.m.f. produced in each turn of each 
coil. The e.m.f. induced per turn of either the secondary or primary coils 
must be the same since the same rate of change of flux occurs. The total 
induced e.m.f. for a coil is thus proportional to the number of turns of that 
coil. Thus we can write: 

induced e.m.f. in primary N\ 
induced e.m.f. in secondary ~ N2 

where A) is the number of turns for the primary coil and N 2 the number of 
turns for the secondary coil. When the secondary coil is on open-circuit, 
i.e. there is no load connected to the coil, then the voltage between the 
terminals of the coil is the same as the induced e.m.f. If there is no load 
then there is no current and so no energy taken from the secondary coil. 
This means, if no energy is wasted, that no energy is taken from the 
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primary coil. This can only be the case if the induced e.m.f. is equal to and 
opposing the input voltage. Thus if we take V x as the input voltage and V 2 
the output voltage, we can write: 

V l _N l 
V 2 - n 2 

If V 2 is less than V x the transformer is said to have a step-down voltage 
ratio, if V 2 is more than V\ a step-up voltage ratio. 

Now consider what happens when there is a resistive load and a 
secondary current flows. Because there is a current flowing through a 
resistance, then power is dissipated. This current in the secondary coil 
produces its own alternating flux in the core, this then resulting in an 
alternating e.m.f. being induced in the primary coil. Consequently this 
produces a current in the primary coil. If the power losses in a transformer 
are negligible, then when there is a current in the primary coil the power 
supplied to the primary coil must equal the power taken from the 
secondary coil. Thus: 


where l x is the current in the primary coil and I 2 that in the secondary coil. 
We can rearrange this as V\ IV 2 = I 2 /I i and so: 

v 2 - h - n 2 

Hence: 


hNi = IJVi 


The product of the current through a coil and its number of turns is called 
its ampere-turns. Thus, the number of ampere-turns for the secondary 
winding equals the number of ampere-turns for the primary winding. 

Example 

What will be the secondary voltage produced with a transformer 
having 400 primary turns and 50 secondary turns, when there is an 
alternating voltage input of 240 V? 

Using VxtVi = N x /N 2 , then V 2 = V X N 2 /N X = 240 x 50/400 = 40 V. 

Example 

A transformer has a step-down voltage ratio of 6 with a primary coil 
alternating voltage input of 240 V. What will be the primary and 
secondary currents when a lamp dissipating 40 W is connected across 
the secondary coil? 

The power output from the secondary coil is 40 W and thus, 
assuming that there are no transformer power losses, the input to the 
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primary coil must be equal to 40 W. Since P = I ,V,, then the primary 
current I, is 40/240 = 0.167 A. The secondary current can be obtained 
by using AN, = IJfi. Thus h = (N, /N 2 )A = 6 x 0.167 = 1.00 A. 

15.3 The magnetic circuit Lines of magnetic flux form closed paths; for example, for the iron ring 
shown in Figure 15.3(a) any one line of flux forms a closed path with, in 
this case, the entire flux path being in iron. The complete closed path 
followed by magnetic flux is called a magnetic circuit. The magnetic flux 
d> in a magnetic circuit is analogous to the electric current I in an electric 
circuit (Figure 15.3(b)), a closed path being necessary for an electric 
current. The magnetic flux density B is the flux per unit cross-sectional 
area ( B = <&IA) and is analogous to the current per unit cross-sectional 
area of conductor {HA). 



Figure 15.3 (a) Magnetic flux in an iron ring giving a magnetic circuit, 
(b) the comparable electric circuit 


15.3.1 Magnetomotive force 

In an electric circuit an electric current is due to the existence of an 
electromotive force (e.m.f.) and thus, by analogy, we say that in a 
magnetic circuit the magnetic flux is due to the existence of a 
magnetomotive force (m.m.f.). A magnetomotive force is produced by a 
current flowing through one or more turns of wire. When there is more 
than one turn of wire we consider that the current through each turn 
generates a m.m.f. and so, for a current / flowing through a coil of A turns, 
the magnetomotive force (symbol F) is the total current linked with the 
magnetic circuit, namely IN amperes, i.e. 


m.m.f. F = IN 

The unit of m.m.f. is the ampere since the number of turns is dimension- 
less; however, it is often written as having the unit of ampere-turn. 

Example 

Calculate the m.m.f. produced by a coil of 400 turns when it carries a 
current of 4 A. 


M.m.f. = IN= 4 x 400 = 1600 ampere-turns. 
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15.3.2 Magnetic field strength 

If you connect a length of wire to a source of e.m.f., the current depends 
on the length of the wire used. Likewise with a magnetic circuit, two 
magnetic circuits might have the same m.m.f. applied to them but the flux 
set up in them will be different if the lengths of the flux paths in the two 
circuits are different. The magnetomotive force per metre length of a 
magnetic circuit is called the magnetic field strength H, unit ampere/ 
metre. Thus, for the magnetic circuit of Figure 15.4, if the length of the 
flux path is L: 

H= m.m.f. IL = IN/L 

For the electrical circuit, the magnetic field strength is analogous to the 
p.d. per unit length along a current carrying conductor. 



Figure 15.4 Magnetic field strength 

15.3.3 Permeability 

With an electric circuit the relationship between the p.d. per unit length of 
a conductor and the current in the conductor depends on the nature of the 
material used for the conductor (R = pL/A and so VII = pLIA and VIL = 
p(I/A) with p being the resistivity). Likewise with a magnetic circuit, the 
relationship between the magnetic field strength H and the magnetic flux 
density B depends on the nature of the material used for the magnetic 
circuit and we write: 


where p is the absolute permeability of the material and has the unit of 
tesla/(ampere/metre) which is the same as henry/metre (H/m). It is 
analogous to the reciprocal of the resistivity of an electrical conductor, i.e. 
its conductivity. 

The permeability of free space, i.e. a vacuum p 0 is the flux density 
produced in a vacuum divided by the magnetic field strength used to 
produce it and has the value 4n x 10 -7 H/m. The value of the permeability 
in air or in any other non-magnetic material is almost exactly the same as 
the permeability in a vacuum, i.e. the permeability of free space. Hence, 
for non-magnetic materials we use: 
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B=fioH=4nx 10~ 7 xH 

The magnetic flux inside a coil is intensified when an iron core is 
inserted. The term relative permeability p, specifies by what factor the 
flux density in a material is greater than that which would occur in a 
vacuum for the same magnetic field, i.e. the relative permeability of a 
material is the ratio of the flux density produced in a material to the flux 
density produced in a vacuum by the same magnetic field. Hence, for a 
material having a relative permeability p T : 

B — p r pqH 
and so: 

absolute permeability p=p T p 0 

The relative permeability is the ratio of the absolute permeability to the 
permeability of free space and is thus a dimensionless quantity. The 
relative permeability for air is effectively 1 . The relative permeability for 
magnetic materials such as iron is considerably greater than 1. Table 15.1 
indicates some typical relative permeability values for magnetic material; 
it should, however, be noted that the relative permeability of magnetic 
materials is not constant but depends on the value of the flux density (see 
later in this chapter). 


Table 15.1 Typical relative permeabilities of magnetic materials 


Magnetic material 

Relative 

permeability 

Cast iron 

200 

Cast steel 

700 

Mild steel 

600 

Ferrite (manganese + zinc oxides) 

1 500 

Silicon iron (iron + 3% silicon) 

3 500 

Stalloy 

4 000 

Silicon steel 

4 500 

Mumetal 

6 000 

Permalloy (iron + 78.5% nickel) 

100 000 

Supermalloy (79% nickel, 16% iron, 5% molybdenum) 

800 000 


Example 

A wooden ring, with a mean circumference of 600 mm and a uniform 
cross-sectional area of 400 mm 2 , is wound with a coil of 200 turns. 
Determine the magnetic field strength, flux density and flux in the 
ring when there is a current of 4 A in the coil. 

The mean circumference can be taken as the length of the flux path 
and so: 
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H=IN/L = 4 x 200/0.6 = 1333 A/m 

Because the core is made of wood we can approximate the 
permeability to be that of free space. Hence: 

B = fioH= An x 10- 7 x 1333 = 0.001 675 T = 1675 pT 

This is the flux density over a cross-sectional area of 400 x 10 -6 m 2 
and so: 

flux = BA = 1675 x 10- 6 x 400 x 10" 6 = 0.67 pWb 

Example 

An iron ring, with a mean circumference of 600 mm and a uniform 
cross-sectional area of 400 mm 2 , is wound with a coil of 200 turns. 
Determine the resulting magnetic field strength, flux density and flux 
in the ring when there is a current of 4 A in the coil. Take the relative 
permeability of the iron to be constant at 200. 

This is a repeat of the previous example with the wood replaced by 
iron. The mean circumference can be taken as the length of the flux 
path and so: 


H=IN/L = 4 x 200/0.6 = 1333 A/m 
Because the core is made of iron: 

B = fijioH= 200 x 4n x 10“ 7 x 1333 = 0.335 T 
This is the flux density over an area of 400 x 1 0~ 6 m 2 and so: 
flux — BA = 0.335 x 400 x 10"* = 134 pWb 

15.4 Reluctance With an electrical circuit (Figure 15.5(a)) having an e.m.f. E giving a 
current / through a circuit of resistance R, we have the relationship E = IR. 
We can develop a similar relationship for a magnetic circuit. 



Figure 15.5 (a) Electrical circuit, (b) magnetic circuit 

Consider a magnetic circuit in the form of an iron ring having a 
cross-sectional area of A square metres and a mean circumference of L 
metres (Figure 15.5(b)), wound with N turns carrying a current I amperes: 
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flux O = flux density X area = BA 

m.m.f. F = magnetic field strength x flux path length = HL 


Hence: 


O BA 
HL 


A 

L 


If we write: 


JUr/loA 

then: 

m.m.f. = 05 

This is analogous to e.m.f E = IR for an electrical circuit and might be 
termed the ‘Ohm’s law’ for a magnetic circuit. The term (L/pjioA) is 
called the reluctance, symbol 5, and is similar in form to the relationship 
for the resistance of a conductor in terms of its length and cross-sectional 
area R = pLIA = LI a A, where p is the resistivity and a the conductivity. 
The absolute permeability p r po thus corresponds to the reciprocal of the 
resistivity or the conductivity of the conducting material. Reluctance has 
the unit ampere/weber. 

Example 

A mild steel ring with a cross-sectional area of 500 mm 2 and a mean 
circumference of 400 mm has a coil with 250 turns wound around it. 
Determine the reluctance of the ring and the current required to 
produce a flux of 500 pWb in the ring. The relative permeability of 
mild steel can be assumed to be constant at 600. 

n L _ 04 

PrjuoA 600x4ttx10- 7 x500x10-« 

= 1.06 x 10 6 A/Wb 

Hence the required m.m.f. is: 

m.m.f. = 05 = 500 x 10^ x 1.06 x 10 6 = 530 A 

and so the magnetising current is m.m.f.AV = 530/250 = 2.12 A. 

15.5 Magnetisation curves If a sample of a magnetic material is taken and a graph plotted showing 
how the flux density B in a material varies with the magnetic field strength 
H as it is initially magnetised, a graph of the form shown in Figure 15.6 is 


Flux density 
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Saturation 



0 Magnetic field strength 
Figure 15.6 Magnetisation curve 


obtained. Such a graph is called a magnetisation curve. The flux density is 
not proportional to the magnetic field strength and there is a tendency for 
the curve to level off, i.e. no further increase in flux density is obtained by 
further increasing the magnetic field strength. This is termed saturation. 

The graphs in Figure 15.7 show typical relationships between the flux 
density and the magnetic field strength for different types of magnetic 
materials. 



Figure 15.7 Magnetisation curves 


Because the magnetisation graph is not linear, the permeability of the 
material, which is B/H , is not constant and its value depends on the 
magnetic field strength. For example, for the mild steel in Figure 15.7, 
when H is 500 A/m then B is 0.9 T and so the relative permeability is 
B/fioH = 0.9/(47t x 10” 7 x 500) = 1433. When H is 1000 A/m then B is 
1.2 T and so the relative permeability is B/fioH = 1.2/(471 x 10“ 7 x 1000) = 
955. When H is 2000 A/m then B is 1.45 T and the relative permeability 
B/fioH = 1.45/(471 x 10“ 7 x 2000) = 577. Figure 15.8 shows how the 
relative permeability for the mild steel varies with magnetic field strength. 



2000 4000 6000 8000 

Magnetic field strength A/m 


Figure 15.8 Variation of relative permeability with magnetic field 
strength for mild steel 
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Example 

A mild steel ring has a cross-sectional area of 500 mm 2 and a mean 
circumference of 400 mm (Figure 15.9). If a coil of 400 turns is 
wound around it, calculate the current required to produce a flux of 
800 pWb in the ring. Use Figure 15.7 for the data relating flux 
density and magnetic field strength. 



Figure 15.9 Example 

The flux density B in the ring is: 


From Figure 15.7, the magnetic field strength to produce a flux 
density of 1.6 T in mild steel is approximately 3500 A/m. Therefore: 

total m.m.f. required = HL = 3500 x 0.400 = 1400 A 

magnetising current = m.m.f JN = 1400/400 = 3.5 A 


15.6 Hysteresis Figures 15.6 and 15.7 represent the magnetisation of a material when we 
start off with an initially unmagnetised material. When an initially 
unmagnetised material (the simplest method of demagnetising so that we 
start with an unmagnetised specimen is to reverse the magnetising current 
a large number of times, the maximum value of the current at each 
reversal being reduced until it is ultimately zero) is subject to an 
increasing magnetic field strength, the flux density increases in the way 
shown in Figure 15.6. After a particular magnetising field is reached, the 
magnetic flux reaches an almost constant value when further increases in 
magnetic field strength produce no further increase in magnetic flux, this 
being the saturation point. This stage of the operations is shown by the 
line 0A in Figure 15.10. 

If the magnetic field strength is now reduced back to zero, the material 
may not simply just retrace its path down the initial magnetisation line 
from A to 0 but follow the line A to C. Thus when the magnetic field 
strength is zero, there is still some flux density in the material. The 
retained flux density 0C is termed the remanent flux density or 


remanence. 
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Figure 15.10 Hysteresis loop 


To demagnetise the material, i.e. bring the flux density in it down to a 
zero value, a reverse direction magnetic field strength 0D has to be 
applied. This is called the coercive field or coercivity. If this reverse 
direction magnetic field strength is still further increased, a reversed 
direction flux density is produced and saturation in this reverse direction 
(E) can occur. Reducing this reverse direction magnetic field strength to 
zero results in reverse direction remanent flux density OF. Now if the 
magnetic field strength is increased in its initial direction the material 
follows the graph line FGA. The resulting closed loop ACDEFGA is 
termed the hysteresis loop (hysteresis is the Greek word for lagging 
behind). For the loop 0C = OF, 0G = 0D and OK = 0L. 

15.6.1 Energy loss in hysteresis cycles 

The area enclosed by a hysteresis loop is a measure of the energy lost in 
the material each time the magnetising current goes through a complete 
cycle. This lost energy appears as heat. Thus a material which 'has a large 
area enclosed by its hysteresis loop requires more energy to take it 
through its magnetising-demagnetising cycle. 

15.6.2 Soft and hard magnetic materials 

In Figure 15.11 the hysteresis loops are shown for two materials, termed 
hard and soft magnetic materials. Compared with a soft magnetic 
material, a hard magnetic material has high remanence so that a high 
degree of magnetism is retained in the absence of a magnetic field, a high 
coercivity so that it is difficult to demagnetise and a large area enclosed 
by the hysteresis loop and so a large amount of energy is dissipated in the 
material during each cycle of magnetisation. A soft material is very easily 
demagnetised, having low coercivity and the hysteresis loop only 
enclosing a small area. 
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H 0 


Figure 15.12 Demagnetistion 
quadrant 



Figure 15.11 Hysteresis loops for a soft and a hard magnetic material 

Hard magnetic materials are used for such applications as permanent 
magnets while soft magnetic materials are used for transformers where the 
magnetic material needs to be easily demagnetised and little energy 
dissipated in magnetising it. A typical soft magnetic material used for a 
transformer core is an iron-3% silicon alloy. The main materials used for 
permanent magnets are the iron-cobalt-nickel-alxuninium alloys, ferrites 
and rare earth alloys. Table 15.2 gives properties of typical soft magnetic 
materials and Table 15.3 gives details for hard magnetic materials. For 
hard magnetic materials an important parameter is the demagnetisation 
quadrant (Figure 15.12) of the hysteresis loop, it indicates how well a 
permanent magnet is able to retain its magnetism. The bigger the area the 
greater the amount of energy needed to demagnetise the material. A 
measure of this area is given by the largest rectangle which can be drawn 
in the area, this being the maximum value of the product BH. 


Table 15.2 Soft magnetic materials 


Material Relative permeability 

Remanence 

Coercive 

Initial value 

Max. value 

T 

field A/m 

Silicon steel 

90 000 


6 

Mumetal 60 000 


0.5 

1 

Permendur 300 

2 000 

1.7 

950 

Ni-Zn ferrite 20-600 




Mn-Zn ferrite 600-5000 




Table 15.3 Hard magnetic materials 

Material 

Remanence 

Coercive 

Max.BH 


T 

field kA/m 

TA/m 

Alni (Fe, Co, Ni, A1 alloy) 

0.56 

46 

10 

Alnico (Fe, Co, Ni, A1 alloy) 

0.72 

45 

14 

6% tungsten steel 

1.05 

5.2 

2.4 

6% chromium steel 

0.95 

5.2 

2.4 

3% cobalt steel 

0.72 

10 

2.8 

Feroba 1 (ferrite) 

0.22 

135 

8 
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15.7 Inductance A current through a coil produces magnetic flux which li n ks the turns of 
the coil. Thus when the current through the coil changes, the flux linked 
by that coil changes. Hence an e.m.f. is induced. This phenomenon is 
known as self inductance or just inductance. 

The induced e.m.f. is proportional to the rate of change of linked flux 
(Faraday’s law). However, the flux produced by a current is proportional 
to the size of the current. Thus the rate of change of flux will be 
proportional to the rate of change of the current responsible for it. Hence 
the induced e.m.f. e is proportional to the rate of change of current, i.e. 
e oc rate of change of current. Thus we can write e = Lx (rate of change of 
current), where L is the constant of proportionality, and so, writing dl/dt 
for the rate of change of current: 


General symbol 


Inductor with iron core 
Figure 15.13 Inductor 



Figure 15.14 Back e. m.f 



where L is called the inductance of the circuit. The inductance is said to 
be 1 henry (H) when the e.m.f. induced is 1 V as a result of the current 
changing at the rate of 1 A/s. Figure 15.13 shows the circuit symbols used 
for an inductor, this being a component specifically designed to have 
inductance. 

The effect of inductance on the current in a circuit is that, when the 
applied voltage is switched on or off, the current does not immediately 
rise to its maximum value or fall to zero but takes some time. When the 
voltage is switched on and the current starts to increase from zero, then 
the changing current results in an induced e.m.f. This is in such a direction 
as to oppose the growing current (Lenz’s law) and slow its growth. For 
this reason, the induced e.m.f. is often referred to as a back e.m.f. (Figure 
15.14). When the voltage is switched off, then the current starts to fall and 
so produces an induced e.m.f. This is in such a direction as to oppose the 
current falling (Lenz’s law) and so the current takes longer to fall to zero. 

Example 

What is the average back e.m.f. induced in a coil of inductance 
500 mH when the current through it is increased from 1.0 A to 3.0 A 
in 0.05 s? 


d/ 0.500 x (3.0 -1.0) 
L dt~ 0.05 


= 20 V 


15.7.1 Inductance of a coil 

Suppose we have a coil of N turns for which a current / produces a flux <t>. 
If the current takes a time t to increase from 0 to I, then the average rate of 
change of current is / it and so the average e.m.f. induced in the coil is LUt. 
The average rate of change of flux in this time is O/t and thus Faraday’s 
law of electromagnetic induction gives the average induced e.m.f. as 
N0/t. Thus LUt = N<b/t and hence: 


, Ad> 

L - T 
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Since the flux density B = <t>/A, where A is the cross-sectional area of the 
coil, then L = NBA/I. Since B = /Uq/u t H (see Section 15.2.3), where juo is the 
permeability of free space, ju r is the relative permeability and H the 
magnetic field strength, and H = IN/ 1, where / is the length of the flux 
path, then we can write: 


But the reluctance S = l//u 0 fi r A (see Section 15.3) and 



Thus an air-cored coil has an inductance which is proportional to the 
square of the number of turns. The effect of including iron in the core 
increases the relative permeability and so increases the inductance. 

Example 

A coil of 1000 turns is wound on a wooden former and a current of 
4 A through it produces a magnetic flux of 200 pWb. What is the 
inductance of the coil? 

A wooden former is equivalent to an air-cored coil. Thus: 


Example 

What is the inductance of a coil with an air core and 600 turns if the 
coil has a length of 0.2 m and a cross-sectional area of 600 mm 2 ? 

L = fi^A/l = An x 10“ 7 x 600 2 X 600 x 10^/0. 2 = 0.0014 H 

15.7.2 Energy stored in an inductance 

When a current is switched through an inductor it grows to a steady value. 
When the steady current is attained there is a steady magnetic field. 
Energy is required to set up this magnetic field. During the growth stage 
there is a rate of change of current di/d/. The back e.m.f. arising from this 
changing current is L di/d/ and thus energy is required to overcome this 
back e.m.f. and maintain the current. The voltage required to overcome 
the back e.m.f. is v = L di/d/ and so the power required when the current is 
i is vi = ixL di/d/. Suppose the current increases from 0 to / in a time /. 
The average value of the current is Vil and the average rate of change of 
current with time is ///. Thus the average power required to obtain a 
current / is VN x LUt = 'ALT 2 //. The energy stored in the magnetic field in 
this time is the average power multiplied by the time and so: 



L = = 1000 x 200x10^ =0Q5H 


energy stored in magnetic field = VtLP 
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Example 

Calculate the energy stored in the magnetic field of an inductor with 
an inductance of 0.2 H when it is carrying a current of 4 A. 

Energy stored = 'ALP = 'A x 0.2 x 4 2 = 1 .6 J. 

15.8 Mutual inductance When the current in a coil changes, then changing magnetic flux is 
produced. If this flux links the turns of a neighbouring coil then an e.m.f. 
will be induced in it. The two coils are said to possess mutual inductance. 




Figure 15.15 Coupling of coils 

If two coils are wound on an iron core (Figure 15.15(a)) then the flux 
produced by a current through one coil will be concentrated in the core 
and most of the flux set up by the current in one coil will link with the 
turns of the other coil. This is the situation that occurs with a transformer. 
If the coils have air cores (Figure 15.15(b)) then only a small fraction of 
the flux produced by one coil will link with the turns of the other coil. The 
fraction of the flux linked between two coils is termed the coupling 
coefficient k. If there is no magnetic coupling of two coils then k is zero; if 
the coupling is perfect then k is 1 . When k is low then coils are said to be 
loosely coupled, when k is near 1 then tightly coupled. 

If the flux set up in the core by a current I A in coil A is <b A , then the flux 
linking coil B is M> A . Thus if the current in coil A is changing and 
producing a rate of change of flux of dO A /df then the e.m.f. e induced in 
coil B is: 


where M, termed the mutual inductance, is NJc d<S A /d/ A . Two coils are 
said to have a mutual inductance of 1 henry (H) if an e.m.f. of 1 V is 
induced into one of the coils when the current in the other coil changes at 
the rate of 1 A/s. 

The transformer involves two coils wound on a common core so that, 
since the two coils are magnetically coupled, a changing current in one 
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coil induces an e.m.f. in the other coil and so an alternating current in one 
coil gives rise to an alternating current in the other coil. See Chapter 16 
for a more detailed discussion. 

Example 

If the mutual inductance between a pair of coils is 100 mH, what will 
be the e.m.f. induced in one coil when the rate of change of current in 
the other coil is 20 A/s? 


= -Mdljdt = 0.100 x 20 = -2 V 


1 5.9 Force on a current- A current-carrying conductor in a magnetic field will experience a force, 
carrying conductor Suppose that as a result of the force acting on the conductor in Figure 
15.16 it moves with a velocity v. An e.m.f. e will be induced in the 
conductor, with e being equal to BLv. If the source e.m.f. is E then the net 
e.m.f. in the circuit supplying the current I is E - e. If the circuit has a 
resistance R then 

E - BLv = IR 


Multiplying throughout by 7, then 
EI-BILv = PR 


El is the power supplied by the source and PR is the power dissipated in 
the circuit by the current. Thus BILv must represent the power developed 
by the force used to move the conductor. But the power developed by a 
force F moving its point of application with a velocity v is Fv (see Section 
2.7). Hence: 

power = Fv = BILv 

and so: 

F= BIL 

Example 

A wire has a length of 100 mm in a magnetic field of flux density 
1 .0 T. What is the force on the wire when it carries a current of 2 A 
and is (a) at right angles to the field, (b) at 30° to the field and (c) in 
the same direction as the field? 

(a) F = BIL =1. 0x2x0. 10 = 0.20 N 

(b) The flux density at right angles to the wire is B sin 9, hence F = 
1.0 sin 30° x 2 x 0.10 = 0.10 N. 

(c) The flux density at right angles to the wire is 0, hence the force 
must be 0. 


B 

Figure 15.16 Force on a 
current-carrying conductor 
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15.9.1 Force on a current-carrying coil 

Consider the forces acting on a single turn, current-carrying rectangular 
coil in a magnetic field (Figure 15.17). 



Figure 15.17 Coil in a magnetic field 

The sides of the coil have a length L and breadth b. The plane of the coil 
is at an angle 9 to the direction of the field which has a uniform flux 
density B. Each of the sides of length L of the coil has a flux density 
component B sin 9 at right angles to it and so will experience a force F, 
with: 

F=(B sin 6)IL 

Using Fleming’s left-hand rule, we can determine the directions of these 
forces to be as shown in the figure. These forces are in such directions as 
to rotate the coil about the horizontal axis (note that the reason we are not 
interested in the forces on the sides of length b is that these forces do not 
cause rotation and are in opposite directions, cancelling each other out). 
The turning moment or torque T about this axis is: 

T= Fb/2 + Fbl 2 =Fb = BILb sin6» 

But Lb is the area A of the coil. Hence: 


If there are N turns on the coil, then each turn will experience the above 
torque and so the total torque will be 

T = NBIA sin 9 

The maximum torque will be when sin 9= 1, i.e. 9 = 90° and the coil is at 
right angles to the field. 

Example 

What is the torque experienced by a rectangular coil with 50 turns of 
length 100 mm and breadth 50 mm if it carries a current of 200 mA in 
a magnetic field having a flux density of 0.6 T at 45° to the plane of 
the coil? 
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Using the equation T = NBIA sin 9 gives: 

T= 50 x 0.6 x 0.200 x 100 x 10~ 3 x 50 x 10“ 3 sin 45° 
= 0.021 Nm. 



Figure 15.18 D.c. motor 
principle 


15.9.2 D.c. motors 

The basic principle of a d.c. motor is a loop of wire which is free to rotate 
in the field of a magnet (Figure 15.18). When a current is passed through 
the loop, the resulting forces acting on its sides at right angles to the field 
cause forces to act on those sides to give rotation. 

Coils of wire are mounted in slots on a cylinder of magnetic material 
called the armature which is mounted on bearings and free to rotate. It is 
mounted in the magnetic field produced by field poles. This magnetic 
field might be produced by, for small motors, permanent magnets or a 
current in, so-termed, field coils. Whether permanent magnets or field 
coils, these generally are part of the outer casing of the motor and are 
termed the stator. Figure 15.19 shows the basic elements of a d.c. motor 
with the magnetic field produced by field coils. In practice there will be 
more than one armature coil and more than one set of stator poles. The 
ends of the armature coil are connected to adjacent segments of a 
segmented ring called the commutator with electrical contacts made to the 
segments through fixed carbon contacts called brushes. They carry direct 
current to the armature coil. As the armature rotates, the commutator 
reverses the current in each coil as it moves between the field poles. This 
is necessary if the forces acting on the coil are to remain acting in the 
same direction and so the rotation continues. 



Activities 1 Determine the hysteresis loop for a material. Figure 15.20 shows the 
traditional circuit that is used to measure the magnetic flux in a ring. 
The magnetising field is provided by a current through coil A. 
Another coil B is connected to a ballistic galvanometer; this is a 
special form of moving coil instrument with virtually no damping. 
The magnetising current is adjusted to the desired value and then the 
reversing switch is used to reverse the direction of the current and 


Magnetic flux 187 


therefore reverse the flux in the magnetic circuit. An e.m.f. is induced 
in coil B and the initial galvanometer deflection is proportional to the 
flux. An alternative to using the ballistic galvanometer is to use a flux 
meter; this gives a steady reading rather than the need to observe the 
first swing of the ballistic galvanometer. 

If A/a is the number of turns on coil A, L the mean circumference of 
the ring, I the current through coil A, then the magnetic field strength 
H = INa/I. If 0 is the initial ballistic galvanometer deflection, or flux 
meter deflection, when the current through A is reversed, then the 
change in flux linkage with coil B = c0, where c is a constant for the 
instrument in weber-tums per unit of scale deflection. If the flux 
changes from </> to -<j> when the current through coil B is reversed, and 
N b is the number of turns on B, the change of flux linkage with coil B 
= change of flux x number of turns on B = 2^N B . Thus, <f> = c0/(2N B ) 
and, if A is the cross-sectional area of the ring, the flux density in ring 
B = <j>/A = cOI{2ANb). 



Figure 15.20 Determination of the hysteresis loop 


Problems 


1 Calculate the m.m.f. produced by a coil of 500 turns when it carries a 
current of 2 A. 

2 An iron ring, of constant relative permeability 500, is wound with a 
coil of 400 turns and a current of 2 A passed through it. If the ring has 
a mean circumference of 400 mm and a uniform cross-sectional area 
of 300 mm 1 2 3 4 5 6 , determine the resulting magnetic field strength, flux 
density and flux in the ring. 

3 A mild steel ring, of constant relative permeability 600, is wound 
with a coil of 300 turns. The ring has a mean circumference of 
150 mm and a uniform cross-sectional area of 500 mm 2 . Determine 
the current necessary to produce a flux of 0.5 mWb in the ring. 

4 An iron ring has a mean circumference of 250 mm and is wound with 
500 turns of wire. A current of 400 mA through the coil produces a 
flux density of 350 mT in the iron. What is the relative permeability 
of the iron? 

5 A mild steel ring, of relative permeability 500, with a cross-sectional 
area of 250 mm 2 and a mean circumference of 200 mm has a coil with 
250 turns wound around it. Determine the reluctance of the ring and 
the current required to produce a flux of 2 mWb in the ring. 

6 The following are values of the flux density for various magnetic 
field intensities for a sample of steel. Calculate the relative 
permeabilities of the steel at each of the magnetic field intensities. 
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fiinT 0.28 0.72 1.10 1.28 

H in A/m 50 100 200 300 


7 Figure 15.21 shows the magnetisation curve for a sample of cast steel. 
What magnetic field intensity will be required to obtain a flux density 
of 1.0 T in the cast steel? 












/ 





/ 





A 





V 

r 





T 





z 







0 200 400600 800 1000 
H A/m 


Figure 15.21 Problem 7 


8 A cast steel ring (magnetisation curve Figure 15.21) has an inner 
diameter of 120 mm and an external diameter of 200 mm. What 
m.m.f. is required to produce a flux density of 1 .2 T in the core? 

9 A cast steel magnetic circuit (magnetisation curve Figure 15.22) has a 
uniform cross-section with area 1.5 x 10“ 5 m 2 and a magnetic flux 
path length of 0.5 m. What current is required in a 200 turn coil 
wrapped round the core to give a core magnetic flux of 12 pWb? 
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Figure 15.22 Problem 8 


10 Calculate the relative permeabilities of the steel giving the following 
data at each of the magnetic field intensities. 

5 in T 1.1 1.25 1.35 1.45 1.50 

H in A/m 500 700 1000 1500 2000 
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1 1 What is the inductance of a coil if an e.m.f. of 20 V is induced in it 
when the current changes at the rate of 10 A/s? 

12 What is the e.m.f. induced in a coil of inductance 100 mH when the 
current through it is changing at the rate of 4 A/s? 

13 A coil has 1000 turns and a current of 5 A through it produces a 
magnetic flux of 50 pWb. What is the inductance of the coil? 

14 A coil has 200 turns and a current of 2 A through it produces a 
magnetic flux of 0.2 mWb. What is the inductance of the coil? 

15 An air-cored coil of 500 turns has an inductance of 30 mH. What is 
the flux produced in the coil by a current of 1 .5 A? 

16 What is the inductance of an air-cored coil with 1000 turns, cross- 
sectional area 400 mm 2 and length 150 mm? 

17 A 100 turn coil is wound on an iron rod of diameter 10 mm. If the rod 
and coil have a length of 40 mm and the relative permeability of the 
iron is constant at 400, what is its inductance? 

18 Calculate the energy stored in the magnetic field of an inductor with 
an inductance of 400 mH when it is carrying a current of 30 mA. 

19 Calculate the energy stored in the magnetic field of an inductor with 
an inductance of 5 mH when it is carrying a current of 3 A. 

20 If the mutual inductance between a pair of coils is 50 mH, what will 
be the e.m.f. induced in one coil when the rate of change of current in 
the other coil is 10 A/s? 

21 If the mutual inductance between a pair of coils is 100 mH, what will 
be the e.m.f. induced in one coil when the rate of change of current in 
the other coil is 5 A/s? 

22 What is the mutual inductance of a pair of coils if current changing at 
the rate of 50 A/s in one coil induces an e.m.f. of 50 mV in the other 
coil? 

23 What will be the secondary voltage produced by a transformer which 
has 400 primary turns and 100 secondary turns, when there is an 
alternating voltage input to the primary of 240 V? 

24 A transformer has a step-down voltage ratio of 5 to 1 . What voltage 
and current must be supplied to the primary coil if the transformer is 
to supply 50 V at 20 A at the secondary? 

25 What is the force acting per metre length of a conductor carrying a 
current of 2.0 A if it is (a) at right angles, (b) at 60°, (c) parallel to a 
magnetic field having a flux density of 0.50 T? 

26 A conductor has a length of 200 mm and is at right angles to a 
magnetic field of flux density 0.7 T. What is the force acting on it 
when it carries a current of 1.5 A? 

27 A square coil with sides of length 100 mm has 50 turns of wire. The 
plane of the coil is at an angle of 45° to a magnetic field of flux 
density 0.4 T. What is the torque experienced by the coil when a 
current of 2 A flows through it? 
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16.1 Introduction 


Amplitude 



Same time, the periodic time 
Figure 16.2 Terms 


The term direct voltage or current is used when the voltage or current is 
always in the same direction. The term alternating voltage or current is 
used when the polarity or direction of flow of the voltage or current 
alternates, continually changing with time. Alternating voltages and 
currents can have many different forms. A particularly important form is 
one which is in the form of a sine graph, the form shown in Figure 
16.1(a). This is because electrical power generation in the entire world is 
virtually all in the form of such sinusoidal voltages. Consequently the 
mains electrical supply to houses, offices and factories is sinusoidal. The 
sinusoidal waveform in the figure has a current which oscillates from 
positive values to negative values to positive values, to ... and so on. 



Figure 16.1(b) and (c) show some further examples of alternating 
current waveforms: (b) is a rectangular waveform and (c) a triangular 
waveform. The rectangular waveform in the figure starts with a positive 
current which then abruptly switches to a negative current, which then 
abruptly switches to a positive current, which then ... and so on. The 
triangular waveform shows a similar form of behaviour. 

Alternating waveforms oscillate from positive to negative values in a 
regular, periodic manner. One complete sequence of such an oscillation is 
called a cycle (Figure 16.2). The time T taken for one complete cycle is 
called the periodic time and the number of cycles occurring per second is 
called the frequency f Thus /= 1 IT. The unit of frequency is the hertz 
(Hz), 1 Hz being 1 cycle per second. 

This chapter is a consideration of alternating waveforms and the mean 
values and the root-mean-square values of such alternating waveforms. 
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Example 

The mains voltage supply in Britain has a frequency of 50 Hz. What 
is the time taken for the voltage to complete one cycle? 

Frequency = l/(time taken to complete a cycle) and thus the time 
taken to complete a cycle = 1/frequency = 1/50 = 0.02 s. 

16.2 Sinusoidal waveform We can generate a sinusoidal waveform if we consider the line OA in 
Figure 16.3 rotating in an anticlockwise direction about O with a constant 
angular velocity co so that it rotates through equal angles in equal intervals 
of time (note that the unit of angular velocity is radians/second). 

The line starts from the horizontal position and rotates through an angle 
9 in a time t. Since AB/OA = sin 9 we can write: 

AB = OA sin 9 

where AB is the vertical height of the line at some instant of time, OA 
being its length. The maximum value of AB will be OA and occur when 9 
= 90°. But an angular velocity co means that in a time t the angle 9 through 
which OA has rotated is cot. Thus the vertical projection AB of the 
rotating line will vary with time and is described by the equation 

AB = OA sin cot 

If we represent an alternating current i by the perpendicular height AB 
then its maximum value / m is represented by OA and we can thus write: 

i = I m sin cot 

This is the equation describing the sinusoidal waveform and how its 
current i at any instant varies with time t. In a similar way we can write for 
a sinusoidal alternating voltage: 

v — V m sin cot 


One cycle is a rotation of OA through 360° or 2n radians. Rotating at 
an angular velocity of co means that the time T taken to complete one 
cycle is: 



Figure 16.3 Deriving a sinusoidal waveform 
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16.3 Average value 



The frequency /is 1 IT and so: 
m = 2%f 

So we can write the equations as: 

i = I m sin 2nft and v= V m sin 2 nft 

Example 

A sinusoidal alternating current has a frequency of 50 Hz and a 
maximum value of 4.0 A. What is the instantaneous value of the 
current (a) 1 ms, (b) 2 ms after it is at zero current? 

We have i - 7 m sin 27t^ = 4.0 sin 2 tc x 50 1 = 4.0 sin 314/. 

(a) When t = 1 ms then i = 4.0 sin 3 14 x 1 x 10“ 3 = 4.0 sin 0.3 14. The 
0.3 14 is in units of radians, not degrees. This can be worked out using 
a calculator operating in the radian mode, the key sequence being 
change mode to rad, press the keys for 0.314, then for sin, the x key, 
the key for 4 and then the = key. Thus i = 1 .24 A. 

(b) When t = 2 ms then i = 4.0 sin 314 x 2 x 10“ 3 = 4.0 sin 0.628 = 
2.35 A. 


Example 

A sinusoidal alternating current is represented by i = 10 sin 500t, 
where / is in mA. What is (a) the size of the maximum current, (b) the 
angular frequency, (c) the frequency and (d) the current after 1 ms 
from when it is zero? 


(a) The maximum current is 10 mA. 

(b) The angular frequency is 500 rad/s. 

(c) The frequency is given by the equation co = 2 nf and so /= eol2n = 
500/2tc = 79.6 Hz. 

(d) After 0.01 s we have i = 10 sin 500 x 0.01 = 10 sin 0.50. This 
angle is in radians. Thus i = 4.79 mA. 


The average, or mean, value of a set of numbers is their sum divided by 
the number of numbers summed. The mean value of some function 
between specified limits that is described by a graph can be considered to 
be the mean value of all the ordinates representing the values between 
these limits. We can give an approximation of this if we divide the area 
into a number of equal width strips (Figure 16.4); an approximation to the 
average value is then the sum of all the mid-ordinates y\, y 2 , y 2 , etc. of the 
strips divided by the number n of strips considered. 


average value = 


sum of mid-ordinate values 
number of mid-ordinates 
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Figure 16.4 Average value 


Figure 16.5 shows a sinusoidal waveform which has been subdivided 
into 18 equal width strips. If the instantaneous values of the current for the 
mid-ordinates of these strips are i\, h, h, etc. then the average value over 
one cycle will be the sum of all these mid-ordinate values divided by the 
number of values taken. But, because the waveform has a negative half 
cycle which is just the mirror image of the positive half cycle, then the 
average over a full cycle must be zero. For every positive value there will 
be a corresponding negative value. 



Figure 16.5 Obtaining the average value 

Over one half cycle the average value of the sinusoidal waveform is: 

_ i\ +h + h + ... + ig 
hv ~ 9 

When the maximum value of the current is 1, readings taken from the 
graph for the currents (or obtained using a calculator to give the values of 
the sine at the mid-ordinate values) are: 

i\ h h it *5 U h h U 

Strip 0- 20- 40- 60- 80- 100- 120- 140- 160- 

20° 40° 60° 80° 100° 120° 140° 160° 180° 

Mid- 10° 30° 50° 70° 90° 110° 130° 150° 170° 

ordinate 

Value 0.17 0.50 0.77 0.94 1.00 0.94 0.77 0.50 0.17 

The average of these values is: 

0. 1 7 + 0.50 + 0.77 + 0.94 + 1 .00 + 0.94 + 0.77 + 0.50 + 0. 1 7 
9 

The average is thus 0.64. The accuracy of the average value is improved 
by taking more values for the average. The average value for a sinusoidal 
waveform of maximum value 7 m over half a cycle is then found to be 
0.6371 . This is the value of 2/jc and so for a current of maximum value 7 m 
we have: 
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Time in ms 


Figure 16.6 Example 


16.4 Root-mean-square values 



Figure 16.7 Obtaining the 
average value 


/av = % = 0.637/ m 

In a similar way we could have derived the average value for a sinusoidal 
voltage over half a cycle as: 

F av = ^1^ = 0.637 F m 

Example 

Determine the average value of the half cycle of the current waveform 

shown in Figure 16.6. 

Dividing the half cycle into segments of width 1 s by the solid lines 

then the mid-ordinates are indicated by the fainter lines in the figure. 

The values of these are: 

Mid-ordinate in ms 0.5 1.5 2.5 3.5 4.5 

Current in A 1.0 3.0 4.0 4.0 2.0 

The average value is thus 

average = -UL +3-0 + 4^0 + 4.0 + 2.0 = 2 g A 

Since we are frequently concerned with the power developed by a current 
passing through a circuit component, a useful measure of an alternating 
current is in terms of the direct current that would give the same power 
dissipation in a resistor. For an alternating current, the power at an instant 
of time is i 2 R, where i is the current at that instant and R is the resistance. 
Thus to obtain the power developed by an alternating current over a cycle, 
we need to find the average power developed over that time. In terms of 
mid-ordinates we add together all the values of power given at each 
mid-ordinate of time in the cycle and divide by the number of 
mid-ordinates considered. Because we are squaring the current values, 
negative currents give positive values of power. Thus the powers 
developed in each half cycle add together. 

For the sinusoidal waveform shown in Figure 16.7, the average power 
Fav developed in one complete cycle is the sum of the mid-ordinate 
powers divided by the number of mid-ordinates used and so: 

i\R + i\R + i\R + ... + i\ % R i\ + i\ + i\ + ... + ^ 

n v - 18 is R 

For a direct current I to give the same power as the alternating current, 
we must have PR = P m . Thus the square of the equivalent direct current P 
is the average (mean) value of the squares of the instantaneous currents 
during the cycle. This equivalent current is known as the 
root-mean-square current 7™. Hence: 
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Inm = V(mean of the sum of the values of the squares of the 
alternating current) 

In the above we considered the power due to a current through a 
resistor. We could have considered the power in terms of the voltage 
developed across the resistor. The power at an instant when the voltage is 
v is v 2 //?. The equivalent direct voltage V to give the same power is thus 
when F 2 //? is equal to the average power developed during the cycle. 
Thus, as before, we obtain: 

Vrms = ''/(mean of the sum of the values of the squares of the 
alternating voltage) 

Consider the use of the mid-ordinate rule to obtain values of the 
root-mean-square current, or voltage, for the sinusoidal waveform given in 
Figure 16.7. When the maximum value is 1, we have: 
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The sum of these values is 9.00 and thus the mean value is 9.00/18 = 0.50. 
The root-mean-square current is therefore V0.50 = 1/^2. Thus, with a 
maximum current of 7 m : 



Similarly: 



where V m is the maximum voltage. 
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We could have arrived at the above results for the sinusoidal waveform 
by considering the form of the graph produced by plotting the square of 
the current values, or the voltage values. Figure 16.8 shows the graph. 



Figure 16.8 Root-mean-square current 

The squares of the positive and negative currents are all positive 
quantities and so the resulting graph oscillates between a maximum value 
of 7 m 2 and 0. The mean value of the i 2 graph is I m 2 /2, the i 2 graph being 
symmetrical about this value. The mean power is thus R If- 12 and so: 

root-mean-square current = 7 m /V2 

Thus, the root-mean-square current is the maximum current divided by 

< 2 . 


Example 

Determine the root-mean-square value of a current with a peak value 
of 3 A. 

The root-mean-square value = 7 m /V2 = 3/V2 = 2. 1 A. 

16.4.1 Form factor 

For alternating currents, or voltages, the relationships between the root- 
mean-square values and the maximum values depend on the form of the 
waveform. Figure 16.9 shows some examples of waveforms with their 
average over half a cycle and root-mean-square values in terms of their 
maximum values. The ratio of the root-mean-square value to the average 
value over half a cycle is called the form factor and is an indication of the 
shape of the waveform. 


rms value 

average value over half a cycle 


form factor = 
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Figure 16.9 Form factors 


Example 

Using the mid-ordinate rule the following current values were 
obtained for the half cycle of a waveform, the other half cycle being 
just a mirror image. Estimate (a) the average value over half a cycle, 
(b) the root-mean-square value, (c) the form factor. 

Current values inA 2 2 2 2 2 4 4 4 


(a) 7 av = 2+2+2+2+2+4+4+4 = 275A 

(b) /„. = j 4 + 4 + 4 + 4 + 4+16 + 16 ±16 _ 2.92 A 


(c) form factor = 


rms value _ 2,92 
average value 2.75 


1.06 


16.5 Basic measurements For alternating currents and voltages, the moving coil meter can be used 
with a rectifier circuit. Typically the ranges with alternating currents vary 
from about 10 mA to 10 A with accuracies up to ±1% of full scale 
deflection for frequencies in the region 50 Hz to 10 kHz. With alternating 
voltages, the ranges are typically from about 3 V to 3 kV with similar 
accuracies. Multimeters give a number of direct and alternating current 
and voltage ranges, together with resistance ranges. A typical meter has 
full scale deflections for d.c. ranges from 50 gA to 10 A, a.c. from 10 mA 
to 10 A, direct voltages from 100 mV to 3 kV, alternating voltages 3 V to 
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3 kV and for resistance 2 kQ to 20 MQ. The accuracy for d.c. ranges is 
about ±1% of foil scale deflection, for a.c. ±2% of foil scale deflection 
and for resistance ±3% of the mid-scale reading. 

16.5.1 The cathode ray oscilloscope 

The cathode ray oscilloscope (CRO) is essentially a voltmeter which 
displays a voltage as the movement of a spot of light on a fluorescent 
screen and consists of a cathode ray tube with associated circuits. The 
cathode ray tube (Figure 16.10) consists of an electron gun which 
produces a beam of electrons which is focused onto a fluorescent screen 
where it produces a small glowing spot of light. This beam can be 
deflected in the vertical direction (the Y-direction) and the horizontal 
direction (the X-direction) by voltages applied to the Y and X inputs, the 
amount of deflection being proportional to the applied voltage. 


Figure 16.10 Cathode ray tube 

1 Brightness 

The electrons are produced by heating the cathode. The number of 
electrons passing down the tube per second, and hence the brightness 
of the spot on the screen, is controlled by a potential applied to the 
modulator. The more negative it is the more it repels electrons and 
prevents them passing down the tube. 

2 Focusing 

The electrons are attracted down the tube as a result of the anode 
being positive with respect to the cathode. The focusing plates have 
their potentials adjusted so that the electrons in the beam are made to 
converge to a spot on the screen. The screen fluoresces when hit by 
electrons and is marked with a grid so that the position of the spot 
formed by the beam, and any movement, can be detected. 

3 Deflection 

When a potential difference is applied to the Y-deflection plates it 
produces an electric field between the plates which causes the beam 
of electrons to be deflected in the Y-direction. When a potential 
difference is applied to the X-deflection plates it produces an electric 
field between the plates which causes the beam of electrons to be 
deflected in the X-direction. The amount by which the electron beam 
is deflected is proportional to the potential difference between the 



coated screen 
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plates. A switched attenuator and amplifier enable different ranges of 
voltage signals to be applied to the Y-input. A general purpose 
oscilloscope is likely to have calibrated ranges which vary between 
5 mV per scale division to 20 V per grid scale division. In order that 
alternating voltage components of signals can be viewed in the 
presence of high direct voltages, a blocking capacitor can be switched 
into the input line. Also, so that the vertical position of the beam can 
be altered, an internally supplied potential difference can be supplied 
to the Y-plates. 



Figure 16. 1 1 Beam deflections in (a) Y and (b) X directions 

Thus with a voltage applied to the Y-deflection plates we might 
move the spot on the screen in the way shown in Figure 16.11(a), 
with the voltage applied to the X-deflection plates the movement 
might be in the way shown in Figure 16.11(b). The screen is marked 
with a grid of centimetre squares to enable such deflections to be 
easily measured. Thus in (a), if each square corresponds to a voltage 
of 1 V then the Y-input was 3 V, in (b) if each square corresponded 
to, say, 2 V then the X-input was 6 V. 

4 Time base 

The purpose of the X-deflection plates is to deflect the beam of 
electrons in the horizontal direction. They are generally supplied with 
an internally generated signal which sweeps the beam from left to 
right across the screen with a constant velocity, then very rapidly 
returns the beam back (called flyback) to the left side of the screen 
again (Figure 16.12). 


Constant velocity sweep 



Flyback 

Figure 16.12 Time-base signal 

The constant velocity means that the distance moved in the 
X-direction is proportional to the time elapsed, hence the X-direction 


200 Engineering Science 


can be taken as a time axis, i.e. a so-called time base. Thus with, say, 
an alternating voltage applied to the Y-deflection plates and a time 
base signal to the X-deflection plates, the screen displays a graph of 
input voltage against time. With a sinusoidal alternating voltage, and 
a suitable time base signal so that it takes just the right time to move 
across the screen and get back to the start on the left to always start at 
the same point on the voltage wave, the screen might look like that 
shown in Figure 16.13. From measurements of the displacement in 
the Y-direction to give the maximum displacement from the zero axis 
we can determine the value of the maximum voltage. By using a 
calibrated time base so that we know the time taken to cover each 
centimetre in the horizontal direction, we can determine the time 
taken to complete one cycle of the alternating voltage. 

A general purpose oscilloscope will have time bases ranging from 
about 1 s per scale division to 0.2 ps per scale division. Also, so that 
the horizontal start position of the beam can be altered, an internally 
supplied potential difference can be supplied to the X-plates. 

Trigger 

For a periodic input signal to give rise to a steady trace on the screen 
it is necessary to synchronise the time base and the input signal using 
the trigger circuit so that the movement of the beam from left to right 
across the screen always starts at the same point on the signal 
waveform. The trigger circuit can be set so that it produces a pulse to 
start the time base sweep across the screen when a particular Y-input 
voltage is reached and also whether it is increasing or decreasing. 

Figure 16.14 shows the controls likely to be found on a very basic 
cathode ray oscilloscope. The basic procedures to be adopted in order to 
operate such an oscilloscope are: 

1 Brightness control off. Focus control midway. Y-shift control 
midway. AC/DC switch set to DC. Y volts/cm control set to 1 V/cm. 
Time base control set to 1 ms/cm. 

2 Plug into the mains socket. Switch on using the brightness control. 
Wait for the oscilloscope to warm up, perhaps a minute.’ Move the 
brightness control to full on. A bright trace should appear across the 
screen. If it does not, the trace may be off the edge of the screen. Try 
adjusting the Y-shift to see if it can be brought on to the screen. 

3 Centre the trace using the Y-shift control. Reduce the brightness to an 
acceptable level and use the focus to give a sharp trace. 

4 Switch the time base control to the required range for the signal 
concerned. Apply the input voltage. Select a suitable number of 
volts/cm so that the trace occupies a reasonable portion of the screen 
and measurements can be made. 

Example 

A cathode ray oscilloscope is being used to determine the value of a 
direct voltage. With the Y volts/cm control set at 5 V/cm, connection 
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of the voltage to the Y-input results in the spot on the screen being 
displaced through 3.5 cm. What is the applied voltage? 

Since the spot displaces by 1 cm for every 5 V, a displacement of 
3.5 cm means a voltage of 3.5 x 5 = 17.5 V. 


Also on/off 

Screen with cm grid Light to indicate power on switch 



Volts/cm Shift 


£ 01 ^ 


Selects sensitivity Selects range 

1,5, 10, 50, lOOV/cm 0T V’ ' d 

ms/cm 


Brightness: This control is also generally used as an off/on switch. It adjusts the 
brightness of the spot on the screen. 

Focus: This adjusts the electron gun so that is produces a focused, i.e. sharp, spot 
or trace on the screen. 

Time base: This has two controls. With the variable knob set to off, the calibrated 
range switch can be used to select the time taken for the spot to move per cm of 
screen in the horizontal direction from left to right. The variable knob can be used 
to finely tune the time. Also, when the time base is switched off, the variable control 
can be used to shift the spot across the screen in the X-direction. 

Y-controls: This has two controls. The Y-shift is to move the spot on the screen in a 
vertical direction and is used for centring the spot. The volts/cm control is used to 
adjust the sensitivity of the Y-displacement to the input voltage. With it set, for 
example, at 1 V/cm then 1 V is needed for each centimetre displacement. 

AC/DC switch: With switch set to d.c. the oscilloscope will respond to both d.c. and 
a.c. signals. With the switch set to a.c. a blocking capacitor is inserted in the input 
line to block off all d.c. signals. Thus if the input was a mixture of d.c. and a.c. the 
deflection on the screen will be only for the a.c. element. 

Y-input The Y-input is connected to the oscilloscope via two terminals, the lower 
terminal being earthed. 


Figure 16.14 Controls on a basic cathode ray oscilloscope 


Example 

Figure 16.15 shows the screen seen when an alternating voltage is 
applied to the Y-input with the Y attenuator set at 1 V/scale division 
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Figure 16.15 Example 

Activities 

Problems 


and the time base at 0.1 ms/scale division. Determine the maximum 
value of the voltage and its frequency. 

The alternating voltage oscillates between +K m and -V m about the 
central axis. The trace on the screen is of a wave which oscillates 
with a displacement which varies from +2.25 cm to -2.25 cm about 
the central line through the wave. Thus, since the control is set at 
1 V/cm, the maximum voltage is 2.25 V. The number of horizontal 
divisions in one cycle is 8 and thus corresponds to a time of 0.8 ms. 
Hence the frequency, which is the reciprocal of this time, is 1/0.8 = 
1.25 kHz. 

1 Use a cathode ray oscilloscope to determine the amplitude and 
frequency of a given alternating voltage. 

1 A sinusoidal voltage has a maximum value of 10 V and a frequency 
of 50 Hz. (a) Write an equation describing how the voltage varies 
with time, (b) Determine the voltages after times from t = 0 of 
(i) 0.002 s, (ii) 0.006 s and (iii) 0.012 s. 

2 A sinusoidal current has a maximum value of 50 mA and a frequency 
of 2 kHz. (a) Write an equation describing how the current varies 
with time, (b) Determine the currents after times from t = 0 of 
(i) 0.4 ms, (ii) 0.8 ms, (iii) 1.6 ms. 

3 For a sinusoidal voltage described by v = 10 sin 1000/ volts, what 
will be (a) the value of the voltage at time / = 0, (b) the maximum 
value of the voltage, (c) the voltage after 0.2 ms? 

4 Complete the following table for the voltage v = 1 sin 100/ volts. 

/in ms 0 2 4 6 8 10 12 14 16 

v in V 

5 Determine the average values of the segments of waveforms shown in 
Figure 16.16. 

6 Show that for a triangular waveform, of the form of the lull cycle 
shown in Figure 16.16(a), with a maximum value of V m that over half 
the cycle shown the average value is 0.5 V m . 

7 A sinusoidal alternating current has a maximum value of 2 A. What is 
the average value over (a) half a cycle, (b) a full cycle? 

8 A rectangular shaped alternating voltage has a value of 5 V for half a 
cycle and -5 V for the other half. What is the average value over 
(a) half a cycle, (b) a full cycle? 

9 Show that the average value for a square waveform, as in Figure 
16.16(b), over half a cycle is equal to the maximum value. 

10 Show that the average value for a sawtooth waveform over half a 
cycle, as in Figure 16.16(d), is half the maximum value. 

[ 1 A sinusoidal alternating current has a maximum value of 4 V. What is 
the root-mean-square value? 
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Figure 16.16 Problem 5 


12 Determine the root-mean-square current for a triangular waveform 
which gave the following mid-ordinate values over a full cycle: 


Figure 16.17 Problem 15 


current in mA 5 15 25 15 5 -5 -15 -25 -15 -5 

13 Determine the root-mean-square voltage for an irregular waveform 
which gave the following mid-ordinate values over a Ml cycle: 

voltage in V 5 10 12 8 2 -5 -10 -12 -8 -2 

14 Show that the root-mean-square value of a triangular waveform of the 
form shown in Figure 16.16(a) and having a maximum value of V m is 
given by F m /V3. 

15 Determine the average value, the root-mean-square value and the 
form factor of the waveform giving Figure 16.17. 

16 A rectangular shaped alternating current has a maximum value of 4 A 
for half a cycle and -4 A for the other half. What is the root- 
mean-square value? 

17 A half cycle of a waveform gave the following voltage values for the 
mid-ordinates, the other half cycle being a mirror image. What are (a) 
the half cycle average value, (b) the root-mean-square value, and (c) 
the form factor? 


Voltages inV13579999 

18 A half cycle of a waveform gave the following current values for the 
mid-ordinates, the other half cycle being a mirror image. What are (a) 
the half cycle average value, (b) the root-mean-square value, and (c) 
the form factor? 
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Figure 16.18 Problem 21 


Current in mA 5 15 25 25 15 5 

19 Show that the root-mean-square value for a square waveform, as in 
Figure 16.16(b), over half a cycle is equal to the maximum value. 

20 Show that the root-mean-square value for a sawtooth waveform over 
half a cycle, as in Figure 16.16(d), is the maximum value divided by 

V3. 

21 Determine the average value, the root-mean-square value and the 
form factor for the voltage with the waveform shown in Figure 16.18. 

22 Determine the root-mean-square value of a square wave voltage 
waveform, as in Figure 16.9, with a maximum value of 1 V. 

23 Determine the root-mean-square value of a sinusoidal voltage wave- 
form with a maximum value of (a) 2 V, (b) 10 V. 

24 Determine the root-mean-square value of a sinusoidal current 
waveform with a maximum value of (a) 10 mA, (b) 3 A. 

25 Determine the maximum value of a sinusoidal current waveform with 
a root-mean-square value of (a) 100 mA, (b) 4 A. 

26 Determine the maximum value of a square wave voltage waveform 
with a root-mean-square value of 10 V. 

27 Explain how the following controls on a cathode ray oscilloscope 
work: (a) brightness, (b) vertical position, (c) time base, (d) trigger. 

28 The trace on the screen of a cathode ray oscilloscope is deflected 2.5 
scale divisions upwards when a direct voltage signal is applied to the 
Y-input. If the Y attenuator is set at 0.1 V/scale division, what is the 
size of the voltage? 

29 When a sinusoidal alternating voltage is applied to the Y-input of a 
cathode ray oscilloscope, the signal on the screen has a peak-to-peak 
separation of 4.5 screen divisions. If the Y attenuator is set at 
5 V/scale division, what is the maximum voltage? 

30 When a sinusoidal alternating voltage is applied to the Y-input of a 
cathode ray oscilloscope, the signal on the screen has a distance of 
6.4 scale divisions for one cycle. If the time base is set at 1 ms/scale 
division, what is the frequency of the voltage? 


17 Series a.c. circuits 


17.1 Introduction This chapter follows on from Chapter 16 and considers the characteristics 
and behaviour of resistors, capacitors and inductors in single phase a.c. 
series circuits. Phasors are introduced and used to simplify the analysis. 
The frequency dependent behaviour of capacitors and inductors is 
determined and series circuits involving resistors, capacitors and inductor 
circuits analysed. Power dissipation in circuits and the effects of phase 
angle, true power, apparent power and power factor are considered, 
together with their significance in electrical engineering. 

Half-wave and full-wave rectifier circuits, with the associated 
smoothing circuits, are also discussed. 

17.2 Sine waves and phasors We can generate a sinusoidal waveform by rotating a line OA in an 
anticlockwise direction about O with a constant angular velocity a> 
(Figure 17.1). With the line starting from the horizontal position and 
rotating through an angle 0 in a time t, the vertical height AB = OA sin 0. 
The maximum value of AB will be OA and occur when 0 = 90°. An 
angular velocity co means that in a time t the angle 0 covered is car. Thus 
AB = OA sin car. If we represent an alternating current i by the 
perpendicular height AB then its maximum value 7 m is represented by OA 
and we can write: 

/ = 7 m sin car 

In a similar way we can write for a sinusoidal alternating voltage: 
v=V m sin car 

The frequency /is 1 IT and so a) = 2 nf. Thus the above equations can be 
written as i = 7 m sin 2 nft and v=V m sin 2nft. 



Figure 17.1 Generating a sinusoidal waveform 
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Figure 17.2 Waveform not starting from a zero value 


In Figure 17.1 the rotating line OA was shown as starting from the 
horizontal position at time t = 0. But we could have an alternating voltage 
or current starting from some value other than 0 at t - 0. Figure 17.2 
shows such a situation. At t = 0 the line OA is already at some angle <t>. As 
the line OA rotates with an angular velocity cothen in a time t the angle 
swept out is cot and thus at time t the angle with respect to the horizontal is 
cot + </>. Thus we have: 

j = / m sin {cot + f) and v= F m sin(cut + ^) 

In discussing alternating current circuits we often have to consider the 
relationship between an alternating current through a component and the 
alternating voltage across it. If, for a series circuit, we take the alternating 
current as the reference and consider it to be represented by OA being 
horizontal at time / = 0, then the voltage may have some value at that time 
and so be represented by another line OB at some angle 4> at t = 0 (Figure 
17.3). There is said to be a phase difference of <t> between the current and 
the voltage. If ^ has a positive value then the voltage is said to be leading 
the current (as in Figure 17.3), if a negative value then lagging the 
current. 



Figure 17.3 Voltage leading the current by $ with i = I m sin (Ot and v = V m sin (cot + <f>) and its description by a 
phasor diagram 
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Figure 17.4 Leading and lagging 


It is thus possible to describe a sinusoidal alternating current by 
equations of tbe type given above or by just specifying the rotating line in 
terms of its length and its initial angle relative to a horizontal reference 
line. The term phasor, being an abbreviation of the term phase vector, is 
used for such lines. The length of the phasor can represent the maximum 
value of the sinusoidal waveform or the root-mean-square value, since the 
maximum value is proportional to the root-mean-square value. 

Currents and voltages in the same circuit will have the same frequency 
and thus the phasors used to represent them will rotate with the same 
angular velocity and maintain the same phase angles between them at all 
times; they have zero motion relative to one another. For this reason, we 
do not need to bother about drawing the effects of their rotation but can 
draw phasor diagrams giving the relative angular positions of the phasors 
as though they were stationary. 

The following summarise the main points about phasors: 

1 A phasor has a length that is directly proportional to the maximum 
value of the sinusoidally alternating quantity or, because the 
maximum value is proportional to the root-mean-square value, a 
length proportional to the r.m.s. value. 

2 Phasors are taken to rotate anticlockwise and have an arrow-head at 
the end which rotates. 

3 The angle between two phasors shows the phase angle between their 
waveforms. The phasor which is at a larger anticlockwise angle is 
said to be leading, the one at the lesser anticlockwise angle lagging 
(Figure 17.4). 

4 The horizontal line is taken as the reference axis and one of the 
phasors given that direction, the others have their phase angles given 
relative to this reference axis. 


20 V 


b ► 

1.5 A 


Figure 17.5 Example 


Note that, in textbooks, it is common practice where we are concerned 
with just the size of a phasor to represent it using italic script, e.g. V, but 
where we are referring to a phasor quantity with both its size and phase 
we use bold non-italic text, e.g. V. Thus we might say - phasor V has size 
of V and a phase angle of <j>- 

Example 

Draw the phasor diagram to represent the voltage and current in a 
circuit where the current is described by i = 1 .5 sin cot A and the 
voltage by v = 20 sin (cot + tt.IT) V. 

Figure 17.5 shows the phasors with their lengths proportional to the 
maximum values of 1 .5 A and 20 V. 


17.3 R, L, C in a.c. circuits In the following discussion the behaviour of resistors, inductors and 
capacitors are considered when each individually is in an a.c. circuit. 

17.3.1 Resistance in a.c. circuits 

Consider a sinusoidal current: 
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/ = / m sin OJt 

passing through a pure resistance (Figure 17.6). A pure resistance is one 
that has only resistance and no inductance or capacitance. 



(e) Current phasor 


Figure 17.8 Current and 
voltage with pure inductance 



Current phasor 


Figure 17.6 A purely resistive circuit 

Since we can assume Ohm’s law to apply, then the voltage v across the 
resistance must be v = Ri and so: 

v = RI m sin cot 

The current and the voltage are thus in phase. The maximum voltage will 
be when sin tat = 1 and so V m - RJ m . 

17.3.2 Inductance in a.c. circuits 

Consider a sinusoidal current / = I m sin (at passing through a pure 
inductance (Figure 17.7). 



Figure 17.7 Circuit with only inductance 

Figure 17.8(a) shows how the current varies with time. A pure 
inductance is one which has only inductance and no resistance or 
capacitance. With an inductance a changing current produces a back 
e.m.f. of -L x the rate of change of current, i.e. L di/dt, where L is the 
inductance. The gradient of the graph in (a) gives the rate of change of 
current and thus (b) shows how the rate of change of current varies with 
time; the rate of change of current is zero when the current is at a 
maximum and a maximum when the current is zero. The back e.m.f. is —L 
x the rate of change of current and so is given by (c). The applied e.m.f. 
must overcome this back e.m.f. for a current to flow. Thus the voltage v 
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across the inductance is given by (d), i.e. it is L di/dt. As graphs (a) and 
(d) show, the current and the voltage are out of phase with the voltage 
leading the current by 90°. Figure 17.8(e) shows the phasors. 

We can thus obtain the graph of the voltage by considering, as above, 
the gradients of the current-time graph or by differentiating the current 
equation to give: 

v = sin cot) = 0 )LI m cos cot 

Since cos cot = sin (cot + 90°), the current and the voltage are out of phase 
with the voltage leading the current by 90°. 

The maximum voltage is when cos cot = 1 and so we have V m = coLI m . 
VJI m is called the inductive reactance Xl. Thus: 

Vm 

X L = j^=COL 

Note that the maximum values do not occur at the same time. The 
reactance has the unit of ohms. The reactance is a measure of the 
opposition to the current. The bigger the reactance the greater the voltage 
has to be to drive the current through it. 

Since the root-mean-square current is the maximum current divided by 
the square root of 2 and the root-mean-square voltage is the maximum 
voltage divided by the square root of 2, the inductive reactance can also 
be written as: 



0 Frequency 

Figure 17.9 Inductive reactance 


V m 72 Frms V m , 

/m film, 1 


Since® = litf then: 


X\. = 2nfL 


Thus the reactance is proportional to the frequency f The higher the 
frequency the greater the opposition to the current (Figure 17.9). With 
d.c., i.e./= 0, there is zero reactance and so the inductor acts as a short 
circuit. 


Example 

The alternating current in milliamperes passing through an inductor 
which has only an inductance of 200 mH is i = 50 sin 2000?. Derive 
the equation for the voltage across the inductor. 

Since the inductive reactance Xl = COL = 2000 x 0.200 = 400 Q, the 
maximum voltage must be V m = XJ m = 400 x 50 x 10“ 3 = 20 V. 
Hence, since the voltage will lead the current by 90° we have: 

v = 20 sin (2000? + 90°) V or 20 cos 2000? V 
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Figure 17.11 Voltage and 
current with pure capacitance 


‘ L Current 
phasor 

□ ► 

Voltage phasor 

Figure 17.12 Phasors for 

pure capacitance 


17.3.3 Capacitance in a.c. circuits 

Consider a circuit having just pure capacitance (Figure 17.10) with a 
sinusoidal voltage v = V m sin cot being applied across it (Figure 17.11(a)). 
A pure capacitance is one which has only capacitance and no resistance or 
inductance. 



Figure 17.10 Circuit with only capacitance 

The charge q on the plates of a capacitor is related to the voltage v by 
q = Cv. Thus, since current is the rate of movement of charge Aq/Al, we 
have: 

i = rate of change of q = rate of change of (Cv) 

= C x (rate of change of v) 

i.e. i = C dv/d t. The current is proportional to the rate of change of voltage 
with time and is thus proportional to the gradient of the voltage-time 
graph. Figure 17.11(b) shows how the gradient of the voltage-time graph 
varies with time. Thus Figure 17.11(c) shows how the current varies with 
time. As the graphs indicate, the current leads the voltage by 90° and 
Figure 17.12 shows the phasors. 

Alternatively, instead of determining the relationship between the 
voltage and the current graphically, we can use calculus. Since current is 
the rate of change of charge q : 

' = lb = ch (Cv) = C df sin<0<) = (aCVm coscot 

Since cos (Ot = sin (tot + 90°), the current and the voltage are out of phase, 
the current leading the voltage by 90°. 

The maximum current occurs when cos (Ot = 1 and so I m = (OCV m . VJI m 
is called the capacitive reactance X c . Thus: 



The reactance has the unit of ohms. Since c o = 2nf then X c = 1/2tc/C and 
since V m = V2K rm . s . and I m = V2/ rm . s . then: 


Y ^ Er, ms 1 ]_ 

C ~ Im~ 7r.au. “ (OC ~ 2nfO 
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The reactance is a measure of the opposition to the current. The bigger the 
reactance the greater the voltage has to be to drive the current through it. 
The reactance is inversely proportional to the frequency / and so the 
higher the frequency the smaller the opposition to the current. Figure 
17.13 shows how the reactance varies with frequency. With d.c., i.e./ = 0, 
the reactance is infinite and so no current flows. A capacitor can thus be 
used to block d.c. current. 


Frequency 

Figure 17.13 Effect of frequency on capacitive reactance 


Example 

Determine the reactance of a 220 pF capacitor at a frequency of 
5 kHz and hence the root-mean-square current through it when the 
root-mean-square voltage across it is 4 V. 

Xc= coC = 2 k Jc = 2nx5xl0 3 x220xl0- 12 = 145 kQ 
Vrms = Fm/V2 and L = IJ<2, hence V m //— = VJI m = X c . Thus: 


Irws 


-Lsl 4 

X c 145 x 10 3 


= 0.028 mA 


17.4 Components in series Suppose we want to add the potential differences across two components 
in series. If they are alternating voltages we must take account of the 
possibility that the two voltages may not be in phase, despite having the 
same frequency since they are supplied by the same source. 

Consider a circuit having a resistance R in series with an inductance L 
(Figure 17.14) and supplied with a current i = I m sin tot (Figure 17.15(a)). 



Figure 17.14 Resistance and inductance in series 
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Figure 17.15 Resistance and 
inductance in series 


The p.d. across R will be in phase with the current, as in Figures 
17.15(a) and (b). The voltage applied to an inductance leads the current 
by 90°, as in Figures 17.15(a) and (c). 

Because R and L are in series, at any instant the resultant voltage is the 
sum of the p.d.s across R and L. Thus at time t when the p.d. across R is 
AB and that across L is AC, the total applied voltage is AB + AC = AD. 
By adding together the two curves for the p.d.s in this way, we can derive 
the curve representing the resultant voltage across R and L. As the result 
of such addition (Figure 17.15(d)) shows, the resultant voltage attains its 
maximum positive value before the current does and passes through 
zero <t>° before the current passes through zero in the same direction; the 
resultant voltage leads the current by <j>. 

17.4.1 Adding phasors 

For a series circuit, the total voltage is the sum of the p.d.s across the 
series components, though the p.d.s may differ in phase. This means that 
if we consider the phasors, they will rotate with the same angular velocity 
but may have different lengths and start with a phase angle between them. 
As illustrated above, we can obtain the sum of two series voltages by 
adding the two voltage graphs, point-by-point, to obtain the resulting 
voltage. However, exactly the same result is obtained by using the 
parallelogram law of vectors to add the two phasors. 

If two phasors are represented in size and direction by adjacent sides 
of a parallelogram, then the diagonal of that parallelogram is the 
sum of the two. 


The procedure for adding two phasors is thus: 


1 Draw the phasors as the two adjacent sides of a parallelogram (Figure 
17.16). 



Phasor 1 


Figure 17.16 Adding phasors 

2 Complete the parallelogram and draw the diagonal from the same 
origin as the phasors being added. The diagonal represents in 
magnitude and direction the resultant phasor. 

If the phase angle between the two phasors of sizes V\ and V 2 is 90° 
(Figure 17.17), then the resultant can be calculated by the use of the 
Pythagoras theorem as having a size V given by V 2 = V 2 + V 2 and is at a 
Figure 17.17 Adding phasors phase angle <f> relative to the phasor for V 2 given by tan <fi = VjV\. 
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Vcos <l 


Figure 17.18 Resolving a 
phasor 


When phasors are not at right angles to each other, the simplest 
procedure is generally to first resolve the phasors into their horizontal and 
vertical components. Resolving a phasor into its components (Figure 
17.18) is the reverse procedure of adding two phasors to give a single 
resultant; two phasors at right angles to each other are determined which, 
when added, gives the original phasor. The horizontal component of the 
phasor V is V cos <t> and the vertical component is V sin <fi. Thus, for the 
addition of two phasors V\ at phase angle <t>\ and V 2 at phase angle <p 2 , the 
two horizontal components are V, cos <j>\ and V 2 cos <fi 2 and the two 
vertical components are V, sin <j>\ and V 2 sin <t> 2 (Figure 17.19). The sum of 
the horizontal components is V\ cos di + V 2 cos <t> 2 and the sum of the 
vertical components is V\ sin <j>\ + V 2 sin <t> 2 . We have now replaced the 
two original phasors by these two phasors at right angles to each other and 
can obtain the resultant phasor using Pythagoras. 



Figure 17.19 Adding phasors 

17.4.2 Resistance and inductance in series 

Consider a circuit having resistance and inductance in series (Figure 
17.20(a)). For such a circuit, the voltage for the resistance is in phase with 
the current and the voltage for the inductor leads the current by 90° 
(Figure 17.20(b)). Thus the phasor for the sum of the voltage drops across 
the two series components is given by Figure 17.20(c) as a voltage phasor 
with a phase angle <j>. We can use the Pythagoras theorem to give the 
magnitude V of the voltage: 



(c) 




(d) Triangle 


v L 


(e) 



X 


R 


Figure 17.20 RL series circuit 






214 Engineering Science 


v 2 = vi +vl 

and trigonometry to give the phase angle 0, i.e. the angle by which the 
voltage leads the current (this is in the direction of V R ): 

Vl 

tan* = T - 
COSifi = yr 

Since V R = IR and V L = IX L : 

V 2 = (IR) 2 + (IX L ) 2 =I 2 (R 2 +Xl) 


The term impedance Z is used for the opposition of a circuit to the flow of 
current, being defined as Z = V/I with the unit of ohms. Thus, for the 
resistance and inductance in series, the circuit impedance is given by: 


Z=jR 2 +Xl =Jr 2 + (coL) 2 


If we consider half of the parallelogram, i.e. the voltage triangle shown 
in Figure 17.20(d), then multiplying each of the sides by / gives the 
impedance triangle with sides of lengths IR, IX L and IZ, as shown in 
Figure 17.20(e). The values of the impedance and the phase angle can be 
determined from the impedance triangle by the use of the Pythagoras 
theorem and trigonometry: 


Z 2 =R 2 +Xl 

tan <j> = Xl/R, sin </> = X\JZ, and cos </ = R/Z. 


Example 

In a series RL circuit, the resistance is 10 Q and the inductance 
50 mH. Determine the value of the current and its phase angle with 
respect to the voltage if a 10 V r.m.s., 50 Hz supply is connected to 
the circuit. 


The inductive reactance is X L = 2 nfL = 27t x 50 x 0.05 = 15.7 Q. 
Thus: 


Z= JR 2 +Xl = VlO 2 + 15.7 2 = 18.6 Q 
<t> = tan- 1 ^ = tan" 1 = 57.5° 


Hence the magnitude of the current I is given by: 


'=fiw= 0S4A 



Series a.c. circuits 215 


and, since the current is in the direction of the phasor V R , its phase 
angle is 57.5° lagging behind the applied voltage V. 


Example 

A coil of resistance 30 Q and inductive reactance 40 Q is connected 
across a 240 V r.m.s. alternating supply. Determine the current taken 
from the supply? 

A single coil will generally have both inductance and resistance and 
we can consider these two elements to be in series. Thus: 

Z= JR 2 +Xl = V30 2 + 40 2 = 50 Q 

Thus the current / = VIZ = 240/50 = 4.8 A. 

17.4.3 Resistance and capacitance in series 

Consider a circuit having resistance and capacitance in series (Figure 
17.21(a)). For such a circuit, the voltage across the resistance is in phase 
with the current and the voltage across the capacitor lags the current by 
90° (Figure 17.21(b)). Thus the phasor for the sum of the voltage drops 
across the two series components is given by Figure 17.21(c) as a voltage 
phasor with a phase angle <f>. We can use the Pythagoras theorem to give 
the magnitude V of the voltage: 


p2 = p2 + p2 


and trigonometry to give the phase angle <f>, i.e. the angle by which the 
current leads the voltage: 



Figure 17.21 Series RC circuit 
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cos <f = ~~y~ 

Since F R = IR and V c = IX C : 

V 2 = (IR) 2 + (IX, c) 2 = ^(R 2 +X 2 C ) 

The impedance Z is VI I and thus: 

z=JFTxi = Jr 2 + (l/coQ 2 

If we consider half of the parallelogram, i.e. the voltage triangle shown 
in Figure 17.21(d), then multiplying each of the sides by I gives the 
impedance triangle with sides of lengths IR, IX l and IZ, as shown in 
Figure 17.21(e). This gives: 


Z 2 = R 2 +X % 


tan^ =X C IR, sin^ = XJZ and cos <j> = RIZ. 

Example 

In a series RC circuit the resistance is 20 Q. and the capacitance 
50 pF. Determine the value of the current and its phase angle with 
respect to the voltage if a 240 V r.m.s., 50 Hz supply is connected to 
the circuit. 

The capacitive reactance is UlnfC = 1/(2ji x 50 x 50 x 10 -6 ) = 
63.7 CL Thus the impedance triangle gives: 

Z- JR 2 +X 2 c = V20 2 + 63.7 2 = 66.8 Q 

<t = tan -1 = tan -1 = 72.6° 

Hence the magnitude of the current / is given by I = VIZ = 240/66.8 = 
3.59 A and, since the current is in the direction of the phasor V R , its 
phase angle is 72.6° leading the applied voltage V. 

Example 

A capacitor of reactance 3 kC2 is connected in series with a resistor of 
4 kfL An alternating voltage of 20 V r.m.s. is applied to the circuit. 
Determine the circuit current magnitude and phase. 

The impedance Z = -v/(3 2 + 4 2 ) = 5 kQ and the phase angle <j> is given 
by tan <j> = X c IR = 3/4 and so ^ = 36.9°. The current is thus 20/5 = 
4 mA and lags the voltage by 36.9°. 
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17.4.4 RCL series circuit 

For such a circuit (Figure 17.22), the voltage across the resistance is in 
phase with the current, the voltage across the capacitor lags the current by 
90° and the voltage across the inductor leads the current by 90°. There are 
three different operating conditions: when V L > V c , i.e. X L > X c ; when 
V,. < V c , i.e. X L < X c ; and when V L = V c , i.e. X t = X c . 

RCL 


V r v c V L 


V 




Figure 17.22 Series RCL 

1 For V L > V c , i.e. X L > X c (Figure 17.23) 

Because the voltage phasors for the inductor and capacitor are in 
opposite directions (Figure 17.23(a)) we can subtract them to give a 
phasor for the voltage drop across the inductor and capacitor of size 
V L - V c . We can then use the parallelogram relationship of phasors to 
obtain the resultant voltage (Figure 17.23(b)). 



Figure 17.23 V L > V c 

The circuit behaves like a resistance in series with an inductance, 
the voltage across the series arrangement leading the current by <f>\ 

Z 2 =R 2 + (X l -Xc) 2 


tan<# = 


X L -Xc 

R 


cos (/> = 

2 For V L < V c , i.e. X L < X c (Figure 17.24) 

Because the voltage phasors for the inductor and capacitor are in 
opposite directions (Figure 17.24(a)) we can subtract them to give a 
phasor for the voltage drop across the inductor and capacitor of size 
Vc - V L . We can then use the parallelogram relationship of phasors to 
obtain the resultant voltage (Figure 17.24(b)). 
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Figure 17.24 V L <V C 


As a result the circuit behaves like a resistance in series with 
capacitance, the voltage across the series arrangement lagging behind 
the current by phase <j> : 

Z 2 =R 2 + {X C -X L ) 2 


tan^= 


Xc-X L 
R 



3 For Vl = V c , i.e. X L = X c (Figure 17.25) 

The voltage phasor for the capacitor is equal in magnitude to the 
voltage phasor for the inductor but in exactly the opposite direction 
(Figure 17.25(a)). The two voltage phasors when added cancel each 
other out (Figure 17.25(b)). The result is that the circuit behaves as 
though it was just the resistance with the impedance Z = R and phase 
^ = 0 °. 



Figure 17.25 Vl = Vc 

Example 

In a series RLC circuit the resistance is 10 Q, the inductance 60 mH 
and the capacitance 300 pF. Determine the value of the current and its 
phase angle with respect to the voltage if a 24 V r.m.s., 50 Hz supply 
is connected to the circuit. 

The inductive reactance isX L = 2 nfL = 2n x 50 x 0.060 = 18.8 Q and 
the capacitive reactance is2f c = 1/(2 nfC) = 1/(2tc x 50 x 300 x 1 0 ^) = 
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10.6 Q. Since the inductive reactance is greater than the capacitive 
reactance the situation is like that shown in Figure 17.23. The circuit 
impedance Z is: 

Z= Jr 2 + (X l -X c) 2 = VlO 2 + (18.8- 10.6) 2 = 12.9 Q 

= tan" 1 ~~ r R X(; = tan” 1 188 1 ~ 10 - 6 =39.4° 

The circuit current has a magnitude I = VIZ = 24/12.9 = 1.86 A and 
the current, in phase with V R , lags the voltage by 39.4°. 

17.5 Series resonance Inductive reactance is given by Xl = 2nfL and so increases as the 
frequency /increases (Figure 17.26(a)). Capacitive reactance Ac = l/2nfC 
and so decreases as the frequency / increases (Figure 17.26(b)). 
Resistance does not vary with frequency (Figure 17.26(c)). 




Figure 17.26 Effect of changes in frequency 

Thus for a series RLC circuit connected to a variable frequency voltage 
supply, there will be a frequency fo at which we have Xl = Xc and so: 

fo = j=- 

2njLC 


This frequency is known as the resonant frequency. 
The impedance Z of a RCL circuit is given by: 

z=Jr 2 +(x l ~x c ) 2 


The ‘curly minus’ sign is used to indicate that it is the difference between 
the two reactances we are concerned with and it is either X L - X c or Xc - 
X L depending which reactance is the greater. Figure 17.27 shows how the 
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impedance varies with frequency. When X L = X c , i.e. at the resonant 
frequency, the impedance is just R. At all other frequencies the impedance 
is greater than R. The circuit thus has a minimum impedance at the 
resonant frequency. 




Figure 17.27 Resonance 

Since the circuit current I = VIZ, the consequence of the circuit 
impedance being a minimum at the resonant frequency fo is that the circuit 
current is at its maximum value, being V/R (Figure 17.28). At frequencies 
much lower than the resonant frequency and much higher, the impedance 
is high and so the current is very low. 


Example 

A circuit, of a resistance of 4 Q , an inductance of 0.5 H and a 
variable capacitance in series, is connected across a 10 V, 50 Hz 
supply. Determine (a) the capacitance to give resonance and (b) the 
voltages across the inductance and the capacitance. 

(a) For resonance the inductive reactance equals the capacitive 
reactance and thus: 


2nfL = 


2nfC 


c =^ = 4^5kaP-= 20 - 3xl0 " F = 20 - 3 ^ 

(b) At resonance the impedance equals the resistance of 4 Q. Thus: 


V L = IX L = 2.5 x 2n x 50 x 0.5 = 392.5 V 


Since we have X c = X L , the p.d. across the capacitance equals the p.d. 
across the inductance and so is also 392.5 V. 
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17.6 Subtracting phasors 


17.5.1 0-factor 

The voltage across the inductance at resonance is IX L and thus can be very 
large, likewise the voltage across the capacitor IX C . A factor known as the 
Q-f actor or ‘quality factor’ is used to indicate the voltage magnification 
across either the inductor or capacitor at resonance compared with the 
voltage across the resistance: 


0-factor = 


voltage across L or C at resonance 
voltage across R at resonance 


IX L 2%f 0 L 
~ IR ~ R 


Since f 0 = 1/2jiV(LC) we can write: 


0-factor = 


.±[T 

R\ C 


Example 

A series RLC circuit has a resonant frequency of 50 Hz, a resistance 
of 20 Q, an inductance of 300 mH, capacitance and a supply voltage 
of 24 V. Calculate (a) the value of the capacitance, (b) the circuit 
current at resonance, (c) the values of the voltages across each 
component and (d) the 0-factor of the circuit. 

(a) The resonant frequency fo = 1/2tW(LC) and so: 

C= 4n = 4«*x 502x0.300 = 33-8 ^ 

(b) At resonance I=V/R = 24/20 = 1.2 A. 

(c) At resonance, the voltage across the resistor will be the entire 
supply voltage of 24 V. The inductive reactance X L = ItcfL = 2n x 50 
x 0.300 = 94.2 £2 . At resonance X L = X c and so the capacitive 
reactance is also 94.2 Q. Hence the value of the voltage across the 
inductor and across the capacitor is IX = 1 .2 x 94.2 = 1 1 3 .0 V. 

(d) The 0-factor is voltage across L or C divided by the voltage 
across R and so is 1 13.0/24 = 4.7. 

There can be situations where we need to subtract phasors, e.g. we might 
know the voltage across a series combination of two elements and the 
voltage across one of them and need to find the voltage across the other. 
The procedure for subtracting one phasor (phasor 2) from another (phasor 
1) is: 

1 For the phasor to be subtracted (phasor 2), reverse its direction to 
give phasor 2. 

2 Draw the parallelogram with the reversed direction phasor (-phasor 
2) and the other phasor (phasor 1) as the two adjacent sides of a 
parallelogram (Figure 17.29). 
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3 Add phasor 1 and -phasor 2 by completing the parallelogram and 
drawing the diagonal from the same origin as the phasors being 
added. The diagonal represents in magnitude and direction the 
difference phasor. 



Figure 17.29 Subtracting phasors 

Example 

The instantaneous values of two alternating voltages are represented 
by Vi = 60 sin 0 volts and v 2 = 40 sin (0 -n/3) volts. Determine the 
difference of these voltages. 



Figure 17.30 Example 

Figure 17.30 shows the phasors Vi and V 2 for the two voltages. To 
subtract V 2 from Vi we reverse the direction of V 2 and then add -V 2 
to V 2 . We can add these by the use of a scale diagram of the phasors. 
Alternatively, we can use calculation if we resolve the phasors into 
their horizontal and vertical components and determine the resultants 
in these two directions (Figure 17.31). 



Horizontal 
component 
40 cos 60° 


Figure 17.31 Example 
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17.7 Power in a.c. circuits 



o t 

Figure 17.32 Power in a 
resistive circuit 


The resultant horizontal component is 60 - 20 = 40 V and the 
resultant vertical component is 34.64 V. Therefore: 

maximum value of the difference voltage 
= ,/40 2 +34.64 2 = 52.9 V 


W = od = ^40^" = 0866 

Thus^ = 40.9° = 0.714 radian and so the instantaneous value of the 
difference voltage = 52.9 sin (0 + 9.714) V. 

The power developed in a d.c. circuit is the product of the current and the 
resistance. With an a.c. circuit the instantaneous power p is the product of 
the instantaneous current i and instantaneous voltage v: 

p = iv 

Since the current and voltage are changing with time, the product varies. 
For this reason we quote the average power dissipated over a cycle. 

17.7.1 Purely resistive circuit 

For a purely resistive circuit the current and voltage are in phase and we 
have i = I m sin cot and v = V m sin cot. Hence the instantaneous power is: 

p = ImV m sin 2 cot 

Figure 17.32 shows the graphs of i, v and p. By inspection of the graph of 
p varying with time we might deduce that the average value of p over one 
cycle is: 

average power P = VJ m V m 

Alternatively, we can use the trigonometric relation cos 20 = 1 - 2 sin 2 0 
to write this as: 

p = I m V m Vi{ 1 - cos loot) = VJ m V m - VilmVm cos 2 cot 

The average value of a cosine function over one cycle is zero. Hence the 
average power P = VJ m V m . 

The r.m.s. current I is IJ'il and the r.m.s. voltage V is F m /V 2. Hence we 
can write the equation for the average power dissipated with a purely 
resistive circuit as: 


17.7.2 Purely inductive circuit 

Consider the power dissipated in a purely inductive circuit. Figure 17.33 
shows the current and voltage graphs. At any instant the power is iv. But 
the voltage leads the current by 90°. Thus we have i = / m sin cot and 
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v = V m sin (cot - 90°). The power p is thus p = I m sin (Ot V m sin ( cot - 90°). 
We can obtain the power at an instant of time by multiplying the current 
and voltage values at that time. Repeating these for each value of time 
gives the power graph shown. 



Figure 17.33 Power with a purely inductive circuit 


An alternative to graphically determining the power is to use the 
trigonometric relationship 2 sin A sin B = cos (A — B) - cos (A + B) then: 

2 sin c ot sin (cot - 90°) = cos (90°) - cos (2c ot - 90°) = 0 - sin 2coi 
Hence: 

power = vi = V m sin (Ot x I m sin (cot - 90°) = —AVJlm sin 2 cot 

The power alternates about the zero axis with a frequency which is 
twice that of the current or voltage. Over one cycle the average value is 
thus zero. This is because in that part of the cycle where the current is 
positive, energy is being stored in the magnetic field of the inductor, while 
in that part of the cycle where the current is negative the magnetic field is 
releasing its energy into the circuit. 

17.7.3 Purely capacitive circuit 

For a pure capacitance, the current leads the voltage by 90°, i.e. we have 
i = I m sin (cot + 90°) and v = V m sin cot and so the power is given by p = 
I m sin (cot + 90°) V m sin cot. Figure 17.34 shows the current and voltage 
graphs. We can obtain the power at an instant of time by multiplying the 
current and voltage values at that time. Repeating these for each value of 
time gives the power graph shown. 

An alternative to graphically determining the power is to use the 
trigonometric relationship 2 sin A sin B = cos (A -B)- cos (A + B) : 

power = vi = V m sin l Ot x I m sin ((Ot + 90°) = - l AVJ[ m cos (2 COi + 90°) 
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Figure 17.34 Power with purely capacitive circuit 
and so: 

power = 'AVrJm sin 2 cot 

The power alternates about the zero axis with a frequency which is 
twice that of the current or voltage. Thus the average power over one 
cycle is zero. This is because in that part of the cycle where the voltage is 
positive, energy is being stored in the electric field of the capacitor as it 
becomes charged, while in that part of the cycle where the voltage is 
negative the electric field is releasing its energy into the circuit. 

17.7.4 Resistance in series with inductance or capacitance 

When a circuit consists of a resistance in series with an inductance, or a 
resistance in series with a capacitance, then no power is dissipated in 
either the inductance or the capacitance but only in the resistance. 

Example 

A coil, equivalent to a resistance of 500 Q in series with an 
inductance of 500 mH, is connected across a 50 V r.m.s., 50 Hz 
supply. What is the power dissipated in the coil? 

The power dissipated will just be that in the resistance, i.e. PR. The 
impedance of the circuit is 

Z= JR 2 +X\ =7500 2 + (2jix50x0.5) 2 =524 Q 

Thus the current I = V/Z = 50/524 = 0.095 A. Hence the power 
dissipated is 0.095 2 x 500 = 4.6 W. 

Example 

Determine the resistance and inductance of a series RL circuit if, 
when connected to a 240 V r.m.s., 50 Hz supply, it takes a power of 
0.8 kW and a current of 4 A. 
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17.8 Power factor 



V cos t 
V sin$> 

Figure 17.35 Current 
and voltage phasors 


The circuit has a resistive component of R and a reactive component 
of X L . The true power is the power dissipated in just the resistive 
component and thus P = PR and so R = 800/4 2 = 50 Q. The circuit 
impedance Z = VII = 240/4 = 60 Q. Since Z = <(R 2 + Xp) then X L = 
- R 2 ) = V(60 2 - 50 2 ) = 33.2 Q. Since the reactance X L = 2nfL 
then L = 33.2/(2ti x 50) = 0.1 1 H. 

Consider a component or circuit where there is a phase difference between 
the current and the voltage (Figure 17.35), i.e. we have i = I m sin cot and 
v = V m sin ( Q)t - f) with <t> being the phase difference between the current 
and voltage. If we resolve the voltage phasor into horizontal and vertical 
components of V cos <f> and V sin <p, then the component at 90° to I is the 
situation we would get with a purely reactive circuit and so the average 
power over a cycle is zero for that component. Thus the average power P 
over a cycle is given by the in-phase components as: 

P = IV cos 

where / and V are r.m.s. values, the average power being in watts. 

We can obtain the above relationship by the using trigonometric 
relation 2 sin A sin B = cos (A- B)- cos (A + B). Thus: 

p = I m sin (Ot x V m sin ( cot - <t>) 

= % I m V m cost - VJmV m cos (2(Ot- <t) 

The average value of cos (2m <j>) over one cycle is zero and thus: 

average power P = VJ m V m cos </> = IV cos t 

The product of the r.m.s. values of the current and voltage is called the 
apparent power S, the unit of apparent power being volt amperes (VA). 
Multiplying the apparent power by cos <j> gives the real power dissipated. 
For this reason, cos^ is called the power factor. It has no units. Thus: 

average power = apparent power x power factor 

For a purely reactive circuit the power factor is 0, for a purely resistive 
factor it is 1. 


Example 

A coil has a resistance of 6 Q and an inductance of 30 mH and is 
connected across a 50 V, 50 Hz supply. Calculate (a) the current, (b) 
the phase angle between the current and the applied voltage, (c) the 
power factor, (d) the apparent power and (e) the true power. 

(a) The reactance of coil X L = 2n fL = 27t x 50 x 0.03 = 9.42 Q . 
Hence, the impedance is: 


Z= JR 2 +Xl = V6 2 +9.42 2 = 11.17 Q 
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V cos $ 
(a) 



IV cos <f> 
True power 
(b) 


Figure 17.36 (a) Voltage 
components, (b) power 
diagram 


and so: 


V 50 

current = = 4.48 A 

(b) The phase is given by: 

far, j, Xl 9.42 . 

tan^= -jj- = —jr— = 1.57 

Hence, = 57.5°. 

(c) The power factor = cos </) = cos 57.5° = 0.537. 

(d) The apparent power = VI = 50 x 4.48 = 224 VA. 

(e) The true power = apparent power x power factor = 224 x 0.537 = 
120.3 W. Alternatively, we can consider the true power as just that 
dissipated in the resistance element and so true power = PR = 4.48 2 x 
6 = 120.4 W. 

17.8.1 Power triangle 

If we consider an alternating current circuit such as an RL series circuit, 
the voltage will be leading the current by some phase angle <j>. We can 
resolve the voltage phasor into two components, one in phase with the 
current of magnitude V cos <j> and one at a phase of 90° to the current of 
magnitude V simp (Figure 17.36(a)). Multiplying the magnitude of each 
of these by the magnitude of the current I transforms the phasor diagram 
into a power triangle (Figure 17.36(b)). For this triangle, the horizontal is 
the true power P = IV cos the hypotenuse is the apparent power S = IV 
and the vertical is VI sin <f>, this being termed the reactive power Q and 
given the unit of volt amperes reactive (V Ar). 

Example 

A load takes 120 kW at a power factor of 0.6 lagging. Determine the 
apparent power and the reactive power. 

The true power P = 120 kW. Thus 120 = VI cos tf> = VI x 0.6 and so 
the apparent power S = IV = 120/0.6 = 200 kV A. The reactive power 
Q = IV sin Since cos^ = 0.6 then^ = 53.1° and so sin <j> = 0.8 and 
Q = 200 x 0.8 = 160 kV Ar. 

Example 

A motor takes a current of 45 A from a 400 V supply at a power 
factor of 0.8 lagging. Calculate (a) the apparent power, (b) the power 
taken from the supply and (c) the reactive power and (d) the output 
power from the motor, assuming it to have an efficiency to be 85 per 
cent. 

(a) The apparent power is IV = 400 x 45 = 1 8 000 VA = 1 8 kVA. 

(b) The true power = apparent power x power factor = 18 x 0.8 = 
14.4 kW. 

(c) The reactive power = E7sin </> = 18 x 0.6 = 10.8 kVAr. 
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(d) The output power = input power x efficiency = 14.4 x 0.85^ 
12.24 kW. 

17.8.2 The significance of the power factor in electrical engineering 

Consider a generator which is rated to give a current of 2000 A at a 
voltage of 400 V. The apparent power rating of the generator is thus 
400 x 2000/1000 = 800 kVA. Now consider this generator being used to 
supply a load. The true power delivered to the load depends on the power 
factor, i.e. the phase difference between the voltage and the current, and 
this is determined by the nature of the load; generally industrial loads 
include inductive motor coils and so have lagging power factors. If the 
power factor of the load is unity then the true power delivered to the load 
is the same as the apparent power and thus 800 kW. But if the power 
factor of the load were to be 0.5, then the true power = apparent power x 
power factor = 800 x 0.5 = 400 kW. Thus, though the generator is 
supplying its rated output of 800 kVA, it is only delivering a true power of 
400 kW. It is therefore evident that the higher the power factor of the 
load, the greater is the power that can be delivered by a given generator. 

The conductors connecting the generator to the load have to be capable 
of carrying the 2000 A without excessive temperature rise and 
consequently they can transmit 800 kW if the power factor is unity, but 
only 400 kW at 0.5 power factor for the same rise of temperature. The 
higher the power factor the greater is the power that can be transmitted by 
a given conductor. 

Thus, the lower the power factor the greater is the cost of generation 
and transmission of electrical eifergy. For this reason electrical supply 
authorities do all they can to improve the power factor of their loads. A 
common method of improving the power factor of a load is to connect a 
capacitor in parallel with it. 


Example 

An a.c. generator is supplying a load of 300 kW at a power factor of 
0.6. If the power factor is raised to unity, how many more kilowatts 
can the alternator supply for the same apparent power? 

Apparent power = true power/power factor = 300/0.6 = 500 kVA. 
When the power factor is raised to unity the true power = apparent 
power x power factor = 500 x 1 = 500 kW. Hence the increase in 
power supplied by the alternator is 500 - 300 = 200 kW. 

17.9 Rectification The mains supply is, in Britain, 240 V a.c. and generally electronic 
equipment requires relatively low d.c. voltages. To provide such voltages, 
power supplies are used which, when connected to the a.c. mains, 
converts the 240 V into the required voltage and rectifies it to give d.c. 
Transformers are used to step-down the mains voltage to the required 
level. Rectification is the conversion of an a.c. voltage into a d.c. voltage. 
Because of their ability to conduct current in only one direction, diodes 
are the basis of rectifier circuits. 
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17.9.1 Half-wave rectification 

Figure 17.37 shows the basic half-wave rectifier circuit. When the input 
sine wave goes positive, the diode is forward biased and conducts current 
to the load resistor. When the input sine wave goes negative, the diode is 
reverse biased and there is no current. The result is that only the positive 
half-cycles of the input voltage appear across the load and so a pulsating 
d.c. voltage is produced, hence the term half-wave rectification. 


Transformer 


Load 


(a) 

! ►! T i 

Mains 5 I C c _L M Load 
supply 5 C I I I 

An u 

(b) 

Figure 17.37 (a) Half-wave rectification with (b) showing the effect of 
including a reservoir capacitor 

In order to smooth out the fluctuations, a reservoir capacitor C is 
connected in parallel with the load. When the diode conducts and the 
voltage across the load rises, the capacitor charges. When the voltage 
begins to drop, the capacitor begins to discharge. This discharge continues 
until the applied voltage rises to a value greater than the discharge 
voltage. The resulting voltage across the load is thus smoother but still 
shows some variations. It can be considered to be effectively the sum of a 
perfectly smooth d.c. voltage with an a.c. voltage, called the ripple, 
superimposed on it. 

17.9.2 Full-wave rectification 

Smoother d.c. can be obtained by the use of full-wave rectification with 
two diodes (Figure 17.38). The secondary winding of the transformer is 
centre-tapped so that equal voltages are applied to each diode. When the 
half cycle applied to diode D1 is positive then the half cycle applied to 
diode D2 is negative. Thus D1 conducts and D2 does not. When the half 
cycle applied to diode D1 is negative then the half cycle applied to diode 
D2 is positive. Thus D1 does not conduct and D2 does. The results are as 
shown in Figure 17.38. As with the half-wave rectifier, described above, a 
reservoir capacitor can be connected across the load to give some 
smoothing of the output. 
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Figure 17.39 Bridge rectifier 
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Figure 17.38 (a) Full-wave rectifier with (b) showing the effect of 

incorporating a reservoir capacitor 

An alternative to the full-wave rectifier with its two diodes, described 
above, is the full-wave bridge rectifier. This employs four diodes (Figure 
17.39). During the half-cycles when A is positive and B negative, then D2 
and D3 conduct. During the half-cycles when A is negative and B 
positive, then D1 and D3 conduct. The result of this is that during each 
half-cycle the current flows the same way through the load. As with the 
rectifiers described above, a reservoir capacitor can be used to smooth the 
full-wave output. 

1 Connect a signal generator in series with an inductor (e.g. a 240 turn 
coil on a magnetic core) and a lamp (1.25 V, 0.25 A). With the 
voltage maintained constant, vary the frequency of the generator and 
explain how the brightness of the lamp changes. Repeat the 
experiment with a capacitor (e.g. 8 pF) replacing the inductor. Then 
repeat the experiment with the inductor in series with the capacitor. 

1 Draw the phasors to represent the following sinusoidal alternating 
quantities when each has the same frequency: (a) Two currents with 
root-mean-square values of 3 A and 5 A, with the second current 
leading the first by a phase difference of 60°, (b) Two voltages with 
root-mean-square values of 1 V and 2 V, with the second voltage 
lagging the first by a phase difference of 30°. 

2 An alternating voltage of frequency 1 kHz and of root-mean-square 
value 10 V is applied across a 100 mH with pure inductance. What is 
(a) the reactance, (b) the current flowing through the inductor? 


Problems 
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3 If the voltage across a 1 H inductor is v = 10 sin 200/ volts, what is 
the equation for the current through the inductor? 

4 A coil has an inductance of 0.5 mH. What is its reactance at 
(a) 50 Hz, (b) 1 kHz? 

5 A pure inductor of inductance 10 mH has an alternating voltage of 
25 V r.m.s. at a frequency of 5 kHz connected across it. What is 
(a) the reactance of the inductor and (b) the r.m.s. current through it? 

6 An alternating current of 10 sin 150/ A flows through an inductor of 
inductance 0.5 H and negligible resistance. What is the voltage across 
the inductor? 

7 A 1 kHz alternating voltage of root-mean-square value 10 V is 
applied across a capacitor with pure capacitance of 2 pp. What is 
(a) the reactance, (b) the current flowing through the capacitor? 

8 A 10 pF capacitor has a 1.5 kHz alternating voltage of root-mean- 
square value 15 V applied across it. What is the current? 

9 What is the reactance of a 0.1 pF capacitor at (a) 50 Hz, (b) 1 kHz? 

10 A pure capacitor of capacitance 10 pF has an alternating voltage of 
20 V r.m.s. at a frequency of 3 kHz connected across it. What is 
(a) the reactance of the capacitor and (b) the r.m.s. current through it? 

11 An alternating current of 1 A r.m.s. at a frequency of 100 kHz passes 
through a coil of resistance 20 Q and inductance 0.4 mH. Determine 
the voltage across the coil. 

12 A coil having a resistance of 50 Q and an inductance of 500 mH is 
connected across a 240 V r.m.s., 50 Hz supply. What is the 
magnitude and phase angle of the current? 

13 A coil when connected across a 10 V d.c. supply takes a current of 
0.4 A. When connected across a 240 V r.m.s., 50 Hz supply it takes 
2 A. What are the resistance and inductance of the coil? 

14 A coil of inductance 50 mH and resistance 15 Q is connected across a 
240 V r.m.s., 50 Hz supply. Determine the circuit impedance, the 
current taken and the phase angle between the current and voltage. 

15 A coil has a resistance of 15 Q and an inductive reactance of 8 Q. 
Determine the impedance of the coil and the phase angle between the 
voltage across the coil and the current through it. 

16 A voltage of 100 V r.m.s., 50 Hz is connected to a series RL circuit, 
the resistance being 45 Q and the inductance having an inductive 
reactance of 60 Q . Determine (a) the circuit impedance, (b) the 
current through the circuit, (c) the voltages across each component. 

17 A voltage of 100 V r.m.s., 50 Hz is connected to a series RL circuit, 
the resistance being 15 Q and the inductance being 60 mH. 
Determine (a) the circuit impedance, (b) the magnitude and phase 
angle of the current through the circuit. 

18 When a capacitor is in series with a resistance of 30 £2, the current 
taken from a 240 V r.m.s., 50 Hz supply is 4.8 A r.m.s. What is (a) 
the impedance of the circuit, (b) the capacitance? 

19 A voltage of 50 V r.m.s., 50 Hz is applied to a series RC circuit. If the 
current taken is 1.7 A when the voltage drop across the resistor is 
34 V, what is the capacitance of the capacitor? 

20 A voltage of 240 V r.m.s., 50 Hz is applied to a series RC circuit. If 
the resistance is 40 Q and the capacitance 50 pF, determine (a) the 
circuit impedance, (b) the magnitude and phase angle of the current. 
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21 A voltage of 24 V r.m.s., 400 Hz is applied to a series RC circuit. If 
the resistance is 40 Q and the capacitance 15 pF, determine (a) the 
circuit impedance, (b) the magnitude and phase angle of the current. 

22 A series RLC circuit takes a current of 5 A r.m.s. If the resistance is 
10 Q, the inductive reactance 20 Q and the capacitive reactance 
10 Q, what will be (a) the magnitude and phase of the voltage applied 
to the circuit, (b) the voltages across each component? 

23 A RLC circuit has a coil having a resistance of 75 £2 and an 
inductance of 0.15 H in series with a capacitance of 8 pF. If a voltage 
of 100 V r.m.s., 200 Hz is applied to it, determine (a) the magnitude 
and phase angle of the current, (b) the voltage across the coil, (c) the 
voltage across the capacitor. 

24 A series RLC circuit has a resistance of 10 Q, an inductance of 
100 mH and a capacitance of 2 pF. What is the resonant frequency? 

25 A series RLC circuit resonates at a frequency of 100 Flz. If the 
resistance is 20 Qand the inductance 300 mH, what is (a) the circuit 
capacitance, (b) the 2-factor of the circuit? 

26 A series RLC circuit has a resistance of 4 Q, an inductance of 60 mH 
and a capacitance of 30 pF. Determine (a) the resonant frequency and 
(b) the 2-factor of the circuit. 

27 A coil has a resistance of 10 Q and an inductive reactance of 25 Q 
when connected across a 250 V r.m.s., 50 Hz supply. Determine the 
current taken from the supply and the power dissipated. 

28 A circuit consists of a resistance of 3 kQ in series with a capacitor of 
0.22 pF. What will be the power dissipated in the circuit when an 
alternating voltage of 10 V r.m.s., 200 Hz is applied to it? 

29 A series RC circuit has a resistance of 2 k£2 and a capacitance of 
1 pF. A 240 V r.m.s., 50 Hz supply is applied to the circuit. 
Determine (a) the power factor, (b) the true power, (c) the apparent 
power, (d) the reactive power. 

30 A load takes 80 kW at a power factor of 0.6 lagging. Determine the 
apparent power and the reactive power. 

31 A load takes a current of 5 A from the 240 V a.c. mains supply and 
develops a power of 960 W. What is the power factor? 

32 A motor takes a current of 8 A from the 240 V a.c. mains supply. 
What will be the power consumed if it has a power factor of 0.8? 

33 What is the power input and power output for a single-phase motor 
which takes 8 A from the a.c. supply of 250 V if it has a power factor 
of 0.75 lagging and has an efficiency of 80%? 
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18.1 Introduction This chapter is concerned with the analysis of circuits containing just 
resistors and d.c. sources and follows on from the discussion of such 
circuits in Chapter 12. The techniques used in this chapter for d.c. circuit 
analysis with circuits containing just resistors are Norton’s theorem and 
Thevenin’s theorem. These use the concept of constant voltage and 
constant current sources. 


18.2 Thevenin’s theorem 


Internal resistance 



source 


Figure 18.1 Equivalent 
circuit for a voltage source 


An ideal voltage source is one that gives a constant e.m.f. regardless of 
what current is drawn from it, i.e. whatever load resistance is connected 
between its terminals. A real voltage source gives an e.m.f. which depends 
on the current drawn and can be considered to be an ideal voltage source 
in series with its internal resistance (Figure 18.1). We can use such an 
equivalent when we connect some network of components between the 
two terminals of a voltage source. 

Often we connect one network of components to the two terminals of 
another network, e.g. a speaker between the two terminals of an amplifier. 
To solve such problems we use, in the same way as above with an 
equivalent circuit for a voltage source, an equivalent circuit for the 
amplifier. The equivalent circuit for any two-terminal network containing 
a voltage or current source is given by Thevenin ’s theorem-. 

Any trwo-terminal network (Figure 18.2(a)) containing voltage or 
current sources can be replaced by an equivalent circuit consisting 
of a voltage equal to the open-circuit voltage of the original circuit 
in series with the resistance measured between the terminals when no 
load is connected between them and all independent sources in the 
network are set equal to zero (Figure 18.2(b)). 



(a) (b) 


Figure 18.2 (a) The network, (b) its equivalent 

If we have a linear circuit, to use Thevenin’s theorem, we have to 
divide it into two circuits, A and B, connected at a pair of terminals. We 
can then use Thevenin’s theorem to replace, say, circuit A by its 
equivalent circuit. The open-circuit Thevenin voltage for circuit A is that 


234 Engineering Science 


given when circuit B is disconnected and the Thevenin resistance for A is 
the resistance looking into the terminals of A with all its independent 
sources set equal to zero. Figure 18.3 illustrates this with the next but one 
Example showing how it is applied. 


1 . Identify the two parts A and 
B of the circuit and separate 
by terminals 



2. Separate A from B 



3. Replace A by its Thevenin 
equivalent 


4. Reconnect circuit B and 
carry out the analysis 



ion 



Figure 18.4 Example 
ion 



Figure 18.5 Example 
4.44 n 



*j* 4 V 


Figure 18.6 Example 


Figure 18.3 Step-by-step approach for circuit analysis 

Example 

Determine the equivalent Thevenin circuit for the network of Figure 
18.4. 

The voltage between the open-terminals is that across the 8 £2 and is 
thus the open-circuit voltage. Using the voltage division rule, the 
voltage across the 8 Q is: 



The Thevenin resistance is calculated by looking back into the circuit 
from the terminals and putting the voltage source to zero. Note that if 
the sources are not ideal they should be replaced by the ideal source 
with its internal resistance and so the voltage source is then replaced 
by its internal resistance. Putting the voltage source to zero in Figure 
18.4 gives the circuit shown in Figure 18.5. This has an equivalent 
resistance of: 

^=mf= 4 - 44n 

Thus the equivalent circuit is that given in Figure 18.6. 


Example 

Using Thevenin’ s theorem, determine the current through the 10 Q 
resistor in the circuit given in Figure 18.7. 
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Figure 18.7 Example 

Since we are interested in the current through the 10 £2 resistor we 
identify it as network B and the rest of the circuit as network A, 
connecting them by terminals (Figure 18.8). 


5 0 4 0 



Figure 18.8 Example 

We then separate A from B (Figure 18.9) and determine the 
Thevenin equivalent for it. The open-circuit voltage is that across the 
20 £2 resistor. Using the voltage division rule: 

= = 4V 


50 40 


5 


A 

Figure 18.9 Example 

The resistance looking into the terminals when voltage source is 
equal to zero is that of 4 £2 in series with a parallel arrangement of 
5 £2 and 20 £2 (Figure 18.10). 

*™= 4+ Srf= 8n 

Thus the equivalent Thevenin circuit is as shown in Figure 18.1 1 and 
when network B is connected to it we have the circuit shown in 
Figure 18.12. Hence the current through the 10 £2 resistor is: 



236 Engineering Science 



Figure 18.10 Example Figure 18.11 Example Figure 18.12 Example 

Example 

Using Thevenin’s theorem, determine the current I in the circuit 
shown in Figure 18.13. 


10a ioq 



Figure 18.13 Example 

We can redraw the circuit to isolate the 20 Q load resistance, as in 
Figure 18.14, and identify it as network B with the rest of the circuit 
becoming network A. 


A b 



Figure 18.14 Example 

We can then apply Thevenin’s theorem to A (Figure 18.15). The 
open-circuit voltage is 15 V minus the potential drop across its series 
10 £2 resistor, or 10 V minus the potential drop across its series 10 Q 
resistor. The two e.m.f.s add and so the current in the network is (15 
+ 10)/(10 + 10) = 1.25 A. Thus the open-circuit potential is: 


A 



Figure 18.15 Example 
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E x = 15 - (10 x 1.25) = 2.5 V 


The resistance between the terminals when the voltage sources are 
put equal to zero is: 


7?Th = 


10x10 

10+10 


= 5 Q 


We can thus replace network A by the Thevenin circuit and obtain the 
circuit shown in Figure 18.16. Thus current /is 2. 5/(5 + 20) = 0.1 A. 

A B 



Figure 18.16 Example 

Example 

Determine the Thevenin network for the network in Figure 18.17. 


25 q 



Figure 18.18 Example 



Figure 18.17 Example 

The open-circuit voltage is that across the 15 Q resistor, there being 
no current through the 10 Q resistor and so no potential drop across 
it. Thus: 

£, h =lxl5 = 15V 

When the current source is put to a zero value, i.e. open-circuit, we 
have 15 Q resistor in parallel with the 10 Q resistor and so: 

R±= 15 + 10 = 25 Q 

The Thevenin equivalent network is thus as in Figure 18.18. 


18.3 Norton’s theorem A current source can be regarded as an ideal current source in parallel 
with an internal resistance (Figure 18.19). An ideal current source is one 
that supplies a constant current regardless of the load resistance connected 
to its terminals; a real current source supplies a current which depends on 
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the load resistance. In a similar way to Thevenin’s theorem, we can have 
an equivalent circuit for any two-terminal network containing voltage or 
current sources in terms of an equivalent network of a current source 
shunted by a resistance. This is known as Norton ’s theorem-. 

Any two-terminal network containing voltage or current sources can 
be replaced by an equivalent network consisting of a current source, 
equal to the current between the terminals when they are short- 
circuited, in parallel with the resistance measured between the 
terminals when there is no load between them and all independent 
sources in the network are set equal to zero (Figure 18.20). 



Figure 18.20 (a) Network, (b) Norton equivalent 

If we have a linear circuit we have to divide it into two circuits, A and 
B, connected at a pair of terminals (Figure 18.21). We can then use 
Norton’s theorem to replace, say, circuit A by its equivalent circuit. The 
short-circuit Norton current for circuit A is that given when circuit B is 
disconnected and the Norton resistance for A is the resistance looking into 
the terminals of A with all its independent sources set equal to zero. 


10n 



Figure 18.22 Example 


1 . Identify the two parts A and 
B of the circuit and separate 
by terminals 

2. Separate A from B 


3. Replace A by its Norton 
equivalent 


4. Reconnect circuit B and 
carry out the analysis 



Figure 18.21 Step-by-step approach for circuit analysis 

Example 

Determine the Norton equivalent network for the circuit in Figure 
18.22. 
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When the output terminals are short-circuited (Figure 18.23), the 
circuit resistance is 10 Q and so the short-circuit current is: 



Figure 18.23 Example 

The Norton resistance is obtained by making independent sources 
equal to zero and then determining the resistance between the 
terminals (Figure 18.24). 


10n 




Figure 18.25 Example 


Figure 18.24 Example 
This resistance is thus: 

*« = -loTt = 4 - 4n 

Thus the equivalent Norton circuit is as shown in Figure 18.25. 

Example 

Using Norton’s theorem, determine the current I through the 20 Cl 
resistor in Figure 18.26. Note this is the same circuit as solved earlier 
by Thevenin’s theorem. 


ion ion 



Figure 18.26 Example 

We can redraw the circuit in the form shown in Figure 18.27 as two 
connected networks A and B. Network B is selected to be the 20 Q 
resistor through which we require the current. 
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Figure 18.27 Example 

We then determine the Norton equivalent circuit for network A 
(Figure 18.28). 



Figure 18.28 Example 

Short-circuiting the terminals gives the circuit shown in Figure 



( 


io n 


A 



Figure 18.29 Example 

The short circuit current will be the sum, taking into account 
directions, of the currents from the two branches of the circuits 
containing the voltage sources: 


The current l\ = 15/10 = 1.5 A, since the other branch of the network 
is short-circuited, and I 2 = 10/10 = 1.0 A. Thus 7 SC = 0.5 A. The 
Norton resistance is given by that across the terminals when all the 
sources are set to zero (Figure 18.30). It is thus: 


lOx 10 
N ~ 10 + 10 


= 512 


Figure 18.30 Example 
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Thus the Norton equivalent circuit is that shown in Figure 18.31. 
Hence when we put this with network B (Figure 18.32) we can obtain 
the current I by the use of the current divider rule as: 


The result is the same as that obtained in the earlier Example by the 
use of the Thevenin theorem. 


A A 



Figure 18.31 Example Figure 18.32 Example 


18.3.1 Relationship between Thevenin and Norton networks 

For a two-terminal network we can determine Thevenin and Norton 
equivalent circuits. The two must themselves be equivalent. The Thevenin 
and Norton circuits in Figure 18.33 must give the same voltage across and 
current through the load resistance R. 



Figure 18.33 (a) Thevenin , (b) Norton networks 

Thus for the same load current: 

Thevenin Norton 
j Eyn j? N 

R+R-^ ~ ™ R+Rk 
Hence we must have: 

En = l\R\ and R it, = Rs 

Thus if we wanted to obtain a Thevenin or a Norton equivalent network 
we determine the resistance between the terminals when all independent 
sources are put equal to zero, this giving R Th , which equals R N . We might 
then determine the Thevenin voltage and from it, using the above 
equation, determine the Norton current, or vice versa. 
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Example 

Determine the Norton equivalent network for the network in Figure 
18.34 by first determining the Thevenin equivalent and then 
converting it to the Norton equivalent. In an earlier Example the 
Norton equivalent was directly obtained. 

10 Q 


Figure 18.34 Example 

The Thevenin and Norton resistance is obtained by putting the 
voltage source to zero and hence is 10 x 8/(10 + 8) = 4.4 Q. The 
Thevenin voltage is the open-circuit voltage and is thus 9 x 8/(10 + 8) 
= 4 V. Thus the Norton current is EtJRn = 4/4.4 = 0.9 A. 

18.4 Maximum power transfer Consider the circuit shown in Figure 18.35 of a d.c. source of e.m.f. E and 
internal resistance r supplying a load of resistance R. 

Internal resistance 


R 


Figure 18.35 Power transfer to a load 

The current I supplied to the load is E/(R + r) and so the power P supplied 
to the load is: 




E 2 R 

- (R + r) 2 


We can determine the condition for maximum power to be transferred to 
the load by differentiating the power with respect to R and then equating 
dP/dR to zero. Thus we have: 

d P (R + r) 2 E 2 -E 2 Rl(R + r) 

dR ~ (R + r) 3 

Equating this to zero gives (R + r) = 2 R and so the condition for 
maximum power transfer is that R = r. Substituting for R = r in the above 
equation makes d 2 P/dR 2 negative and so it is maximum power rather than 
minimum. 


Maximum power transfer occurs when the load has a resistance 
equal to the internal resistance of the e.m.f source. 
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Problems 


We can use Thevenin’s theorem to transform any resistive network into 
a circuit like Figure 18.35 and so the condition for maximum power 
transfer can be used with all such networks. 

Example 

What value of load resistance will be needed for maximum power 
transfer when we have a source of e.m.f. 10 V and internal resistance 
5 Q and what will be the power transferred? 

Maximum power transfer occurs when the load resistance is equal to 
the internal resistance and so needs to be 5 Q. The circuit current will 
then be 10/(5 + 5) = 1 A and so the power transferred to the load is 
PR = l 2 x 5 = 5 W. 


1 Determine the Thevenin equivalent networks for the networks shown 
in Figure 18.36. 


60 q ioo n 2 n 5 n 



(a) (b) 

Figure 18.36 Problem 1 


2 Using Thevenin’s theorem, determine the current I for the circuit 
shown in Figure 18.37. 

20 n 20 n i 



Figure 18.37 Problem 2 

3 Using Thevenin’s theorem, determine the current through the 6 Q 
resistor in Figure 18.38. 

5 0 40 



Figure 18.38 Problem 3 
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4 Using Thevenin’s theorem, determine the current through the 5 Q 
resistor in Figure 18.39. 


Figure 18.39 Problem 4 

5 Determine the Norton equivalent networks for the networks shown in 
Figure 18.36. 

6 Using Norton’s theorem, determine the current I for the circuits 
shown in Figure 18.37. 

7 Using Norton’s theorem, determine the current through the 6 Q 
resistor for the circuit shown in Figure 18.38. 

8 What value of load resistance will be needed for maximum power 
transfer when we have a source of e.m.f. 20 V and internal resistance 
1 Q and what will be the power transferred? 

9 With the aid of Thevenin’s theorem, determine the value of the load 
resistance for Figure 18.40 which will give maximum power transfer. 




Figure 18.40 Problem 9 


19 D.c. machines 


19.1 Introduction This chapter is an introduction to d.c. machines; their basic form of 
construction, principles of operation, operating characteristics and general 
applications are discussed. A machine may be a motor or a generator. As a 
motor it converts electrical power to mechanical power while as a 
generator it converts mechanical power to electrical power. While a 
machine may be used as either a motor or a generator, it is more efficient 
to design it to be either a motor or a generator. 

The basic d.c. electrical machine consists of a single coil which is free 
to rotate within the magnetic field provided by a permanent magnet 
(Figure 19.1). As a d.c. motor, when a current is passed through the loop, 
the resulting forces acting on its sides at right angles to the field cause 
forces to act on those sides to give rotation. As a generator, when the coil 
is rotated, an e.m.f. is induced in the coil. 



Figure 19.1 Basic d.c. machine 


The basic principles involved in explaining the action of d.c. machines 
are: 

1 A force is exerted on a conductor in a magnetic field, which has a 
component at right angles to it, when a current passes through it. For 
a conductor of length L carrying a current 1 in a magnetic field of flux 
density B at right angles to the conductor, the force F = BIL. 

2 When a conductor moves in a magnetic field then an e.m.f. is induced 
across it. The induced e.m.f. e is equal to the rate at which the 
magnetic flux <£> swept through by the conductor changes (Faraday’s 
law) and is in such a direction as to oppose the change producing it 
(Lenz’s law), i.e. e = -d<f>/dt. The e.m.f. induced in a conductor, of 
length L moving with a velocity v through a magnetic field with flux 
density B at right angles to it and the velocity, is BLv. 

As a motor, a voltage V applied to the coil, termed the armature coil, 
gives a current 4 through the coil. Forces then act on the coil and cause it 
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to rotate. A rotating coil will generate an induced e.m.f., i.e. back e.m.f., 
E. In steady-state condition, the circuit can be considered to be as shown 
in Figure 19.2(a) and so the applied voltage will then be equal to the 
induced voltage plus the voltage drop across the armature resistance. 

V=E + IJlt 

When a motor is operating at normal speed, the back e.m.f. is quite large 
and so the armature current is low. When the motor is at rest, there is no 
back e.m.f. and so the armature current is V/R„ and can be quite large. 
This is particularly the case with a large motor having a low armature 
resistance. As a consequence, the armature current can be large enough to 
damage the motor and so extra starting resistance has to be included in the 
circuit, this being steadily reduced as the motor speed picks up. 

As a generator, the armature coil is rotated and an e.m.f. E is induced in 
it. The output voltage V will be this e.m.f. E minus the voltage drop across 
the armature coil resistance (Figure 19.2(b)). Thus: 


19.2 D.c. motors Coils of wire are mounted in slots on a cylinder of magnetic material 


called the armature which is mounted on bearings and free to rotate. It is 
mounted in the magnetic field produced by field poles. This magnetic 
field might be produced by, for small motors, permanent magnets or a 
current in, so-termed, field coils. Whether permanent magnets or field 
coils, these generally are part of the outer casing of the motor and are 
termed the stator. Figure 19.3 shows the basic elements of a d.c. motor 
with the magnetic field produced by field coils. In practice there will be 
more than one armature coil and more than one set of stator poles. The 
ends of the armature coil are connected to adjacent segments of a 
segmented ring called the commutator with electrical contacts made to the 
segments through fixed carbon contacts called brushes. They carry direct 
current to the armature coil. As the armature rotates, the commutator 
reverses the current in each coil as it moves between the field poles. This 
is necessary if the forces acting on the coil are to remain acting in the 
same direction and so the rotation continues. 


V=E~IJl, 



(a) 


(b) 


Figure 19.2 Armature circuits (a) motor, (b) generator 
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Figure 19.4 Four-pole d.c. 
motor 



Figure 19.3 D.c. motor 

Figure 19.4 shows the principle of a four-pole d.c. motor with the 
magnetic field produced by current carrying coils and having an array of 
armature conductors. 



Figure 19.5 Force on a single 
armature turn 


19.2.1 Basic theory 

Consider a d.c. motor with a flux density B at right angles to an armature 
loop of length L and carrying a current 4 (Figure 19.5). The force acting 
on the conductor is BI*L. The forces result in a torque about the coil axis 
of Fb, with b being the breadth of the coil. Thus: 

torque per turn = BLhb = <£>/„ 

where <J> is the flux linked per armature turn. In practice there will be 
more than one armature loop and more than one set of poles, the torque 
will, however, be proportional to <t>/ a and so we can write: 


torque acting on armature = k$>h 


where k t is the torque constant. 

Since the armature coil is rotating in a magnetic field, electromagnetic 
induction will occur and a back e.m.f. E will be induced which is equal to 
the rate at which the flux linked by the coil changes and hence, for an 
armature rotating with an angular velocity co, is proportional to Ocu. Thus 
we can write: 


back e.m.f. E = k w ®co 
where k v is the back e.m.f. constant. 

As shown in Figure 19.2(a), in the steady state we can consider a d.c. 
motor to be the armature coil, represented by a resistor i? a in series with a 
source of back e.m.f. and so: 


V=E+I& 
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0 Rotational speed 


Figure 19.6 Torque-speed 
characteristic 


V-E V-ky Oft) 
and the torque T is: 

r=*t®/ a = ^p(r-M><») 

For a constant value of flux, e.g. a permanent magnet motor, graphs of 
the torque against the rotational speed co are given by T = h V a - k 2 co and 
are a series of straight lines for different voltage values (Figure 19.6). The 
starting torque, i.e. the torque when co = 0, is proportional to the applied 
voltage and the torque then decreases with increasing speed. The power 
developed in rotating the armature is coT (see Section 7.8). 

If the load driven by a d.c. motor is increased, the speed will drop and 
hence the current through the armature. The relationship between the 
speed and the armature current determines how the motor will react to 
load changes. 

Example 

A permanent d.c. motor develops a torque of 4 N m when the 
armature current is 2 A. What will be the torque when the armature 
current is 0.5 A? 

Torque = k t <bi a = kh and thus k = 4/2 = 2 N m/A. When the current is 
0.5 A, then torque = 2 x 0.5 = 1 N m. 

19.2.2 D.c. motors with field coils 

D.c. motors with field coils are classified as series, shunt, compound and 
separately excited according to how the field windings and armature 
windings are connected (Figure 19.7). 



(c) (d) 


Figure 19.7 D.c. motors: (a) series, (b) shunt, (c) compound, (d) 
separately excited 
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1 Series wound motor 

With the series wound motor the armature and field coils are in series 
and thus carry the same current. Thus the flux <D depends on the 
armature current and so the torque acting on the armature = A,®/ a = 
A/ a 2 . When co = 0 then 7 a = VI R and so the starting torque = k( V/R) 2 . 
Thus, such a motor exerts the highest starting torque and has the 
greatest no-load speed. Such motors are used where high starting 
torques are required, e.g. hoists and car engine starters. As the speed 
is increased, so the torque decreases. Since Ri is small, V = E + Ri ~ 
E and so, since E = k v <S>co and ® is proportional to i, we have V 
proportional to ico. To a reasonable approximation V is constant and 
so the speed is inversely proportional to the current. The speed thus 
drops quite markedly when the load is increased. Reversing the 
polarity of the supply to the coils has no effect on the direction of 
rotation of the motor; it will continue rotating in the same direction 
since both the field and armature currents have been reversed. Such 
d.c. motors are used where large starting torques are required, e.g. car 
starters and hoists. If the core is laminated, to reduce eddy currents, 
the series motor can be used with a single-phase a.c. supply and is 
then known as a universal motor. Such motors are used in portable 
power tools and domestic appliances such as food mixers and vacuum 
cleaners. 

2 Shunt wound motor 

With the shunt wound motor the armature and field coils are in 
parallel. The field coil is wound with many turns of fine wire and so 
has a more larger resistance than the armature coil; thus, with a 
constant supply voltage, the field current is virtually constant. Thus, 
to a reasonable approximation, we have T=k\V- k 2 co. It provides the 
lowest starting torque and a much lower no-load speed. Since Ri is 
small, V = E + Ri = V and so, since V = k v <t>oj and d> is virtually 
constant, we have V proportional to co. With V virtually constant, the 
motor gives almost constant speed regardless of load and such motors 
are very widely used because of this characteristic. To reverse the 
direction of rotation, either the armature or field supplied must be 
reversed. 

3 Compound motor 

The compound motor has two field windings, one in series with the 
armature and one in parallel. Compound wound motors aim to get the 
best features of the series and shunt wound motors, namely a high 
starting torque and constant speed regardless of load. 

4 Separately excited motor 

The separately excited motor has separate control of the armature and 
field currents. We have a torque T= (k&IR){V k v Oco). If the field 
current is kept constant then ® is constant, and if V is constant, then T 
= E - k 2 co. As the speed increases the torque drops; generally the 
drop in torque is relatively small. 
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Figure 19.8(a) indicates the torque-speed characteristics of the series 
and shunt-wound motors and Figure 19.8(b) the way the speed depends on 
the armature current and hence the load. 



- Armature current or load 

(a) (b) 

Figure 19.8 Characteristics: (a) torque-speed, (b) speed-load 



Figure 19.9 Starter 


19.2.3 Motor starting 

D.c. motors develop a torque at standstill and so are self-starting. They 
do, however, require a starting resistance to limit the starting current. The 
starting current i = ( V - E)/R and since there is initially no back e.m.f. E to 
limit the current the starting current can be very large. Figure 19.9 shows 
the form of a d.c. motor starter in which an external resistance is inserted 
when the motor is started up and then gradually taken out as the speed 
increases. The handle is then held in the run position by the 
electromagnet, this being energised by the current through the field coil. If 
the field coil becomes disconnected, the electromagnet becomes 
de-energised and a spring returns the handle to the off position. 

Example 

A 10 kW d.c. motor has an armature resistance of 0.1 Q and is 
connected to a 100 V d.c. supply. Determine (a) the starting current if 
no starting resistance is in the armature circuit, (b) the series starting 
resistance to limit the starting current to twice the rated value. 


(a) The starting current = V/R a = 100/0.1 = 1000 A. 

(b) The rated current = P/V = 10 000/100 = 100 A. To limi t the 
current to 200 A, R = VI 4 = 100/200 = 0.5 £2 and so a starting 
resistance of 0.5 - 0. 1 = 0.4 Q is required. 


19.2.4 Speed control of d.c. motors 

The speed of a permanent magnet motor depends on the current through 
the armature coil and thus can be controlled by c han g in g the armature 
current. With a field coil motor the speed can be changed by either 
varying the armature current or the field current; generally it is the 
armature current that is varied. Thus speed control can be obtained by 
controlling the voltage applied to the armature. Figure 19.10 shows 
circuits that can be used when a variable resistor is used. This method is, 
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however, very inefficient since the controller resistor consumes large 
amounts of power. Another alternative is to control the voltage by using 
an electronic circuit. 



Figure 19.10 Speed control: (a) shunt motor, (b) series motor 

With an alternating current supply, silicon-controlled rectifiers (SCRs) 
can be used. A control voltage is used to switch the rectifiers on and off 
and so control the average value of the voltage supplied to the motor. 
With a d.c. supply, a constant d.c. supply voltage is chopped by means of 
an electronic circuit so that the average value is varied (Figure 19.11). 
This is called pulse width modulation (PWM). 


Electronic switch 
to chop the d.c. 



voltage 


thni 

1 0 Time 

PWM determines the 
average voltage applied 
to the armature 


Figure 19. 1 1 Pulse width modulation 


Example 

A 240 V d.c. shunt motor running at 12 rev/s has an armature 
resistance of 0.5 Q and takes an armature current of 20 A. What 
resistance should be placed in series with the armature to reduce the 
speed to 10 rev/s? 

Since V = k w G>ca = kco then V n !V\o = 12/10. V = E + Ri and so V ]2 = 
240 - 20 x 0.5 = 230 V and hence V w = 192 V. For the armature 
circuit 240 - 192 = k(R* + R) = 20(0.5 + R) and soR = 1.9 Q. 

19.3. D.c. Generators A coil rotating in a magnetic field with the output obtained from just 
brushes on slip rings will give an a.c. generator (see Section 10.3). To 
obtain a d.c. generator from a coil rotating in a magnetic field, we need to 
have a split-ring commutator so that the rotor winding is switched over at 
the correct times to reverse alternate half-cycles (Figure 19.12). 
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D.c. generator connections 
Figure 19.12 The d.c. generator 


To obtain a smoother output voltage an increased number of segments 
on the commutator with an increased number of armature coils can be 
used with the coils connected in series. If these coils are distributed 
around the periphery of the armature, then while one coil is passing 
through the zero voltage region, i.e. between poles, then the others will be 
passing under poles and producing output voltages. A practical d.c. 
generator also has more than a single pair of field poles. 

19.3.1 Basic theory 

If p the number of pole pairs and <J> the flux per pole, then each conductor 
passes 2p poles per revolution and so cuts 2pd> flux per revolution. If the 
armature makes N revolutions per second, then the flux cut by each 
conductor per second is 2 pd>N. Hence the generated e.m.f. E per 
conductor is: 

E = 2pd>N 

The output from an a.c. generator will also depend on the number of 
conductors on the armature and how they are wound. So, in general, we 
can describe the output from a d.c. generator by the equation: 


E = k®N 


Output voltage 
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where & is a constant dependent on the number of poles and armature 
conductors. 

Example 

A d.c. generator running at 30 rev/s and with a flux per pole of 
0.16 Wb gives a generated voltage of 240 V. What will be the voltage 
if the speed of rotation is increased to 35 rev/s? 

Using E = kf&N, then initially we have: 

240 = fcx 0.16 x 30 

and so k = 50. With the new speed we thus have: 

£ = 50 x 0.16 x 35 = 280 V 

19.3.2 Types of generator 

Generators can be separately excited with the field winding supplied from 
a source which is entirely separate from the generator’s armature circuit. 
The provision of such a separate supply is a disadvantage and such 
machines tend only to be used in special applications. Figure 19.13(a) 
shows how, typically, the output voltage of such a generator depends on 
the load current. 

There is no reason why the field magnets should not be energised from 
the generator output itself. The field magnet retains some residual flux 
when there is no field current and so the generator is able to start 
generating when its shaft is rotated. Such machines are known as 
self-excited and the following show how such generators are wound: 



Figure 19.13 Characteristics: (a) separately excited, (b) shunt-wound, (c) series-wound 
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1 Shunt-wound 

This has its field windings in parallel with the armature. The output 
voltage of such a generator decreases with increasing load current 
(Figure 9.13(b)). The output voltage is greatest when the load current 
is zero because only the field windings are drawing current from the 
armature. As the load current increases, the current through the field 
coils decreases and hence the generator output voltage decreases. 

2 Series-wound 

This has its field windings in series with the armature. The size of the 
load current directly affects the generator’s flux. At high load 
currents, the output voltage decreases because the field poles go into 
saturation. The output voltage of such a generator changes 
considerably with increasing load current and so such a generator is 
little used in practice (Figure 9.13(c)). 

3 Compound 

This type of generator has field coils partly excited by high resistance 
shunt coils and partly by low resistance series coils. The aim is to 
give as constant as possible output voltage irrespective of the load 
current. Figures 19.14(a) and (b) shows the two forms of connection 
of the coils and Figure 19.14(c) the form of characteristic obtained. 
When the load current increases, the series winding gives an increase 
in flux which compensates for the drop in flux from the parallel 
winding. The term level-compounded is used for a machine with a 
virtually level characteristic and over-compounded for one with a 
slowly rising characteristic. 



Load current 

Figure 19.14 Compound generator: (a) and (b) forms of connection, 
(c) characteristic 

Problems 1 A d.c. motor develops a torque of 6 N m when the armature current is 
10 A. What is the torque when the armature current drops to 2 A? 
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2 The armature of a d.c. motor has a resistance of 0.1 Q and takes a 
current of 60 A from a 100 V supply. What is the induced e.m.f. in 
the armature? 

3 A 240 V d.c. shunt motor takes an armature current of 1 5 A. If the 
resistance of the armature circuit is 0.8 Q, what is the induced e.m.f. 
in the armature windings? 

4 Explain why a d.c. shunt motor cannot normally be switched on 
straight from the supply but requires a starting circuit. 

5 A d.c. motor has a load torque proportional to the square of its speed. 
Show that the power input is proportional to the cube of the speed if 
the field coil magnetic flux is proportional to the current. 

6 A 5 kW d.c. shunt motor has an armature resistance of 0.2 Q and is 
connected to a 100 V d.c. supply. Determine (a) the starting current if 
no starting resistance is in the armature circuit, (b) the series starting 
resistance to limit the current to 1 .5 times the rated value. 

7 A 5 kW, 100 V d.c. shunt motor requires 5 V to send the rated 
current through the armature when it is stationary. Determine (a) the 
armature current that will occur when the motor is started up by the 
rated voltage and (b) the series resistor that will limit the starting 
current to twice the rated running value. 

8 A 500 V series d.c. motor has a speed of 15 rev/s and takes a current 
of 20 A. The resistance of the field coil is 0.2 Q and that of the 
armature 0.4 Q. Determine the resistance to be connected in series to 
reduce the speed to 10 rev/s. 

9 A 230 V series d.c. motor takes a current of 30 A. The resistance of 
the field coil is 0.4 Q and that of the armature 0.2 Q. Determine the 
resistance required in series to reduce the speed by 40% if the current 
at the new speed is 20 A. Assume that the magnetic flux produced by 
the field coil is proportional to the current. 

10 A series d.c. motor has a field coil resistance of 1.0 Q and an 
armature coil resistance of 0.5 £1 It takes a current of 20 A from a 
250 V supply when running at a speed of 1000 rev/min. At what 
speed will it run when a 3.5 Q resistance is placed in series with the 
motor if the same current is taken as before? 

11 A d.c. shunt motor has an armature of resistance 0.5 Q and takes an 
armature current of 20 A when connected to a 220 V supply and 
running at 750 rev/min. What resistance should be connected in series 
with the armature to reduce the speed to 500 rev/min? 

12 A d.c. generator gives an output of 200 V when the magnetic flux is 
10 mWb and the rotational speed is 20 rev/s. What will be the output 
when (a) the speed is decreased, at the same magnetic flux, to 
10 rev/s, (b) the flux is increased to 20 mWb with the rotational speed 
remaining unchanged at 20 rev/s? 


20 Transients 


20.1 Introduction 



Figure 20.1 Step voltage input 


This chapter is concerned with the current and voltage changes that occur 
in a circuit when there is a change in applied voltage. This might be when 
the d.c. voltage V applied to some circuit is switched on (Figure 20.1(a)). 
Before the switch is closed the voltage input to the circuit is 0 and it rises 
to V when the switch is closed and then remains at that value. Such an 
input voltage is termed a step voltage and is represented by Figure 
20.1(b). The current and voltages that occur in the circuit while they are 
reacting to the change in input voltage from 0 to V and changing to their 
steady state values are termed transients. Such transients occur whenever 
the applied voltage changes and thus can occur, for example, when we 
apply a constantly changing input voltage or switch on a sinusoidal 
alternating voltage. In this chapter we restrict the consideration to the 
transients produced in circuits when subject to a step input voltage. 

The circuits considered are those involving just resistance, 
capacitance plus resistance, and inductance plus resistance. The aim is to 
be able to predict the transient response of such circuits. 


20.2 Purely resistive circuit For a purely resistive circuit (Figure 20.2(a)), the circuit current will be 
proportional to the applied voltage. Thus at any instant of time the current 
i = v/R, where v is the value of the voltage at that instant and R the circuit 
resistance. Thus when we have a step input voltage (Figure 20.2(b)) and v 
abruptly changes from 0 to V, since the circuit current is always 
proportional to v the current will change abruptly from 0 to I, where 
I = V/R (Figure 20.2(c)). The current changes at the same time as the 
applied voltage. Since no circuit is purely resistive, there being always 
some inductance and capacitance, the above represents the ideal scenario 
which is only roughly followed by a circuit in which no inductance or 
capacitance has deliberately been introduced. 



(a) Resistive circuit 

0 

Time 

(c) Circuit current 


Figure 20.2 Step voltage applied to a purely resistive circuit 


20.3 RC circuit: charging 





(b) Input voltage 

Figure 20.3 Step voltage 
applied to RC circuit 
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(c) 

Figure 20.4 Series RC circuit 


Consider a circuit with series resistance and capacitance and there is a 
step voltage input to the circuit at time t = 0 (Figure 20.3(a)). The voltage 
is applied across two series components and so we must have: 

V= voltage across resistance vr + voltage across capacitor v c 

The charge q on a capacitor is related to the voltage v c between its plates 
by q = Cv c , where C is the capacitance. Initially there is no charge on the 
capacitor because there has been no current to move charge onto and off 
its plates. Thus, at the instant we close the switch to start the step voltage, 
there is no voltage across the capacitor. Therefore the voltage V must be 
entirely across the resistance. The current i through the resistor, and hence 
the initial circuit current, is vr IR and so initially is V/R. When the 
capacitor begins to acquire charge then the voltage across it increases. 
Since V = vr + v c , this must result in a decrease in the voltage across the 
resistor. Thus, since i = v K /R, the circuit current i must decrease. When the 
capacitor is fully charged the circuit current has dropped to zero. Thus 
there is then no voltage across the resistor and so the entire input voltage 
is across the capacitor. Figure 20.4(a) shows how the circuit current 
changes with time, Figures 20.4(b) and (c) showing how the voltages 
across the resistance and capacitance change with time. The graphs are 
exponentials. 

20.3.1 Rate of change of v c 

At any instant of time V=v c + v R . But vr = iR and so we can write: 

V=v c + iR 


The circuit current i is the rate of movement of charge through the circuit. 
But each bit of charge moved through the circuit changes the voltage 
across the capacitor; q = Cv c and so: 

i = rate of movement of charge = rate of change of Cv c 

= C x rate of change of v c 

We can write this, in calculus notation, as: 

. _ d£ _ d(Cv c ) _ dvc 
1 ~ dt ~ d t ~ c At 


The current is thus proportional to the rate of change of the voltage across 
the capacitor and so: 


V = vc + iR = vc + RC- 
Initially, v c = 0 and so: 
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initial rate of change of voltage across the capacitor = V/RC = Viz 

The product RC has the unit of time and we define time constant z = RC. 
The significance of the time constant is that, the bigger the time constant 
the smaller the initial rate of charging of the capacitor and the longer it 
will take to reach the voltage V. 



0 12 3 

(a) Time (s) 



Example 

What is the initial rate at which the voltage across a 100 pF capacitor 
will change with time when it is charged through a resistance of 5 kQ 
by a voltage being switched from 0 to 6 V? 


Initial rate = 


V 6 

RC 5x103x100x10-6 


= 12 V/s 


Example 

What is the time constant for a series RC circuit which has a 
resistance of 2 MQ and capacitance 10 pF? 

The time constant r = RC = 2 x 10 6 x 10 x 10 -6 = 20 s. 

20.3.2 Step-by-step determination of current and voltage values 

The following is an illustration of a step-by-step method that can be used 
when there is a step voltage input to a RC circuit. 

First step: The initial rate of change of v c with time is V/RC = V/z, where 
r is the time constant. Thus we can draw the initial slope of the graph 
line on a graph of v c against time in the way shown in Figure 20.5(a), 
i.e. we mark out the point from time 0 along the horizontal line for 
voltage V for a time equal to the time constant. Suppose we consider 
this to represent the slope for the first 1 s. 


Figure 20.5 Steps: (a) first, 
(b) second 



Figure 20.6 Step-by-step analysis 


Second step: At 1 s we consider what the slope would be if we had started 
off with the voltage at this point and obtain a new slope by repeating 
the marking out of a point from that time along the horizontal line for 
voltage V for a time equal to the time constant (Figure 20.5(b)). We 
now consider this line to give the slope for the time between 1 s and 
2 s. 

Following steps: We then repeat the above step for successive time 
intervals and so obtain the graph shown in Figure 20.6. 

Example 

Use a graphical step-by-step method to plot the graph of the voltage 
across a 15 pF capacitor in a series RC circuit, the resistance being 
40 k£2, and determine its value 1 s after if it is connected to a step 
voltage of 12 V. 

The time constant z = RC = 40 x 10 3 x 15 x 10 6 = 0.6 s. Initially the 
voltage across the capacitor is 0. To obtain reasonable accuracy with 
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the voltage value for 1 s we need to get a reasonable number of points 
in the interval from 0 to 1 s. Suppose we determine the slope of the 
graph every 0.2 s. Figure 20.7 shows the resulting graph. After 1 s the 
voltage is estimated as about 10.4 V. 


20.3.3 Calculus derivation of current and voltage values 

We can obtain the equation of the graph of v c with time by integrating the 
equation: 


Separation of variables gives: 

dvc _ _dL 
V-v c ~ RC 


Integration then gives: 

c v dvc f' _d/_ 
Jo V-vc -J o RC 


-ln(y-vc) + hiV= 1 


and so: 

v c = V(1 - e~ t/RC ) 

Since V= v R + v c then: 

v R = V— V(l — e~ t/RC ) = Ve~‘ /RC 
Since i = Vr /R then: 



The above three equations describe the graphs in Figure 20.4. 

Example 

Determine the equation describing the voltage across a 15 pF 
capacitor in a series RC circuit if the resistance is 40 kQ and the 
voltage 1 s after if it is connected to a step voltage of 12 V. 

RC = 40 x 10 3 x 15 x 10 6 = 0.6 s and so the voltage is described by 
the equation: 


Fraction of supply voltage 
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15/16 



Time 


Figure 20.8 Voltage across 
the capacitor 


v c = V{\ - e~ l/RC ) = 12(1 - e- (/0 - 6 ) 
After 1 s, v c = 12(1 - e" 1 ' 06 ) = 9.7 V. 


Example 

A series RC circuit has a resistance of 100 kQ and a capacitance of 
1 pF. Determine the current (a) 0.05 s, (b) 0.1 s, after a steady voltage 
of 20 V is connected to the circuit. 


RC= 100 x 10 3 x 1 x 10-* = 0.1 s. Thus: 


1 - 0.2 e-' /(U mA 


(a) After 0.05 s, / = 0.2 e -° 05/01 =0.121 mA. 

(b) After 0.1 s, i = 0.2 e"°- 1AU = 0.074 mA. 


20.3.4 Time constant 

The time constant x is RC. Thus: 

v c = V(\ - e~ ,/RC ) = F(1 - e~‘ h ) 


What time will be required for v c to reach 0.5 F? 
0.5F= F(l-e-' /T ) 
e- ,/T = 0.5 


~Y - In 0.5 = —0.693 

Thus in a time of 0.693r the voltage will reach half its steady state 
voltage. The time taken to reach 0.75 F is given by: 

0.75F= F(1 - e“' /r ) 

c ,lz = 0.25 


—f = In 0.25 = -1.386 

Thus in a time of 1.386 t the voltage will reach three-quarters of its steady 
state value. This is twice the time taken to reach half the steady state 
voltage. This is a characteristic of exponential graphs: if t is the time taken 
to reach half the steady state value, then in It it will reach three-quarters, 
in 3 1 it will reach seven-eighths, etc. 

In each successive time interval of 0.7 r the p.d. across the capacitor 
reduces its value by a half (Figure 20.8) (Table 20.1). 
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20.4 RC circuit: discharging 



Figure 20.9 Discharge 
of a capacitor 


Table 20.1 Growth of the p.d. across the capacitor 


Time 

v c 

0 

0 

0.7 T 

0.5F 

1.4T 

0.75 V 

2AT 

0.875 V 

2.8 T 

0.938 V 

3.5 T 

0.969 V 


When t= It then v c = V(l - e -1 ) = 0.632 V. Thus in a time equal to the 
time constant the voltage across the capacitor rises to 63.2% of the steady 
state voltage. When t = 2r then v c = V(\ - e~ 2 ) = 0.865 V. Thus the voltage 
across the capacitor rises to 86.5% of the steady state voltage. When t = 
3t then v c = V(l - e“ 3 ) = 0.950F. Thus the voltage across the capacitor 
rises to 95.0% of the steady state voltage. 

Example 

What is the time constant for a circuit having a capacitance of 8 pF in 

series with a resistance of 1 MQ? 

Time constant = RC = 1 x 10 6 x 8 x 10 6 = 8 s. 

When a voltage is applied to a capacitor and current flows to one of its 
plates and from the other, it becomes charged. This is what has been 
considered earlier in this chapter as a consequence of the application of a 
step voltage input to a RC circuit. Now consider what happens if a 
capacitor that has been charged by a voltage V being applied to the RC 
circuit now has the voltage removed and a current path from one terminal 
to the other provided through the resistor (Figure 20.9). A charged 
capacitor has a voltage between its terminals and this will result in a 
current flowing through the resistor 'and a voltage developing across it. 
Because there are no other sources of voltage in the circuit, if vc is the 
voltage across the capacitor at some instant of time and v R the voltage 
across the resistor, we must have: 


vc + v R = 0 


and so v R = -v c . The circuit current ; is thus, at any instant: 

. _ VR _ vc 
l ~ R ~ R 

As the charge flows from one plate of the capacitor through the circuit to 
the other plate, so the charge on the capacitor decreases with time and 
hence the voltage across the capacitor decreases. Consequently the 
voltage across the resistor and the circuit current decreases with time. 
Figure 20.10 shows how they vary with time. Note that the current flows 
in the opposite direction to that occurring during charging. 
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Figure 20. 1 0 Discharge of a 
charged capacitor through a 
resistor 


20.4.1 Rate of change of v c 

As with the charging of a capacitor (Section 20.3.1), the circuit current i is 
the rate of movement of charge through the circuit. But each bit of charge 
moved through the circuit changes the voltage across the capacitor; 
q = Cv c and so: 

i = rate of movement of charge = rate of change of Cv c 

= C x rate of change of v c 

We can write this, in calculus notation, as: 

. _ d£ _ d(Cvc) _ dvc 

1 - dr “ 6t - L dr 

The current is thus proportional to the rate of change of the voltage across 
the capacitor. At any instant of time V= v c + v R = 0. But v R = iR and so we 
can write: 

0 = vc + vr = vc + iR = vc + RC^jj- 
and so: 


-vc-*C^ 

Initially, v c = V and so the initial rate of change with time of the voltage 
across the capacitor is -V/RC. 

The product RC has the unit of time and so we define time constant as 
x = RC. The significance of the time constant is that, the bigger the time 
constant the smaller the initial rate of discharging of the capacitor and the 
longer it will take to completely discharge. 

Example 

A capacitor is charged to a voltage of 12 V. It is then allowed to 
discharge through a resistance of 2 kQ. What will be (a) the initial 
circuit current, (b) the circuit current when the voltage across the 
capacitor has dropped to 2 V? 

(a) Initially the voltage across the capacitor is 12 V and so the voltage 
across the resistor is -12 V. The initial current is thus -12/1000 = 
-12 mA. 

(b) When the voltage across the capacitor has dropped to 2 V the 
voltage across the resistor will be -2 V and so the circuit current is 
-2/1000 = -2 mA. 

20.4.2 Step-by-step determination of current and voltage values 

In the same way as earlier in this chapter step-by-step analyses were 
carried out of the charging of a capacitor in a series RC circuit connected 




Figure 20.11 Steps: (a) first, 
(b) second 


to a voltage source, so such analyses can be carried out for the discharge. 
For example, for the step-by-step method based on the drawing of rates of 
change of the voltage across the capacitor with the aid of the time 
constant, the steps would be: 

First step: The initial rate of change of vc with time is -V/RC = —V/x, 
where t is the time constant. Thus we can draw the initial slope of the 
graph line on a graph of v c against time in the way shown in Figure 
20.1 1(a), i.e. we mark out the point from time 0 along the horizontal 
axis for a time equal to the time constant. Suppose we consider this to 
represent the slope for the first 1 s. 

Second step: At 1 s we consider what the slope would be if we had started 
off with the voltage at this point and obtain a new slope by repeating 
the marking out of a point from that time along the horizontal axis for 
a time equal to the time constant (Figure 20.1 1(b)). We now consider 
this line to give the slope for the time between 1 s and 2 s. 

Following steps: We then repeat the above step for successive time 
intervals and so obtain the graph shown in Figure 20.12. 



Figure 20.12 Step-by-step analysis of a series RC circuit 

20.4.3 Calculus derivation of current and voltage values 

We can obtain the equation of the graph of v c with time by integrating the 
equation: 


^ dv c 
■" dt 


Separation of variables gives: 

dvc d t 

-vc - RC 


Integration then gives: 
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_ fvc dvc _ f' _dL 
J f v c - J o RC 


-lnvc +ln V - -j 
JL _ p t/RC 


v c = Ve~ ,/RC 
Since v R = v c then: 
v R = -V e~ ,/RC 
Since i = vr /R then: 



The above three equations are those describing the graphs in Figure 

20 . 10 . 


Example 

Determine after 25 ms the circuit current and voltage across the 
capacitor of a circuit in which the capacitor of capacitance 0.01 pF, 
which has been charged to a voltage of 10 V, discharges through a 
resistance of 5 MQ. 


RC = 0.01 x 10- 6 x 5 x 10 6 = 0.05 s. Thus: 

j - p-tiRC _ 10 -0.025/0.05 _ 

l ~ R e - 5 x 10 6 e 


v c = Ve ,!RC = 10 e 


20.4.4 Time constant 

As before we can write the time constant r = RC. Thus, v c = V er‘ k . The 
time taken for v c to drop from V to 0.5 V is thus given by: 

0.5V= V e~ lk 


e"' /T = 0.5 

~Y = ln0.5 = -0.693 
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® Equal intervals of 0.7r 


Time 

Figure 20.13 Voltage across 
the capacitor 


20.5 Rectangular waveforms 
and RC circuits 



Figure 20. 14 RC circuit 


Thus in a time of 0.693 r the voltage will drop to half its initial voltage. 
The time taken to drop to 0.25 V is given by: 

0.25 V= V e~' /T 


—f = ln0.25 =-1.386 

Thus in a time of 1.386r the voltage will drop to one-quarter of its initial 
voltage. This is twice the time taken to drop to half the voltage. This is a 
characteristic of a decaying exponential graph: if t is the time taken to 
reach half the steady state value, then in 2 1 it will reach one-quarter, in 3t 
it will reach one-eighth, etc. In each of these time intervals it reduces its 
value by a half (Figure 20.13) (Table 20.2). 


Table 20.2 Discharge of a capacitor 


Time 

v c 

0 

V 

0.7 T 

0.5V 

\AT 

0.25 V 

2.1 T 

0.125F 

2.8 T 

0.0625 V 

3.5 T 

0.03 125 V 


When t = It then v c = V e _1 = 0.632 V. Thus in a time equal to the time 
constant the voltage across the capacitor drops to 63.2% of the initial 
voltage. When t = 2r then v c = V e 2 = 0.135K. Thus the voltage across the 
capacitor drops to 13.5% of the initial voltage. When t = 3r then v c = 
V e 3 = 0.050 V. Thus the voltage across the capacitor drops to 5.0% of the 
initial voltage. 

Consider a series RC circuit with the input of a rectangular pulse (Figure 
20.14). Such an input is comparable to a step input to the circuit which is 
followed some time later by the voltage supply effectively short-circuiting 
and so discharging the capacitor through the resistance. The waveform of 
the voltage across the capacitor, the voltage across the resistor and the 
circuit current will depend on the time constant of the circuit and so the 
extent to which the capacitor can become fully charged and fully 
discharged in the time given by the input waveform. Figure 20.15(a), (b) 
and (c) shows some typical waveforms. 

The circuit which has a time constant, i.e. CR, much less than the 
duration of the pulse is called a differentiation circuit in that the voltage 
across the resistor is approximately equal to the rate of change of the input 
voltage. The circuit with the time constant much longer than the duration 
of the pulse is called an integration circuit in that output voltage across 
the resistor is approximately equal to the integral with respect to time of 
the input voltage. 
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Figure 20.15 Output waveforms when the time constant is (a) small compared with half the periodic time of the 
input pulse, (b) the same as half the periodic time, (c) longer than half the periodic time 


20.6 RL circuit: current Consider a circuit of an inductance in series with resistance and to which a 
growth step voltage is applied (Figure 20.16). When the switch is closed the 
current in the circuit starts to grow. The changing current in the 
inductance generates a changing magnetic field in the inductance coil and 
generates a back e.m.f. which slows down the changing current. The back 
e.m.f. e depends on the rate of increase of the current di/dt through the 
inductor: 



(a) 


V\ 


0 Time 

(b) Input voltage 

Figure 20.16 Step voltage 
applied to RL circuit 


where L is the inductance. To maintain a current through the inductor, and 
hence the circuit, the source must supply a voltage across the inductor v to 
cancel out the induced e.m.f. Thus the voltage drop across the inductor 
when there is a current i is 


voltage across inductor = 

Thus for the circuit we have V = voltage across resistor + voltage across 
inductor and so: 


V=iR+L% 

dt 

d i__V_R. 
d i~ L L 1 


Voltage across resistor w Voltage 
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(a) 



0 i Time 


(c) 



At the instant the switch is closed and the voltage is applied to the 
circuit, there is zero current in the circuit and, since the voltage across the 
resistor will then be zero, the rate of change of current must be such that 
the induced e.m.f. equals V. The initial rate of change of current is: 

V 

initial rate of change of current with time = -j- 

As the current in the circuit increases, so the voltage across the resistor 
increases and hence the voltage across the inductor decreases. This can 
only mean that the rate of change of current with time is decreasing. 
Eventually the entire voltage V is across the resistor, there then being no 
voltage across the inductor and so the current ceases to change. When this 
occurs the current has reached its steady state value of V/R (Figure 20.17). 

For such a circuit, the time constant x is defined as r = L/R. The bigger 
the time constant the longer it will take for the current to reach its steady 
value. 

Example 

A coil has a resistance of 20 Q and an inductance of 0.5 H. What will 
be the maximum rate of change of current with time when a d.c. 
voltage of 100 V is connected across the coil? 

The coil is effectively a resistance in series with an inductance with a 
step voltage applied to the circuit. The maximum rate of change of 
current with time occurs at the instant the voltage is applied and is 
V/L = 100/0.5 = 200 V/s. 

Example 

A coil has a resistance of 20 Q and an inductance of 0.5 H. What is 
its time constant? 


Figure 20.17 Series RL 


Time constant = L/R = 0.5/20 = 0.025 s. 


20.6.1 Step-by-step determination of current and voltage 

In the same way as earlier in this chapter step-by-step analyses were 
carried out of the charging of a capacitor in a series RC circuit connected 
to a voltage source, so such analyses can be carried out for the growth of 
current in a series RL circuit. 


First step: The initial rate of change of current with time is V/L = IR/L = 
I/t, where I is the final steady state current when all the voltage is 
across the resistance and x is the time constant. Thus we can draw the 
initial slope of the graph line on a graph of i against time in the way 
shown in Figure 20.18(a), i.e. we mark out the point from time 0 
along the horizontal line at current I for a time equal to the time 
constant. Suppose we consider this to be the slope for the first 1 s. 

Second step: At 1 s we consider what the slope would be if we had started 
off with the current at this point and obtain a new slope by repeating 
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Time (s) 

(b) 

Figure 20.18 Steps: (a) first, 
(b) second 



Figure 20.19 Step-by-step 
analysis 


the marking out of a point from that time along the horizontal line at I 
for a time equal to the time constant (Figure 20.18(b)). We now 
consider this line to give the slope for the time between 1 s and 2 s. 

Following steps: We then repeat the above step for successive time 
intervals and so obtain the graph shown in Figure 20.19. 

20.6.2 Calculus determination of current and voltage 

We can obtain the equation of the graph of the current i with time by 

integrating the equation: 

Separation of variables gives: 

d i At_ 

(V/R)-i ~ R/L 

Integration then gives: 

f- d / _ f' _dt_ 

J o (V/R)-i “Jo R/L 


-\n\(VIR)- i\ + ln( VI R) = -j- 
[ (K/R)-» 1 R t 

M {v/r) J ~ l 

(V/R) “ e 
i = |(l-e-^) 

The voltage across the resistor vr = iR and so: 
v R = K(1 - e~ R,/L ) 

The voltage across the inductor v L = V - v R and so is: 


The above three equations describe the graphs in Figure 20.17. 

20.6.3 Time constant 

For a series LR circuit we can write the time constant r as L/R. Thus: 

' = fd-e- f/r ) 


Fraction of steady current 
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0 Equal intervals of 0.7 x 
Time 


Figure 20.20 Current in 
series LR circuit 


When t is very large then the exponential term becomes 0 and so the 
current becomes the steady state current 7 = V/R. What time will be 
required for i to reach 0.57? 

0.57= 7(1 -e-' /T ) 


e“' /T = 0.5 

—f = ln0.5 = -0.693 

Thus in a time of 0.693 t the current will reach half its steady state current. 
The time taken to reach 0.757 is given by: 

0.757=7(1 c ,/T ) 


-y = ln0.25= -1.386 


Thus in a time of 1.386r the current will reach three-quarters of its steady 
state value. This is twice the time taken to reach half the steady state 
current. This is a characteristic of exponential graphs: if t is the time taken 
to reach half the steady state value, then in 2t it will reach three-quarters, 
in 3 1 it will reach seven-eighths, etc. In each of these time intervals it 
reduces its value by a half (Figure 20.20) (Table 20.3). 

Table 20.3 Growth of current in LR circuit 


Time 

k 

0 

0 

o.7 r 

0.57 

1.4 T 

0.757 

2.1 T 

0.8757 

2.8 T 

0.9387 

3.5 T 

0.9697 


When / = It then i = 7(1 - e ') = 0.6327. Thus in a time equal to the time 
constant the current rises to 63.2% of the steady state current. When t = 2x 
then i = 7(1 - e 2 ) = 0.8657. Thus the current rises to 86.5% of the steady 
state current. When t = 3r then i = 7(1 - e“ 3 ) = 0.9501. Thus the current 
rises to 95.0% of the steady state current. 

Example 

A series RL circuit with a d.c. voltage supply of 24 V has a resistance 
of 100 Q and an inductance of 50 mH. Determine (a) the time 
constant, (b) the voltage across the inductor, (c) the circuit current 0.4 
ms after the supply is switched on, (d) the steady state current. 
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Figure 20.21 RL circuit 

20.7 RL circuit: current 
decay 



(°) 0 Time 

Figure 20.22 (a) Voltage across 

R, (b) voltage across L, (c) current 


(a) The time constant = L/R = 50 x 10 3 /100 = 0.5 ms. 

(b) The voltage across the inductor after 0.4 ms is: 

v L = Vt~ R, ' L = Ve~ ,/T = 24 e~ 0A/0 - 5 = 10.8 V 

(c) The current after 0.4 ms is: 

i = |(1 - e-*‘ /L ) = -^(1 - e -0 - 470 - 5 ) = 0.13 A 

(d) The steady state current is 1= V/R = 24/100 = 0.24 A. 

When the current through a series RL circuit is switched off (Figure 
20.21), the magnetic field of the inductance changes and induces an e.m.f. 
in the inductance which opposes the decreasing current. As a result the 
current does not abmptly drop to a zero value when the current is 
switched off but decays exponentially to a zero value. Figure 20.22 shows 
how the circuit current and the voltages across the resistor and inductor 
vary with time. 

The voltage across resistor + voltage across inductor = 0, and so: 

Rl+l i =» 

di_ _ff . 

At ~ L 1 

Initially the current in the circuit is I = V/R and so immediately the current 
is switched off the rate of change of current is: 

initial rate of change of current = —j-I 

For such a circuit the time constant x is defined as x = L/R. The larger the 
time constant the longer it takes for the current to decay to zero. 

Example 

A coil with a resistance of 15 Q and an inductance of 2 H has been 
connected to a 24 V supply for some time. Determine the current 
through the coil and the initial rate of change of the current with time 
when the supply is removed and replaced by a shorting link. 

The current through the coil is V/R = 24/15 = 1.6 A. When the coil is 
shorted the initial rate of change of current with time is Rl/L = 
-15x1.6/2 =12 A/s. 

20.7.1 Step-by-step determination of current and voltage 

In the same way as earlier in this chapter step-by-step analyses were 
carried out of the current growth in a series RL circuit connected to a 
voltage source, so such analyses can be carried out for the decay of 
current. 
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Figure 20.23 Steps: (a) first, 
(b) second 



Figure 20.24 Step-by-step 
analysis 


First step: The initial rate of change of i with time is -RI/L = -I/t, where r 
is the time constant. Thus we can draw the initial slope of the graph 
line on a graph of current against time in the way shown in Figure 
20.23(a), i.e. we mark out the point from time 0 along the horizontal 
axis for a time equal to the time constant. Suppose we consider this to 
represent the slope for the first 1 s. 

Second step: At 1 s we consider what the slope would be if we had started 
off with the current at this point and obtain a new slope by repeating 
the marking out of a point from that time along the horizontal axis for 
a time equal to the time constant (Figure 20.23(b)). We now consider 
this line to give the slope for the time between 1 s and 2 s. 

Following steps: We then repeat the above step for successive time 
intervals and so obtain the graph shown in Figure 20.24. 

20.7.2 Calculus determination of current and voltage 

We can obtain the equation of the graph of the current / with time by 

integrating the equation: 

0 = * + lf 

Separation of variables gives: 

_dj _ dt 
i ~ R/L 


Integration then gives: 


_ di _ r' dr 
J r i ~Jo r/l 


-lni + ln/=^ 


The voltage across the resistor VR=iR and so: 
vr -IR t~ mlL 

The voltage across the inductor v L = v R and so is: 


v L = -IR e~ Rt/L 


The above three equations describe the graphs in Figure 20.22. 

20.7.3 Time constant 

For such a LR circuit, we can write the time constant r = L/ R. Thus: 
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The time taken for the current to drop from / to 0.5 / is given by 0.5 1 = 
I e~‘ /r and so e“' /T = 0.5 and we have: 



Equal intervals of 0.7 x 


Figure 20.25 Current decay 


-- f = In 0.5 = -0.693 

Thus in a time of 0.693r the current will drop to half its initial voltage. 
The time taken to drop to 0.25 / is given by 0.25/ = / e“' /r and so e“' /T = 
0.25 and we have: 

= ln0.25 =-1.386 

Thus in a time of 1.386r the current will drop to one-quarter of its initial 
voltage. This is twice the time taken to drop to half the voltage. This is a 
characteristic of a decaying exponential graph: if t is the time taken to 
reach half the steady state value, then in 2 1 it will reach one-quarter, in 3t 
it will reach one-eighth, etc. In each of these time intervals it reduces its 
value by a half (Figure 20.25) (Table 20.4). 

Table 20.4 Decay of current in series LR circuit 


Time 

ic 

0 

i 

0.7 T 

0.5/ 

\AT 

0.25/ 

2.1 T 

0.125/ 

2.8 T 

0.0625/ 

3.5 T 

0.03125/ 


When t = It then i = / e 1 = 0.632 1. Thus in a time equal to the time 
constant the current drops to 63.2% of the initial voltage. When t = 2r 
then i = / e 2 = 0.135/. Thus the current drops to 13.5% of the initial 
current. When t = 3r then / = / e“ 3 = 0.050/. Thus the current drops to 
5.0% of the initial current. 


Example 

A coil of inductance 200 mH and resistance 8 kQ is connected to a 
d.c. voltage source of 16 V. Some time after a steady current exists, 
the voltage source is short-circuited. What will be (a) the current at 
the time the short-circuit occurs, (b) the current 10 ps later, (c) the 
time taken for the current to fall to 10% of its initial value? 

(a) The initial current is / = V/R = 16/8000 = 2 mA. 

(b) The time constant of the circuit = L/R = 0.200/8000 = 25 ps. Thus 
the current after 10 ps is i = I e~ ,h = 2 e“ 10/25 =1.3 mA. 

(c) The time taken for the i to equal 0. II, is given by i = I e“' /r and so 
0.1/= / e“' /25 . Thus In 0.1 = —7/25 and hence t = 57.6 ps. 


20.8 Rectangular waveforms 
and RL circuits 
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Consider a series RL circuit with the input of a rectangular pulse (Figure 
20.26). Such an input is comparable to a step input to the circuit which is 
followed, some time later by the voltage supply effectively short- 
circuiting and so causing the decay of the current through the resistance. 
The waveform of the voltage across the inductor, the voltage across the 
resistor and the circuit current will depend on the time constant of the 
circuit and so the extent to which the current through the inductor has time 
to reach the steady state value that would otherwise occur and decay in the 
time given by the input waveform. Figure 20.27(a), (b) and (c) shows 
some typical waveforms. 

Figure 20.26 RL circuit 




Figure 20.27 Output waveforms when the time constant is (a) small compared with half the periodic time of the 
input pulse, (b) the same as half the periodic time, (c) longer than half the periodic time 


Activities 1 Determine the graph for the variation of current with time for the 
discharge of a charged capacitor. Figure 20.28 shows a possible 
circuit; possible values to give a discharge graph which will take a 
reasonable amount of time are C = 500 pF, R = 100 kD, 100 pA 
meter, V= 10 V or C= 10 000 pF, R = 5 kt2, 1 mA meter, V= 10 V. 

2 Determine the inductance L of an inductor by measuring the initial 
rate of change of current through it when a voltage V is first applied 
to a series circuit of it and a resistor; the initial rate of change of 
current is VI L. An oscilloscope can be used to monitor the way the 
voltage across the resistor varies with time and hence, since i = v r /R 
give the circuit current. To give a large inductance, the inductor can 
be a coil mounted on an iron magnetic circuit with the resistance 
being perhaps 100 Q and the voltage V= 1.5 V. 
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Problems 



Figure 20.28 Activity 1 

1 What is the initial rate at which the voltage across a 0.1 pF capacitor 
will change with time when it is charged through a resistance of 5 kQ 
by a voltage being switched from 0 to 10 V? 

2 What is the initial rate at which the voltage across a 10 pF capacitor 
will change with time when it is charged through a resistance of 
20 kQ by a voltage being switched from 0 to 6 V? 

3 A series RC circuit has a resistance of 1 MQ and a capacitance of 
0.01 pF. Using a graphical step-by-step method, estimate the voltage 
across the capacitor 20 ms after a steady voltage of 20 V is applied to 
the circuit. 

4 A series RC circuit has a resistance of 50 kQ and a capacitance of 
20 pF. Determine, (i) by a graphical step-by-step method and 
(ii) algebraically, the current (a) initially and (b) 1 s, after a steady 
voltage of 20 V is connected to the circuit. 

5 A series RC circuit has a resistance of 15 kQ and a capacitance of 
0.02 pF and a steady voltage of 30 V is connected to the circuit. 
Determine (a) the time constant r of the circuit and, (i) by a graphical 
step-by-step method and (ii) algebraically, (b) the current after It, (c) 
the current after 1 ,5t, (d) the steady state current. 

6 A series RC circuit has a resistance of 15 kQ and a capacitance of 
0.02 pF and a steady voltage of 30 V is connected to the circuit. 
Determine, (i) by a graphical step-by-step method and 
(ii) algebraically, the voltage across the resistor (a) initially, (b) after 
0.3 ms, (c) after 1 ms. 

7 A series RC circuit has a resistance of 0.5 kQ and a capacitance of 
500 pF and a steady voltage of 10 V is connected to the circuit. 
Determine (a) the time constant r of the circuit and, (i) by a graphical 
step-by-step method and (ii) algebraically, (b) the voltage across the 
capacitor after 0.25 s, (c) the voltage across the capacitor after 0.5 s. 

8 A 16 pF capacitor is charged to 10 V and then discharged through a 
resistance of 50 kQ. Determine (a) the time taken for the voltage 
across the capacitor to drop to 2 V, (b) the circuit current after 0.5 s. 

9 A 5 pF capacitor is charged to 10 V and then discharged through a 
resistance of 2 MQ. Determine (a) the initial current, (b) the time 
taken for the voltage across the capacitor to drop to 6.3 V. 
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10 A 0.2 (J.F capacitor is charged to 5 V and then discharged through a 
resistance of 40 k£2. Determine (a) the voltage across the capacitor 
after 15 ms, (b) the voltage across the resistor after 15 ms. 

11 A coil with a resistance of 50 Q and an inductance of 2.5 H has a d.c. 
voltage of 100 V connected across it. Determine (a) the time constant 
of the circuit, (b) the initial rate of change of current, (c) the circuit 
current 0.15 s after the voltage is applied to the coil, (d) the final 
steady state current. 

12 Determine by a graphical step-by-step method the current after 0.4 s 
when a voltage of 10 V is applied to a coil of resistance 25 Q and 
inductance 5 H. 

13 A coil with a resistance of 25 Q and an inductance of 2.5 H has a d.c. 
voltage of 100 V connected across it. Determine (a) the time constant 
of the circuit, (b) the initial rate of change of current, (c) the circuit 
current 0.15 s after the voltage is applied to the coil, (d) the final 
steady state current. 

14 A series RL circuit has a d.c. voltage of 10 V applied to a resistance 
of 125 Q and an inductance of 0.25 H. Determine (i) graphically by a 
step-by-step method, (ii) algebraically, the circuit current after 5 ms. 

15 A coil of inductance 5 H and resistance 20 Q is connected to a d.c. 
voltage source of 100 V. Some time after a steady current exists, the 
voltage source is short-circuited. What will be the current (a) at the 
time the short-circuit occurs, (b) 1 s later? 

16 A relay coil has a resistance of 100 Q and an inductance of 100 mH. 
A rectangular voltage pulse of amplitude 5 V and duration 5 ms is 
applied to the coil. If the relay contacts close when the current in the 
coil reaches 40 mA and open when it drops to 15 mA, determine the 
length of time for which the contacts remain open. 

17 A coil of inductance 20 H and resistance 5 Q is connected to a d.c. 
voltage source. When the voltage is applied, the initial rate of 
increase of current is 4 A/s. What is (a) the value of the applied 
voltage, (b) the rate of growth of the current when the circuit current 
is 5 A? 

18 A coil of inductance 10 H and resistance 10 Cl is connected to a d.c. 
voltage source of 100 V. What is (a) the current 0.1 s after switching 
the voltage on, (b) the time taken for the current to decrease to half its 
initial value? 

19 If the time constant of a coil is measured and found to be 50 ms, what 
will be its inductance if it has a resistance of 2 Q? 

20 When a d.c. voltage of 100 V is applied to the field coil of a machine, 
after 2 s the current has risen to 6.32 A and eventually it reaches 
10 A. What is the inductance of the coil? 


21 Parallel a.c. circuits 


21.1 Introduction 


21 .2 Parallel circuits 


For a parallel d.c. circuit there is the same voltage drop across each 
component and the current entering the parallel arrangement is the sum of 
the currents through each component. For a parallel a.c. circuit there is the 
same voltage phasor for the voltage across each parallel component and 
the phasor for the current entering the parallel arrangement is the sum of 
the phasors for the currents through each parallel component. This chapter 
is a discussion of parallel a.c. circuits and the conditions required for 
resonance. It follows on from Chapter 17. 

The following are illustrations of the analysis of parallel circuits when 
supplied with alternating current. 

21.2.1 Parallel resistance and inductance 

Figure 21.1(a) shows the parallel circuit. The voltage across each 
component is the same, being the supply voltage V. The current I R 
through the resistance is in phase with the supply voltage; the current I L 
through the inductor lags behind the supply voltage by 90° (Figure 
21.1(b)). 


V V 



Figure 21.1 Parallel R and L 

The phasor sum of the currents I R and I L must be the supply current I 
entering the parallel arrangement (Figure 21.1(c)). Thus: 

I 2 =ll+Il 

tan^ = ^ 

, /r 
cos <p = — 
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But V = IZ, where Z is the impedance of the parallel arrangement and 
V = I r R and V = I L X L , thus the above equations can be written as: 

-L = -L + -L 

Z 2 R2 + xi 

tan <j> = -Jr- 
cos^ = 


Example 

A resistance of 10 Q is in parallel with an inductance of 50 mH. What 
will be the current drawn from the supply and the impedance of the 
circuit when a voltage of 24 V r.m.s., 50 Hz is applied to it? 

The inductive reactance is X,. = 2 nfL = 2n X 50 X 0.050 = 15.7 Q. 
Thus It = V/X L = 24/15.7 = 1 .53 A. The current through the resistor / R 
= V/R = 24/10 = 2.4 A. The magnitude of the current drawn from the 
supply is thus: 


I= Pl +Il = a/2.4 2 + 1.53 2 =2.85 A 

The phase angle <j) by which the supply current lags the supply 
voltage is ^ = tan -1 (R/Xt) = tan -1 (10/15.7) = 32.5°. The circuit 
impedance Z= VII = 24/2.85 = 8.42 Q. 

21.2.2 Parallel resistance and capacitance 

Figure 21.2(a) shows the parallel circuit. The voltage across each 
component is the same, being the supply voltage V. The current Ir 
flowing through the resistance is in phase with the supply voltage, the 
current I c through the capacitor leads the supply voltage by 90° (Figure 
21.2(b)). 


V 



Figure 21.2 Parallel R and C 


The phasor sum of the currents I R and Ic must be the supply current I 
entering the parallel arrangement (Figure 21.2(c)). Thus: 


I 2 =li+I 2 c 
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tan^ = 7 r 

, /r 
COS (p — ~J~ 

But V = IZ, where Z is the impedance of the parallel arrangement and 
V= IrR and V= UXc, thus the above equations can be written as: 

i’ = * r+ 4r 

tan^ = ~Xc 

cos^ = 


Example 

A resistance of 10 £2 is in parallel with a capacitance of 10 pF. What 
will be the current drawn from the supply and the impedance of the 
circuit when a voltage of 20 V r.m.s., 1 kHz is applied to it? 

The inductive capacitance is: 

X c = \t2nfC- 1/2 n x 1000 x 10 x 10- 6 = 15.9 £2 

Thus Ic = V/X c = 20/15.9 = 1.26 A. The current through the resistor / R 
= V/R = 20/10 = 2.0 A. The magnitude of the current drawn from the 
supply is thus: 


/= v / / R+ / c = a/ 2.0 2 + 1.26 2 = 2.36 A 
The phase angle (j) by which the supply current leads the voltage is: 

<t> = tan 1 (R/Xc) = tan" 1 (10/15.9) = 32.2° 

The circuit impedance Z=V/I = 20/2.36 = 8.47 £2. 

21.2.3 Parallel R-L and C 

A coil will have both resistance and inductance and can be regarded as a 
resistance in series with an inductance. Consider such a coil in parallel 
with capacitance (Figure 21.3(a)). Figure 21.3(b) shows the phasor 
diagram for the two series items in the coil branch. For this branch we 
thus have a voltage V which is leading Irl, the current in phase with Vr, 
by a phase angle We can rotate these phasors to give the phasors for 
the coil branch as that shown in Figure 21.3(c), together with the phasors 
for the capacitor branch. The total circuit current is the phasor sum of Irl 
and Ic (Figure 21.3(d)). 
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Figure 21.3 Parallel R-L and C 


Figure 21.3(d) shows the situation when the resolved component of Irl 
in the vertical direction has a magnitude less than that of I c (Figure 
21.3(a)). There are two other possible conditions that we might have: the 
resolved component of Irl in the vertical direction has a magnitude 
greater than that of I c (Figure 21.3(b)) and the resolved component of Irl 
in the vertical direction has a magnitude equal to that of I c (Figure 
21.3(c)). The three conditions give: 

1 Ic > /rl sin (f>i, I leads V by <f> (Figure 21.4(a)) 

2 7c < /rl sin 0i, I lags V by <j> (Figure 21.4(b)) 

3 7c = 7rl sin <f>\, I and V are in phase (Figure 2 1 .4(c)) 

We can determine the total circuit current I by a scale drawing of the 
phasors to give one of the phasor diagrams in Figure 21.4. 


' RL sin <*i 

(a) (b) 



RL l 1 R L 

(c) 


Figure 21.4 The three possible conditions 
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Alternatively, we can resolve the current phasor Irl into horizontal and 
vertical component phasors: / RJ , cos fa horizontally and Zrl sin fa 
vertically. The horizontal component is in phase with V and is termed the 
‘in phase’ component, the other component is at 90° and is termed the 
‘quadrature’ component. For Figure 21.4(a) we thus have the situation 
shown in Figure 21.5. 



'cT V in 'i 


'rl 008 

Figure 2 1 .6 Circuit current 



Figure 21.5 Resolving Irl 

The vertical current has the magnitude of I c - /rl sin fa and the 
horizontal current is /rl cos fa. We can thus draw the phasor diagram 
shown in Figure 21.6 and so have: 


/ 2 = (/rl cos fa) 2 + (Ic - /rl sin fa) 2 

r /rlcos^i 

/rl COS ^1 
cos <p = J 


Example 

A circuit consists of a coil with inductance 150 mH and resistance 
40 Q in parallel with a capacitor of capacitance 30 pF. A 240 V 
r.m.s., 50 Hz voltage supply is connected across the circuit. 
Determine the current in (a) the coil, (b) the capacitor and (c) drawn 
from the supply. 

(a) Inductive reactance X L = 2njL = 2n x 50 x 0.150 = 47.1 Q. The 
impedance Zrl of the coil is thus: 

Zrl = jR 2 +*i = V40 2 +47.1 2 = 61.8 Q 

The current through the coil has thus the magnitude /rl = K/Zrl = 
240/61.8 = 3.88 A with the phase angle fa = tan -1 (XJR) = 47.1/40 = 
49.7°. This is the angle by which the current lags the supply voltage. 

(b) The capacitive reactance is X c = H2nfC = 1/(271 x 50 x 30 x 10 -6 ) 
= 106.1 Q. The current through the capacitor has thus the magnitude 
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X c = V/X c = 240/106.1 = 2.26 A. The current leads the supply voltage 
by 90°. 

(c) Figure 21.7(a) shows the phasor diagram for the currents in the 
circuit and Figure 21.7(b) the phasor diagram when Irl has been 
resolved to the in phase and quadrature components. Hence: 


1= 7(3.88 sin 49.7° -2.26) 2 + (3.88 cos 48.7 0 ) 2 = 2.65 A 


Its phase angle by which it lags the supply voltage is: 



Figure 21.7 Example 

21 .3 Parallel resonance For the parallel circuit shown in Figure 2 1 .8, resonance occurs when I and 
V are in phase. 



V 


Figure 21.8 RL in parallel with C 



This is when the magnitude of the current through the capacitor I c = Irl 
sin <j> i, where <j>\ is the phase angle between the current Irl through the RL 
arm of the circuit and the voltage supply (Figure 21.9). One way of 
describing this equality is that the reactive current through the capacitor 
equals the reactive current through the RL arm, the current through the RL 
arm having a reactive component which is at 90° to the voltage and a 
resistive component which is in phase with the voltage. Since Ic = V/X c , 
Irl = V/Zrl and sin <j)\ = XJZrl (Figure 21.10), where X c is the reactance 
of the capacitor and Zrl is the impedance of the RL combination, then at 
resonance: 


282 Engineering Science 



RL 




V L = IX ' L 


Vr=« 


R 




Figure 21.10 RL arm of circuit 


gives: 


V _ V X L 
Xc Z RL Zrl 

and hence: 

Z| L =Mc 

Since X L = 2nfL, X c = MlnfC and Zrl = V[7? 2 + (2nfoL) 2 ], where fi is the 
resonant frequency, then the above equation can be written as: 


Generally R 2 /L 2 is much smaller than l/LC and so the equation can be 
approximated to: 


This is the same as the equation for the resonance of a series RLC circuit. 

At resonance, the current drawn from the supply is in phase with the 
supply voltage and thus the circuit presents a purely resistive load. The 
value of this resistance is known as the dynamic resistance Ru: 



Since / = /rl cos <j>\ and /c = /rl sin f (see Figure 2 1 .9), we can write: 


R 2 + (InfoL) 2 = 2nf 0 L x = C 




7 = 



and hence: 
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Resistive current 



Circulating ' ' 
reactive current 


Figure 21.12 RL in parallel 
with C at resonance 


Ftan^i Ftan^i , 

r d = — ^ = V/X c =x ctan^i 

ButX L //f = tan <j>\ (see Figure 19.9), thus: 

d 1 2nf 0 L L 
KD ~ 2nf 0 C R ~ CR 


A consequence of the above equation is that if R = 0 then R 0 equals 
infinity. This implies zero current at resonance when R = 0. 

Figure 21.11 shows how (a) the impedance and (b) the current drawn 
from the supply by the circuit varies with frequency. The impedance is at 
a maximum value of R D and the current at a minimum value of V/R D at the 
resonant frequency. For this reason the parallel resonant circuit is known 
as the rejecter circuit since it ‘rejects current’ at the resonant frequency. 




Figure 21.11 Variation of (a) impedance, (b) current with frequency 


At resonance the current 7 C can be much larger than the current I drawn 
from the supply (in Figure 21.9 it is shown as only being a little bit 
larger). We can think of this reactive current as circulating round the 
RL C circuit with only the resistive component of the current through RL 
passing through the system (Figure 21.12). The Q-factor of the parallel 
circuit is defined as being: 

(7-factor = 


Hence, using the phasor diagram in Figure 21.10: 
g-factor = tan <f>\ - 

and since at resonance X L = X c , we also have: 


e- factor= 2 tfbCR 
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Example 

A circuit has a coil of resistance 100 Q and inductance 50 mH in 
parallel with a capacitor of 0.01 pF. Determine the resonant 
frequency, the dynamic resistance and the g-factor. 

i --L l __ 100 2 

J0 In V LC L 2 2n V 0.050 x 0.01 x HH 0.050 2 


Hence the resonant frequency is 7111 Hz. If, instead of the above 
equation, we had used the approximate version of the equation the 
answer would have been 71 1 8 Hz. 


' CR 0.01 x 10-6x100 


= 50kQ 
1 _ 


~ InfoCR 271x7111 x0.01 x10-6x100 ' 


21.4 Power in a parallel For a parallel arrangement of reactance, i.e. a pure inductance or a pure 
circuit capacitance, and resistance (Figure 21.13(a)), power will only be 
dissipated in the resistive branch. 


■ <R 



Figure 21.13 Parallel circuit 


The current I from the supply can be resolved into two current 
components, one of magnitude I cos <j> in phase with the supply voltage 
and the other of magnitude / sin ^ at 90° to it (Figure 21.13(b)). The 
current through the resistive branch is the component in phase with the 
voltage; the current through the reactive branch is the component at 90° to 
the voltage. Thus the true power dissipation is Vh = VI cos <f>. The 
apparent power dissipated is VI and so: 

true power = VI cos <j> = apparent power x cos <j) 

As for the series circuit, cos <j> is known as the power factor. 

Since R = F R // R = V -9.il cos <j> and Z = VI I then we also have 

cos (f> = RIZ 

and this can be represented by the impedance triangle shown in Figure 
21.13(c). 
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Example 

A circuit consists of a coil with inductance 150 mH and resistance 
40 Q in parallel with a capacitor of capacitance 30 pF. A 240 V 
r.m.s., 50 Hz voltage supply is connected across the circuit. 
Determine the power factor of the circuit, the true power and the 
apparent power. 

This is the example for which the current in the coil, the capacitor and 
drawn from the supply was calculated four pages earlier with Figure 
19.7. The supply current was found to lag the supply voltage by 15.2° 
and so the power factor of the circuit = cos 15.2° = 0.97. The true 
power = IV cos <j> = 2.65 x 240 x 0.97 = 617 W. The apparent power 
= IV = 2.65 x 240 = 636 VA. 

21.4.1 Power factor correction 

Power factor correction, i.e. making the power factor closer to the value 1, 
can be achieved by connecting a suitable capacitor in parallel with an 
inductive load. As a consequence of the load being inductive, the current I 
taken from the supply lags the supply voltage by <j> (Figure 21.14(a)). 
Connecting a capacitor in parallel reduces the reactive component of the 
current and so reduces <j> and the overall power factor (Figure 21.14(b)). 



F igure 21.14 Power factor correction 

Example 

A 240 V, 50 Hz motor running at full load has a power of 500 W and 
a lagging power factor of 0.7. What value of capacitance should be 
connected in parallel with it to raise the overall power factor to 1? 

Since VI cos <j> = 500 W then / = 500/(240 x 0.7) = 2.98 A. This 
current lags the supply voltage by <f) (Figure 21.14(a)); since cos <f> = 
0.7 then <j) = 45.6°. The component of this current in phase with the 
voltage = I cos </> = 2.98 x 0.7 = 2.09 A and the component at 90° to it 
= / sin <f> = 2.98 sin 45.6° = 2.13 A. To bring the overall power factor 
to 1 means reducing the VI sin <j> component to 0 and means taking an 
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additional current from the supply which is equal and opposite to the 
I sin <j> component of the supply current (Figure 21.14(b)). This can 
be supplied by connecting a capacitor in parallel. The current taken 
by the capacitor must thus be 2.13 A and so its reactance X c = 
240/2.13 = 112.7 Q. Thus 1/2 nfC= 112.7 Q and so C = 28.2 pF. 



V 


Figure 21.15 Example 


Example 

A 240 V, 50 Hz load takes a current of 5 A at a lagging power factor 
of 0.7. What capacitor should be connected in parallel with the load 
to increase the power factor to 0.9 lagging? 

The initial current lags the supply voltage by <f> and, since cos <j> = 0.7, 
then (f) = 45.6°. The corrected power factor is to be 0.9 and, since 
cos <j> = 0.9, we require (j> to be 25.8°. The phasor diagram for the 
currents is as shown in Figure 21.15. Since 1= 5 A then AC/5 = sin 
45.6° and AC = 3.57 A. Since AB/AD = tan 25.8° and AD = 5 cos 
45.6°, then AB = 1.69 A. The current I c = BC = AC - AB = 3.57 - 
1.69 = 1.88 A. The capacitive reactance X c = V!I C = 240/1.88 = 
128 Q. Since X c = l/2n/Cthen C= 1/(2tc x 50 x 128) = 24.9 pF. 


21.5 Filter circuits There are many situations where the signal that we want to use is 
combined with noise or other unwanted frequency signals. We then use 
filters in an attempt to isolate the signal we want. A filter is designed to 
introduce magnitude gain or loss over a prescribed range of frequencies. 
The term low pass filter is used for one that removes higher frequencies 
and passes lower ones; Figure 21.16(a) shows the ideal form of its 
response. The term high pass filter is used for one that removes lower 
frequencies and passes higher ones; Figure 21.16(b) shows the ideal form 
of its response. The term band pass filter is used for one that passes just a 
particular band of frequencies; Figure 21 .16(c) shows the ideal form of its 
response. The term band stop filter is used for one that just blocks a 
particular band of frequencies; Figure 21.16(d) shows the ideal form of its 
response. 


(a) Frequency (b) Frequency 



Figure 21.16 Ideal filter responses: (a) low pass, (b) high pass, (c) band 
pass, (d) band stop 
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21.5.1 Passive filters 

The term passive filter is used for one that only employs components such 
as resistors, inductors and capacitors. A series RC circuit can be used to 
give a low pass passive filter, the output being the voltage across the 
resistor (Figure 21.17(a)). For such a circuit the voltage across the resistor 
Fr = IR, with the circuit current I being VIZ. The circuit impedance Z is 
given by: 


When the frequency is low then the impedance is low and so the current is 
high. Hence, at low frequencies the voltage across the resistor is high 
compared with that at higher frequencies. The response falls above f 0 = 
\l2nRC. 


Figure 21.7 Filters: (a) low pass, (b) high pass 

A series RC circuit can be used to give a low pass passive filter, the 
output being the voltage across the capacitor (Figure 21.17(b)). For such a 
circuit the voltage across the resistor V c = IX C , with the circuit current I 
being VIZ. The circuit impedance Z is given by: 


The reactance X c = 1 !2nfC and so when the frequency increases the 
reactance decreases and consequently the impedance decreases. Hence the 
currrent increases. Hence, at high frequencies the voltage across the 
capacitor is high compared with that at lower frequencies. The response 
rises above f> = \/2nRC. 

In the same way, series RL circuits can be used to give low pass and 
high pass filters. 

A series LCR circuit allows maximum current to flow at its resonant 
frequency whereas a parallel LCR circuit allows only minimum current at 
its resonant frequency. Figure 21.18(a) shows an arrangement of a series 
LCR and a parallel LCR circuit can be used as a band pass filter. With 
both circuits tuned to the same resonant frequency, the series resonant 
circuit appears as a short-circuit at the resonant frequency and has a high 
impedance at other frequencies. The parallel resonant circuit is 
open-circuit at the resonant frequency and has a low impedance to other 
frequencies. Thus, at the resonant frequency, there is maximum current 
through the resistor and so maximum voltage output. By rearranging the 
circuit (Figure 21.18(b)) we can produce a band stop filter. 


z= Jr 2 +(i/a>C) 2 



(a) 


(a) 
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Figure 21.18 (a) Band pass filter, (b) band stop filter 


Activities 1 Assemble a simple radio receiver and explain how adjustment of the 
capacitance of the tuning capacitor enables different radio stations to 
be received. Figure 21.19 shows the basic circuit. The aerial can be a 
length of P VC-covered wire, the tuning capacitor a variable capacitor 
of about 0-500 pF and, for medium wave radio signals, the inductor a 
coil of about 50 turns of wire of diameter about 70 mm. 


„,v 



~T 


ml 


Figure 21.19 Activity 1 


Problems 


1 A circuit consists of a resistance of 10 Q in parallel with an 
inductance of 50 mH. What is the magnitude and phase angle of the 
current taken from the supply when a voltage of 240 V r.m.s., 50 Hz 
is applied? 

2 A circuit consists of a resistance of 40 Q in parallel with an 
inductance of reactance 30 £2. What is the magnitude and phase angle 
of the current taken from the supply when a voltage of 120 V r.m.s., 
50 Hz is applied? 

3 A circuit consists of a resistance of 150 £2 in parallel with an 
inductance of 2 mH. What is the magnitude and phase angle of the 
current taken from the supply of 2 V r.m.s., 20 kHz? 

4 A circuit consists of a resistance in parallel with a capacitance. What 
are the values of the resistance and capacitance if, when a voltage of 
240 V r.m.s., 200 Hz is applied, the current taken from the supply is 
2 A with a phase angle of 53.1° leading? 

5 A resistance is in parallel with a capacitance. If, when a voltage of 
100 V r.m.s. is applied to the circuit, the current drawn from the 
supply is 2 A at a phase angle of 30° leading, what are (a) the 
magnitudes of the currents through the resistance and the capacitance, 
and (b) the values of the resistance and the capacitive reactance? 
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6 A circuit consists of a resistance of 60 Q in parallel with an 8 pF 
capacitor and a supply of 10 V r.m.s., 200 Hz. What is the size of the 
current taken by (a) the resistor, (b) the capacitor, and (c) the overall 
current taken from the supply? 

7 A coil with a resistance of 10 Q and an inductance of 50 mH is in 
parallel with a capacitance of 0.01 pF. Determine the resonant 
frequency. 

8 A capacitor which can be varied between 50 pF and 350 pF is 
connected in parallel with an inductance of 100 pH. Over what range 
of frequencies will the circuit give resonance? 

9 A coil with a resistance of 5 O and an inductance of 50 mH is in 
parallel with a capacitance of 0.1 pF and a voltage supply of 100 V 
r.m.s., variable frequency, is applied. Determine the resonant 
frequency, the dynamic resistance, the current drawn at resonance and 
the 0-factor. 

10 A coil with a resistance of 10 Q and an inductance of 120 mH is in 
parallel with a capacitance of 60 pF and a voltage supply of 100 V 
r.m.s., variable frequency, is applied. Determine the resonant 
frequency, the dynamic resistance, the current drawn at resonance and 
the g-factor. 

11 A circuit consists of a coil, resistance 200 Q and inductance 10 H, in 
parallel with a capacitance of 5 pF. A voltage of 240 V r.m.s., 50 Hz 
is applied to the circuit. Determine (a) the current drawn from the 
supply, (b) the power factor of the circuit, (c) the true power, (d) the 
apparent power, (e) the reactive power. 

12 An inductor has a reactance of 100 Q and an impedance of 200 Q and 
is connected in parallel with a resistance of 200 Q to a 100 V, 50 Hz 
supply. What is the total power dissipated in the circuit? 

13 A 240 V, 50 Hz load has a power of 100 W and a lagging power 
factor of 0.6. What value of capacitance should be connected in 
parallel with it to raise the overall power factor to unity? 

14 A 240 V, 50 Hz load has a power of 500 W and takes a current of 
3 A from the supply. What value of capacitance should be connected 
in parallel with it to raise the overall power factor to 0.9 lagging? 

15 A3 kW motor draws a current of 8 A from a 240 V, 50 Hz supply. 
What is (a) the power factor and (b) the capacitor which when 
connected in parallel will improve the power factor to 0.8? 


22 Three-phase a.c, 


22.1 Introduction 


N S 

Single coil 



Single coil 


The mains electricity supply you obtain in Britain in your home from a 
power point, between the live and neutral connections, is alternating 
current which can be described by a simple sinusoidal waveform. It might 
be thought that such alternating current is generated and transmitted in the 
same form, i.e. a coil rotating in a magnetic field and producing 
alternating current which is transmitted out along the live wire and 
returned back along the neutral wire. Figure 22.1 illustrates this with 
either a coil rotating in a magnetic field, or a magnetic field rotating in a 
coil. Such a form of output is termed single-phase. However, the 
generation, transmission and distribution of alternating current in Britain 
is by means of three phases. This involves three separate voltages of equal 
amplitude and frequency being generated by using three coils rotating in a 
magnetic field (or the more practical form of a magnetic field rotating in 
three coils) and giving voltages which are separated in phase by 120° 
(Figure 22.2). Each such voltage is termed a phase of the supply and the 
supply termed three-phase. A particular house in Britain will utilise just 
one of the phases, different houses being connected to different phases. 
This chapter is a discussion of the characteristics of three-phase supply. 


Figure 22. 1 Single-phase 



Figure 22.2 Three-phase 


22.2 The three phases For the three coils rotating in Figure 22.2, coil a is shown at the point in 
its rotation when the generated e.m.f. is zero. At the same instant of time, 
coil b is at the point in its rotation when it is 120° round from coil 1 and 
coil c is 240° round from coil 1 (note that I have put the coil letters at the 
ends of the coils so that the same direction of voltages is obtained in each 
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when it is in the same angular position). The three voltages can be 
described by: 

e a = E m sin cot , e h = E m sin ( cot - 2nl3), e c = E m sin {cot - 4n/3) 

This sequence of e.m.f.s is known as the positive phase sequence', this is 
the sequence in which the e.m.f.s reach their peak voltages in the sequence 
a, b, c. The sequence a, c, b gives, what is termed, a negative phase 
sequence. 

If the three phases have the same peak value and the same frequency 
(as in Figure 22.2) then: 

e a + et + e c = 0 

Look at the result of the addition of the three graphs in Figure 22.2. When 
the instantaneous sum of the e.m.f.s is zero, the system is said to be 
balanced. 

22.2.1 Advantages of three-phase supply 

The generation and transmission of three-phase alternating current has the 
advantages of: 

1 With a single-phase alternator we have just a single coil rotating in 
the magnetic field; by using three coils we can make more efficient 
use of the magnetic field and obtain a greater power output without 
increasing the size of the alternator. 

2 The same supply can be used for both industrial and domestic use 
since domestic users can obtain a single-phase alternating current and 
industrial users three-phase. Three-phase motors are able to generate 
a greater power output than single phase for the same size motor. 
This is because, rather than just having one coil which is made to 
rotate in a magnetic field, they have three coils at 120° spacing. There 
is also the advantage that the power delivered to a load is constant at 
all times and not pulsing as with single-phase; the instantaneous value 
of the power is a constant with three-phase and not fluctuating, as 
occurs with single-phase. 

3 A single-phase supply requires the use of two wires for its 
transmission; a three-phase supply can be transmitted by three wires. 
Thus, effectively, three single-phase alternating currents can be 
transmitted by just three wires rather than the six they would have 
taken if transmitted as just single-phase. The amount of copper 
required for the cables used for the transmission as three-phase is thus 
less than that which would be required for single-phase. 

22.3 Connection of phases Each of the three outputs from a three-phase alternator may be 
independently connected to its own particular load (Figure 22.3). This 
would require two wires (the term lines is generally used for these 
conductors) for each phase and so a total of six wires between the 
alternator and the loads. However, it is possible to connect the phases in 
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Figure 22.5 V ab 


such a way that less than six wires are used. The two methods are star 
connection and delta connection. 


Figure 22.3 Independent connection of loads 

22.3.1 Star connection 

With star connection, the three alternator coil inputs are connected to a 
common point, called the neutral or star point (Figure 22.4). The line 
from this point is called the neutral line. Thus this system involves four 
lines to connect to the loads. The voltages of each of the output lines with 
reference to the neutral line, i.e. V aN , V b N and V c n, are the phase voltages. 
The term line-to-line voltages is used for the voltages between output 
lines, e.g. the voltage V»b between the a and b lines. 


Figure 22.4 Star connection 

The line-to-line voltage between the a and b lines is the phasor 
difference between the a and b phase voltages: 

v aY = V aN V blN 

Figure 22.5 shows the phasor diagram. The phase difference between V,n 
and -V b N is 60°. If we have a balanced system then = V bN and so V, b 
must split the 60° angle in two equal parts. Thus, if we resolve V„n and 
-VbN into directions along V ab and at right angles to it, then: 




▼ 
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Figure 22.6 Currents 


Fab = FaN cos 30° + F bN cos 30° 

Since cos 30° = V3/2 and F aN - = F bN = phase voltage F p : 

Fab = V3 Fp 

We can draw similar diagrams for the line-to-line voltages V ac and Vbc and 
obtain the same basic result: 

line-to-line voltage V L = V3 F p 

The line-to-line voltage is generally just referred to as the line voltage. 
The three line voltages are 120° apart and 30° displaced from the phase 
voltages. For star connection, the current along the red line is the same as 
the phase current through the alternator coil, likewise for the other lines. 
Thus, in general, the relationship between the line current I L and the phase 
current 7 P is: 

line current I L = 7 P 

With loads connected across the alternator coils, since the neutral line 
is the ‘return’ wire for each of the three circuits, the current along the 
neutral line In will be the phasor sum of the currents along the a, b and c 
lines. 

In = I« + lb + Ic 

If the loads across each alternator coil are balanced, i.e. the same, then 
the three currents along the a, b and c lines will have the same size but 
will differ in phase by 120°. The current phasor diagram is thus as shown 
in Figure 22.6. If we place the phasors arrow-to-tail then we obtain a 
closed equilateral triangle. The phasor sum is zero and so the neutral 
current is zero. Under such conditions, the neutral line is not necessary 
and so we can have a three-line connection to the loads. 

The three-wire system requires balanced loads. A four-wire system is 
used when there are three separate loads and the loads might not be equal, 
e.g. for the supply to houses when some houses in a road will obtain their 
supply from one phase of the supply and other houses from other phases. 
Thus one house might have the a-to-neutral phase while another has the 
b-to-neutral phase. 

Thus for a balanced star-connected alternator with balanced loads: 

Line current Phase current Line voltage Phase voltage 

7 L = 7 P 7 p = 7 l F l = a/ 3 F p F p = Fl/V 3 


Example 

For the balanced three-phase star-connected system shown in Figure 
22.7, if the line voltage is 440 V and the three loads each have a 
resistance of 100 Q, what are the sizes of (a) the phase voltage, (b) 
the phase current and (c) the line current? 
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Figure 22.8 Example 


Figure 22.7 Example 

(a) V p = Vl/^3 = 440/V3 = 254 V. 

(b) Phase current = V p /R = 254/100 = 2.54 A. 

(c) The line current = phase current = 2.54 A. 

Example 

A balanced star-connected three-phase system, similar to that shown 
in Figure 22.7, has three identical loads of coils with each having a 
reactance of 30 Q and a resistance of 40 £1 If the line voltage is 
440 V, what is the size of the line current? 

For each load, the impedance Z = V(7? 2 + X c 2 ) = V(40 2 + 30 2 ) = 50 £2. 
Since V p = VJ'1 3 then V p = 440/V3 = 254 V. For a star connection I L 
= Ip=Vp!Z= 254/50 = 5.1 A. 

Example 

A three-phase four- wire star-connected system has I, as 20 A lagging 
V.N by 30°, I b as 50 A leading V bN by 10° and I c as 30 A in phase with 
Vcn. Determine the current along the neutral line. 

We have I N = I» + I b + I c and so can obtain I N by a phasor diagram 
drawn to scale (Figure 22.8). V, is at 0°, V b at -120° and V c at -240°; 
thus I a is at 30°, I b at -110° and I c at -240°. Figure 22.8 gives I N as 
about 37 A lagging by about 143°. An alternative to a scale drawing 
of the phasors is to resolve the current phasors into two right-angled 
directions and then use the Pythagoras theorem to calculate the result. 

22.3.2 Delta connection 

With delta connection, the alternator coils are connected so that the end of 
one coil is connected to the start of the next coil, as in Figure 22.9. With 
this system, the line-to-line between the a and b lines V ab is the same as 
the phase voltage V b . Likewise, the line-to-line voltage between the b and 
c lines is the same as the phase voltage V c and the line-to-line voltage 
between the a and c lines is the same as the phase voltage V,. 
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Figure 22.10 Currents 


Figure 22.9 Delta connection 
Thus, for a balanced delta-connected system: 
line voltage V L = phase voltage V p 
For the current at node a we must have the current I, in the a line 


where I b . is the current through the b coil flowing from b to a and I« is the 
current through the a coil flowing from a to c. In general, the line current 
is thus the phasor difference between the two phase currents connected to 
that line. For a balanced load, the phase currents are the same for each 
phase. Figure 22.10 shows the resulting phasor diagram. Summing the 
components of I ba and I ac along the direction of I, gives: 

7a = 7ba cos 30° + /ac cos 30° = 7ba x V3/2 + 7 ac x x/3/2 = V3 x 7p 
Thus, in general: 

line current / L = V3 x phase current I p 

Thus, for a balanced delta-connected alternator with balanced loads: 

Line current Phase current Line voltage Phase voltage 

7l = V3 7 P / p = /l/V3 Vl = V p V p = V L 

Example 

What is the current in each phase of a delta-connected system when 

the line current drawn by a balanced load is 20 A? 

Line current / L = V 3 x 7 P and so 7 P = 1,1^3 = 20/V3 = 1 1 .5 A. 


Example 

For the balanced three-phase delta-connected system shown in Figure 
22.11, if the line voltage is 440 V and the three loads each have a 
resistance of 100 Q, what are the sizes of (a) the phase voltage, (b) 
the phase current and (c) the line current? 
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(a) Phase voltage V p = V L = 440 V. 

(b) Because the system is balanced, the phase current I p will be the 
same as the current through a 100 Q resistor. Each resistor has the 
line voltage across it and so I p = 440/100 = 4.4 A. 

(c) Line current / L = V3 x I p = a/3 x 4.4 = 7.6 A. 

Example 

A balanced star-connected three-phase alternator has a phase voltage 
of 80 V and is connected to a balanced delta-connected load 
consisting of three 120 Q resistors (Figure 22.12). Determine (a) the 
line voltage, (b) the voltage across a load resistor and (c) the current 
through a load resistor. 



Figure 22.12 Example 

Note that a star-connected alternator can be connected to a star- 
connected load or a delta-connected load and that a delta-connected 
alternator can be connected to a delta-connected load or a star- 
connected load. 

(a) The line voltage given by a star-connected alternator is given by 
Fl = V3 K p = V3 x 80 = 138.6 V. 

(b) The voltage V across a delta-connected load resistor is the same 
as the line voltage and so is 138.6 V. 

(c) The current through a load resistor = V/R = 138.6/120 = 1.16 A. 
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22.4 Power in a balanced Consider a system having a balanced alternator and a balanced load. For a 
system star-connected load, each of the load elements will carry the line current 
II and each will have the phase voltage V p across it. The power developed 
in a load element is P = IlV p cos <j>, where <f> is the phase angle between the 
voltage and the current for the load impedance (cos <f> is the power factor). 
But V p = Kl/V 3 and so P = 7 l Fl/V3 cos <f>. The total power for the three 
load elements is thus: 

total power = 3I L VJ^3 cos <j) = ^3 I L V L cos </> 

For a delta-connected load, each of the load elements carries the phase 
current I p and each will have the line voltage V L across it. The power 
developed in a load element is P - I P V L cos <f>. But 7 P = 7p/V3 and so 
P = 7 l Fl/V3 cos (j). The total power for the three-load elements is thus: 

total power = 37 l Fi/V 3 cos <j> = V3 I L V<. cos (j) 

which is the same as the expression obtained for a star-connected load. 
The total apparent power for any balanced three-phase system is thus 
V3 I t Vi and the total reactive power is V3 I L V L sin (j). 

Example 

Determine the power consumed when a balanced three-phase supply 
with a line voltage of 440 V is connected to a star-connected load 
composed of three identical 100 Q resistors (as in Figure 22.7). 

Since we have resistors, <f> = 0°. The voltage across a resistor is the 
phase voltage V p = VJ^3 = 440/V3 = 254 V and the current through a 
resistor is the line current 7 L = VJR = 254/100 = 2.54 A. Thus, total 
power = V3 7 L F L cos ^ = V3 x 440 x 2.54 = 1936 W. 

Example 

Determine the power consumed when a balanced three-phase supply 
with a line voltage of 440 V is connected to a delta-connected load 
composed of three identical 100 £2 resistors (as in Figure 22. 1 1). 

Since we have resistors, <f> = 0°. The voltage across a resistor is the 
line voltage and thus 440 V. The phase current 7 P will be the same as 
the current through a 100 Q resistor and so 7 P = 440/100 = 4.4 A. The 
line current is thus I\. = V3 x 7 P = a/3 x 4.4 = 7.6 A. Thus, total power 
= V3 7 l F l cos <f> = <3 x 7.6 x 440 = 5792 W. 


Example 

What is the power consumed when a balanced three-phase alternator 
with a line voltage of 440 V supplies a balanced delta-connected load 
if each element has an impedance of 50 Q and a power factor of 0.8? 
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The voltage across a resistor is the line voltage and thus 440 V. The 
phase current I v will be the same as the current through a load 
element and so / p = 440/50 = 8.8 A. The line current is thus / L = V 3 x 
7 P = V3 x 8.8 = 15.24 A. Thus, total power = a/3 I l V L cos <^ = a/3 x 
15.24 x 440 x 0.8 = 9292 W. 


Example 

A 10 kW, 440 V three-phase a.c. motor has an efficiency of 80% and 
a power factor of 0.6. What will be the power input and the line 
current required? 


The electrical input power = 10/0.80 = 12.5 kW. Since, for both star 
and delta connections, power = a/3 I l V l cos (j) then, with V L = 440 V: 


Il = 


P 

■JJ Klcos^ 


12.5 xlO 3 
-JJ x 440x0.6 


= 27.3 A 


22.4.1 Power measurement 


A i wattmeter can be used to measure true power. Such an instrument is 
like a moving coil galvanometer but, instead of there being a permanent 
magnet, the magnetic field is provided by a fixed coil (Figure 22.13(a)). 
The current in the moving coil then gives rise to a force on that coil which 
results in a deflection of the coil proportional to the product of the 
magnetic field and the current and so to the product of the currents 
through the fixed and moving coil. Since the moving coil is connected 
(Figure 22.13(b)) so that the current through it is proportional to the 
voltage, the product is a measure of the power. 



-v Fixed 


coil 


<b 


<S 

Rotating 

£ 

U coil C 



Fixed current coil 



Figure 22.13 Wattmeter 


When, with a three-phase system, there is a balanced load, the total 
power consumed can be measured by the use of just one wattmeter. Figure 
22.14(a) shows how it can be connected for a star-connected load; it can 
be used also with a delta-connected load. Since the total power consumed 
is three times the power consumed by a single element, connection of a 
wattmeter to measure the power through a single element means that the 
result has just to be multiplied by three to give the total power. 

The power in any three-phase system, whether balanced or imbalanced, 
can be measured using three wattmeters. A wattmeter is connected to each 
element and the total power is the sum of the three wattmeter readings. 
Figure 22.14(b) shows the arrangement for a star-connected system; a 
similar arrangement can also be used for a delta-connected system. 
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Figure 22.14 (a) Single wattmeter with balanced load, (b) three watmeters, (c) two wattmeters 

It is, however, possible to measure the power in a balanced or 
unbalanced system by using just two wattmeters. Figure 22.14(c) shows 
the arrangement with a star-connected system. The current-carrying coils 
are placed in series with any two of the three lines and the voltage coils 
between these lines and the other line. 

For wattmeter 1, the instantaneous current through its current coil is i a 
and the voltage across it is VaN - v c n. Thus, the instantaneous power is 
P\ = / a (vaN - v cN ) and similarly for wattmeter 2, the instantaneous power is 
Pi = 4(vbN - Vcn). Hence: 

P\+Pl = 4(VaN * V cN ) + i'b(VbN - V cN ) = Z a VaN + Z b VbN “ (4 + 4)v c N 
But at N we have 4 + 4 + 4 = 0 and thus 4 + 4 = -4 and: 


P\+Pl= 4VaN + 4VbN + 4 VcN 

Thus the sum of the two wattmeter readings is the sum of the 
instantaneous powers developed in each of the three elements. 

For a balanced star-connected system with each of the elements having 
current lagging the corresponding phase voltage by <j>, the phase angle 
between I, and VaNc is (30° - <f>). Thus: 

Pi = VJ L cos (30° - $) 

The phase angle between I b and V b Na is (30° + <j>). Thus: 

P 2 = V L I L cos (30° + $) 
and so: 


Pi + P 2 = Fl/ l [cos (30° -(/>) + cos (30° + (t>)} 
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Pi-P 2 = Fl/ l [cos (30° -(/>)- cos (30° + <p)\ 

We can expand the angle terms using cos (A - B) = cos A cos B + sin A 
sin B and cos (A + B) = cos A cos B - sin A sin B: 

P t + P 2 = ViJl x 2 cos 30° cos (j) 

P\-Pi = VJl x 2 sin 30° cos <f> 

Since cos 30° = '/Al> and sin 30° = 'A: 

Pi + P 2 = V3 VJ L cos <f> 


Pi- Pi = VJl sin <f> 

The sum of the wattmeter readings thus gives the total power consumed. 
Dividing the two equations: 

P\-Pi sin^ tan^ 
p i+ p 2 = yj cos^ = 7T 

If we divide the trigonometric relationship sin 2 A + cos 2 A = 1 by cos 2 A 
we obtain tan 2 A + 1 = 1/cos 2 A and so cos 2 A = l/(tan 2 A + 1). Thus the 
above equation gives: 



Hence the power factor can be determined from the wattmeter readings. 
Example 

Two wattmeters are used to measure the power consumed by a 
three-wire, balanced star-connected system (as in Figure 22.14(c)). If 
the meters gave readings of 6 kW and -2 kW, what is the total power 
consumed and the power factor? 

The total power is Pi + P 2 = 6 - 2 = 4 kW and: 



Hence the power factor is 0.14. 

22.5 Induction motor The action of an induction motor depends on the principle that when a 
magnetic field moves past a conductor, the conductor is set in motion and 
endeavours to follow the field. We can explain this as being due to the 
relative motion between magnetic field and conductor inducing an e.m.f. 
in the conductor and hence an eddy current in it. The direction of the 
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current is such as to produce a magnetic field which opposes the motion 
producing it (Lenz’s law). This magnetic field interacts with the magnetic 
field responsible for its production and, as a consequence, the conductor 
moves to reduce the relative velocity between the magnetic field and 
conductor. Thus if we produce a rotating magnetic field then we can 
produce rotation. 

One method of producing a rotating magnetic field involves the use of 
a balanced three-phase supply. The three-phase induction motor has a 
stator, i.e. the stationary bit, with three windings aa', bb’, cc’ located 120° 
apart, each winding being connected to one of the three lines a, b, c of the 
supply (Figure 22.15). Because the three phases reach their maximum 
currents at different times, the magnetic field can be considered to rotate 
round the stator poles, completing one rotation in one full cycle of the 
current. The rotating part of the motor is termed the rotor. 



Figure 22. 1 5 Three-phase induction motor 

Figure 22.16(a) shows the form of one such rotor, this being the 
simplest form and termed the squirrel-cage rotor. It has copper or 
aluminium bars that fit into slots in end rings to form complete electrical 
circuits. Note that there are no external electrical connections to this rotor. 
Another form is the wound-rotor, this consists of rotor windings that are 
mirror images of the stator windings; Figure 22.16(b) shows a simplified 
version of the rotor. These windings are usually star-connected and the 
ends of the three rotor wires connected to slip rings on the rotor shaft and 
shorted by brushes riding on the slip rings. The rotor currents are thus, in 
this situation, accessible and can be modified by the inclusion of external 
resistors in order to give speed control. The squirrel-cage induction motor 
is simpler, cheaper and more rugged than the wound-rotor motor. 



End rings Brushes Windings 


Figure 22.16 (a) Squirrel-cage rotor, (b) wound rotor 
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Figure 22. 1 7 The rotating field, 
(a) the currents, (b) the fluxes 
due to separate phases and the 
resultants 



Figure 22. 1 8 Characteristics 


For the cage motor shown in Figure 22.15 there are one set of stator 
windings per phase, i.e. two poles per phase. The magnetic flux produced 
per winding is proportional to the current in that winding and thus the 
magnetic fluxes for the three sets of windings vary with time in the 
manner shown in Figure 22.17(a). 

Figure 22.17(b) shows the sizes and directions of these fluxes at a 
number of times. The resultant magnetic fluxes rotate and complete a 
cycle in the same time as the current in a winding. If, however, there are 
p poles per phase, the frequency of rotation is ftp, where /is the frequency 
of the current in a phase. This frequency is termed the synchronous speed 
n s , i.e. n s =f/p. 

When the rotor is rotating at low speeds compared with the 
synchronous speed, there is a high relative velocity of the magnetic field 
past a rotor and so a large e.m.f. is induced and hence large eddy current 
and consequently a large torque. When the rotor speeds up, the relative 
velocity becomes less and so the torque less. If the rotor ever reached the 
synchronous speed then there would be no relative velocity and hence no 
torque. The speed of the rotor n T relative to that of the magnetic field, i.e. 
the synchronous speed n s , is termed the slip: 


The term per unit slip is used for (« s - n r )/n s and the term percentage slip 
for [(n s - « r )/« s ] x 100. Since n = ca/2n we can also express per unit slip as 
(co s - co,)/co s . The torque acting on the rotor is proportional to the rotor 
current. This is proportional to the induced e.m.f. and hence the rate of 
change of flux. The rate of change of flux depends on the relative 
velocity. Thus the torque is proportional to the per unit slip. 

With an unloaded motor there is little torque needed to overcome 
friction and thus little torque is needed to get the rotor speed close to the 
synchronous speed. The operating speed is thus close to the synchronous 
speed. When a load is applied, the rotor speed falls by a very small 
amount and so such a motor is suitable for reasonably constant speed 
applications. Figure 22.18 shows the characteristics of a typical 
squirrel-cage induction motor. The efficiency is the ratio of the 
mechanical output power to the electrical input power. 

Example 

A two-pole, 50 Hz, three-phase induction motor has a rotor speed of 
40 rev/s, what is the unit slip? 

The number of pairs of poles per phase is 1. Hence n s =flp = 50/1 = 
50 rev/s. The rotor speed n r = 40 rev/s and the per unit slip is 
(50 - 40)/50 = 0.2. 

Example 

A four-pole, 50 Hz, three-phase induction motor has a no-load rotor 
speed of 24 rev/s when a torque of 2.0 N m is produced. What is the 
rotor speed with an external load and a torque of 3.0 N m? 
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The number of pairs of poles per phase is 2 and so n s = ftp = 50/2 = 
25 rev/s. The rotor speed n r = 24 rev/s. Hence, at no-load the per unit 
slip = (25 - 24)/25 = 0.04. The torque T is proportional to the per unit 
slip and thus T = 2.0 = k x 0.04, where k is a constant = 50. When 
there is a load T = 3.0 = ks and the per unit slip s = 3.0/50 = 0.06. 
Hence 0.06 = (n s - n r )/n s = (25 - n T )l 25 and so n r = 23.5 rev/s. 

22.5.1 Starting methods 

Three-phase squirrel-cage motors can be started by directly connecting 
them to the voltage supply. However, initially the current can be much 
larger than the value that occurs when the motor is running at full speed. 
To overcome this problem star-delta starting is often used. The motor is 
started with the stator windings connected in star configuration and then, 
when the rotor is close to full speed, they are reconnected in delta 
configuration. Figure 22.19 shows the circuit used with small motors. 
Initially the main contactor and the star connector are closed to give the 
star configuration of the coils. Then, when running speed has been 
attained, the star contactor is opened and the delta contactor closed to give 
the delta configuration. The star and delta contactors are interlocked so 
that it is impossible for both to be simultaneously closed. 


Figure 22.19 Star-delta starter 

For a motor with an impedance of Z per phase when not running, when 
started in a star-connected configuration the phase current I p = the line 
current I L = V p !Z. In a delta-connected configuration, the phase current = 
VJZ and, since J L = V3 7 P and V L = 'll V p> thus I L = <3(VJZ) = V3(3 V p /Z) = 
3 jyz. Thus the line current in star configuration is one-third that in delta 
configuration. Starting the motor in star-configuration thus gives a smaller 
current. This smaller current gives a smaller torque, but switching to delta 
enables higher torque. 

An alternative starting method which allows the motor to remain 
connected in delta configuration the entire time is to use an auto- 
transformer (Figure 22.20) to give a lower voltage for starting. The 
auto-transformer is star-connected and the figure shows the switch 
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Problems 


positions when the motor is started. When the motor is up to speed, the 
switches are moved to the top positions and so the entire input line voltage 
is then applied. 



Figure 22.20 Auto-transformer starter 

1 Determine the phase voltage for (a) a three-phase balanced star- 
connected system, (b) a three-phase balanced delta-connected system 
if they have a line voltage of 440 V. 

2 A balanced 415 V, 50 Hz three-phase supply is connected to a star- 
connected load. Determine (a) the phase voltage, (b) the phase 
current, (c) the line current if (i) each element has a resistance of 
30 Q, (ii) each element has a resistance of 24 Q, (iii) each element is 
a coil of resistance of 7 Q and inductance 30 mH. 

3 A balanced 415 V three-phase supply is connected to a balanced 
delta-connected load. Determine (a) the phase voltage, (b) the phase 
current, (c) the line current if (i) each element has a resistance of 
18 Q, (ii) each element has a resistance of 50 Q. 

4 A balanced star-connected alternator has a phase voltage of 180 V 
and is connected to a balanced star-connected load, each load element 
being a resistance of 150 Q. Determine (a) the line voltage, (b) the 
phase current, (c) the line current. 

5 A four-wire star-connected three-phase system has the line currents of 
I, 10 A in phase with V», lb 15 A in phase with V b and L 12 A in 
phase with V c . Determine the neutral current. 

6 A balanced 415 V, 50 Hz three-phase supply is connected to a 
balanced star-connected load. Determine the total power dissipated 
by the load if (i) each element has a resistance of 12 Q, (ii) each 
element is a coil with a resistance of 7 Q and inductance 30 mH. 

7 A balanced 400 V, 50 Hz three-phase supply is connected to a 
balanced star-connected load. Determine the total power dissipated 
by the load if (i) each element has a resistance of 50 Q, (ii) each 
element is a coil with a resistance of 10 Q and inductance 20 mH, 
(iii) each element is a coil with a resistance of 30 Q and a reactance 
of 40 Q. 
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8 A balanced 415 V three-phase supply is connected to a three-phase 
motor with balanced coils. If the motor supplies 1100 W with a 
power factor of 0.8 lagging when the line current is 3.4 A, what is the 
power input to the motor and its efficiency? 

9 A balanced 440 V, 50 Hz three-phase supply is connected to a 
balanced star-connected load, each element having a resistance of 
40 Q and a reactance of 30 Q. Determine (a) the phase voltage, 
(b) the phase current, (c) the line current, (d) the power supplied, 
(e) the power factor. 

10 A balanced 440 V, 50 Hz three-phase supply is connected to a 
balanced delta-connected load, each element consisting of a 
resistance of 50 Q in series with a capacitance of 50 pF. Determine 
(a) the phase voltage, (b) the phase current, (c) the line current, 
(d) the power supplied, (e) the power factor. 

11 A balanced 400 V three-phase supply is connected to a three-phase 
motor with balanced coils. If the motor has an efficiency of 90% and 
supplies 30 kW with a power factor of 0.9 lagging determine the line 
current. 

12 A 4 1 5 V, three-phase motor requires a line current of 1 5 A at a power 
factor of 0.8 lagging. Determine the total power supplied. 

13 A 4 kW three-phase motor is operating with an efficiency of 0.7 and 
is supplied by a 415 V, three-phase supply at a power factor of 0.8 
lagging. Determine the line current. 

14 Two wattmeters are used to measure the power consumed by a 
three-wire, balanced star-connected system (as in Figure 22.14(c)). If 
the meters gave readings of 6.5 kW and -2.1 kW, what is the total 
power consumed and the power factor? 

15 Two wattmeters are used to measure the power consumed by a 
three-phase balanced motor (as in Figure 22.14(c)). If the meters gave 
readings of 300 kW and 100 kW, what is the total power consumed 
and the power factor? 

16 A balanced 400 V, 50 Hz three-phase supply is connected to a 
balanced star-connected load, each element having a resistance of 
10 Q and a reactance of 30 Q. Two wattmeters are used to measure 
the power consumed (as in Figure 22.14(c)). What will be the 
readings on the meters? 

17 A two-pole, 50 Hz, three-phase induction motor has a rotor speed of 
2900 rev/min, what is the unit slip? 

18 A two-pole, 50 Hz, three-phase induction motor has a rotor speed of 
23 rev/s when it produces a torque of 4.0 N m. What will be the 
speed when the torque is 1.5 N m? 

19 A four-pole, 50 Hz, three-phase induction motor has a no-load rotor 
speed of 1470 rev/min with a torque of 1.5 N m. What will be the 
speed when an external load results in a torque of 2.5 N m? 

20 A four-pole, 50 Hz, three-phase induction motor has a full-load slip 
of 5%. What is (a) the synchronous speed, (b) the rotor speed? 

21 An eight-pole, 50 Hz, three-phase induction motor has a full-load slip 
of 2.5%. What is (a) the synchronous speed, (b) the rotor speed? 


23 Structures 


23.1 Introduction This chapter extends the principles of equilibrium considered in Chapter 2 
to the analysis of the forces involved in structures. 

23.1.1 Conditions for equilibrium of concurrent forces 

Forces are said to be concurrent if their lines of action meet at a point. For 
such forces to be in equilibrium there must be no resultant force. The 
triangle law can be used to determine when three concurrent forces are in 
equilibrium (Figure 23.1(a)). 



form a closed triangle (b) Resultant of a and b 


Figure 23.1 Concurrent forces in equilibrium and resultants 



Figure 23.2 Polygon of forces 


If three forces a, b and c acting at a point are in equilibrium and we are 
given the sizes and directions of two of them, say a and b, we can 
determine the force c giving equilibrium by determining the resultant of 
the two and recognising that the force giving equilibrium will be in the 
opposite direction to the resultant. 

Consider now the problem of determining the resultant of more than 
two forces. Suppose we have forces a, b, c and d. We can use the triangle 
law to find the sum e of forces a and b. We can then use the triangle law 
to find the sum f of e and c; then use it to find the sum g of f and d. Figure 
23.2 illustrates the above procedure. In fact what we have done is take the 
forces in sequence and draw the arrows tail to head. The resultant of all 
the forces is the force required to complete the polygon shape and li nk the 
head of the last force to the tail of the start force. Thus if we have the 
forces a, b, c, d and -g then they will be in equilibrium and form the 
closed polygon. 

An alternative to drawing the polygon is to resolve all the forces into 
their vertical and horizontal components. We then determine the sum of 
the vertical components and the sum of the horizontal components and so 
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3.0 kN 



have replaced all the forces by just two components and from these can 
determine their resultant. 

Example 

Determine, by drawing the polygon of forces, the resultant force 
acting on the gusset plate as a result of the forces shown in Figure 
23.3 and hence the force needed to give equilibrium. 

Figure 23.4 shows the resulting polygon when we take the forces in 
succession, starting from the extreme right and working anti- 
clockwise. The resultant is represented by the line needed to complete 
the polygon and is thus about 134 kN in the direction indicated. The 
force needed to give equilibrium will thus be 134 kN in the opposite 
direction. 

Example 

Determine, by considering the resolved components, the resultant 
force acting on the bracket shown in Figure 23.5 due to the three 
forces indicated and hence the force needed to give equilibrium. 

For the 3.0 kN force: the horizontal component = 3.0 cos 60° = 
1.5 kN and the vertical component = 3.0 sin 60° = 2.6 kN. For the 
2.0 kN force: the horizontal component = 2.0 cos 30° = 1.7 kN and 
the vertical component = 2.0 sin 30° =1.0 kN. For the 5.0 kN force: 
the horizontal component = 5.0 cos 70° = 1.7 kN and the vertical 
component = -5.0 sin 70° = -4.7 kN. The minus sign for a force is 
because it is acting downwards and in the opposite direction to the 
other vertical components which we have taken as being positive. All 
the horizontal components are in the same direction. Thus: 

sum of horizontal components = 1.5 + 1.7 + 1.7 = 4.9 kN 

sum of vertical components = 2.6+1.0-4.7 = -l.lkN 

Figure 23.6 shows how we can use the parallelogram rule, or the 
triangle rule, to find the resultant with these two components. Since 
the two components are at right angles to each other, the resultant can 
be calculated using the Pythagoras theorem. Thus: 


Figure 23.5 Example 


(resultant) 2 = 4.9 2 + 1.1 2 


Hence the resultant has a magnitude of 5.0 kN. The resultant is at an 
angle 9 downwards from the horizontal given by tan 6 = 1. 1/4.9 and 
so 8= 12.7°. The force to give equilibrium will thus be 5.0 kN in the 
opposite direction. 

Figure 23.6 Example 23.1.2 Equilibrium for non-concurrent forces 

For non-concurrent forces to be in equilibrium then the clockwise 
moments about some axis must equal the anticlockwise moments and all 


4.9 kN 
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the forces are in balance - the sum of the forces in the vertical direction is 
zero and the sum of the forces in the horizontal direction is zero. 

When, for example, a beam rests on two supports there will be reaction 
forces at the supports, e.g. as in Figure 23.7. For equilibrium the sum of 
the moments about some axis must be zero. Thus if we take moments 
about the left-hand end of the beam, then: 

Reaction 2 x distance from left-hand end 

= load x distance from left-hand end 

In addition we must have the sum of the vertical forces to be zero and so: 

Reaction 1 + Reaction 2 = Load 

There are no horizontal forces. 



Load 


Figure 23.7 Beam with reaction forces 

23.2 Pin-jointed frameworks The term framework is used for an assembly of members which have 
sectional dimensions which are small compared with their length. A 
framework composed of members joined at their ends to give a rigid 
structure is called a truss and when the members all lie in the same plane a 
plane truss. Bridges and roof supports are examples of trusses (Figure 
23.8), the structural members being typically I-section beams, bars or 
channels which are fastened together at their ends by welding, riveting or 
bolts. 



(a) A Warren bridge truss (b ) A Howe roof truss 


Figure 23.8 Trusses 

Several assumptions are made in analysing simple trusses: 

1 Each member can be represented as a straight line representing its 
longitudinal axes with external forces only applied at the ends of 
members. The joints between members are treated as points located at 
the intersection of the members. The weight of a member is assumed 
to be small compared with the forces acting on it. 

2 All members are assumed to be two-force members. For such a 
member, equilibrium occurs under the action of just two forces with 
the forces being of equal size and having the same line of action but 
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External External 

force | 1 force 

In tension 

External External 

f orce» |< J ^ force 

In compression 

Figure 23.9 Two-force members 


in opposite directions so that a member is subject to either just 
tension or just compression (Figure 23.9). A member which is in 
tension is called a tie; a member that is in compression is called a 
strut. The convention is adopted of labelling tensile forces by positive 
signs and compressive forces by negative signs, this being because 
tensile forces tend to increase length whereas compressive forces 
decrease length. 

3 All the joints are assumed to behave as pin-jointed and permit each 
end of a member to rotate freely about the joint. Thus the joint is 
capable of supporting a force in any direction. Welded and riveted 
joints can usually be assumed to behave in this way. Pin-jointed 
members can only be in tension or compression. 


23.3 Bow’s notation Bow’s notation is a useful method of labelling the forces in a truss. The 
spaces between the members and their external forces and reactions are 
labelled using letters or numbers when working in a consistent direction, 
e.g. clockwise. The spaces inside the truss are then labelled when working 
in the same direction. The internal forces are labelled by the two letters or 
numbers on each side of them. Thus, in Figure 23.10, letters are used to 
label the spaces and so the force in the member linking junctions 1 and 2 
is Faf and the force in the member linking junctions 3 and 6 is F GH . In the 
illustration of Bow’s notation in Figure 23.10, the joints were labelled 
independently of the spaces between forces. However, the space labelling 
can be used to identify the joints without the need for independent 
labelling for them. The joints are labelled by the space letters or numbers 
surrounding them when read in a clockwise direction. Thus, in Figure 
23.10, junction 1 could be identified as junction AFE and junction 3 as 
junction BCHG. 



Figure 23 . 1 0 Bow ’s notation 



D C 


Figure 23.11 Bow ’s notation 
and concurrent forces 


23.3.1 Force polygons 

Bow’s notation aids the construction of force polygons. Consider the set 
of concurrent forces shown in Figure 23.11. The diagram has been 
labelled with Bow’s notation with letters used to identify the spaces 
between the forces when working in a consistent direction, in this case 
clockwise, round the point at which the forces act. To draw the polygon of 
forces we start with, say, force Fbc and draw an arrow to represent it. The 
tail of this vector is labelled as B and its head as C. The point C now 
becomes the starting point for drawing the arrow to represent force F c d, it 
having a tail C and head D. The point D now becomes the starting point 


310 Engineering Science 




Figure 23.13 Example 


for drawing the arrow to represent force F D e, it having a tail D and head E. 
The point E now becomes the starting point for drawing the arrow to 
represent force F EA , it having a tail E and head A. The point A now 
becomes the starting point for drawing the arrow to represent force Fab, it 
having a tail A and a head B to complete the polygon (Figure 23.12). 

The above method can be extended to enable a force diagram to be 
completed for a complete plane truss. Each joint in a structure will be in 
equilibrium if the structure is in equilibrium and thus we can analyse a 
structure by considering the equilibrium of each joint. Force diagrams are 
drawn for the forces at each joint, the joints being taken in sequence, 
recognising that some elements of the polygon for one joint will also 
figure in the polygons for other joints so that we can combine all the 
polygons for each joint in one force diagram. The following example 
illustrates this. 

Example 

Determine the forces in the truss members shown in Figure 23. 13. 

Figure 23.13 has been labelled using Bow’s notation. Starting with 
joint ABD we draw a line to represent the 20 kN force, labelled its 
tail as A and head as B (Figure 23.14). All we know about force F D b 
is its direction so we draw a line at 45°, starting at B and ending at D. 
All we know about the third force acting at this joint, i.e. F D a, is its 
direction so we draw a line at 45°, starting at D and ending back at A. 
In order to give a closed triangle then a scale diagram gives F B c = 
14 kN and F DA = 14 kN. For joint BCD we can start with the force 
Fdb that we have already drawn. Then force F B c is 10 kN starting at B 
and ending at C. Force F c d is at right angles and so enables the 
triangle DBC to be completed. From the scale diagram, F C d is 10 kN. 
For joint CAD the forces give the triangle CAD. In drawing this 
composite force diagram we do not put arrows on the lines to 
represent the forces. This is because we will use the same lines to 
represent the oppositely-directed forces at each end of a particular 
member. 



Figure 23.14 Example 
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An easy way to determine whether a member is in tension or 
compression is to imagine what would happen if it was removed. If 
the joints at each end would move closer together then the member is 
in compression and termed a strut, if the joints at each end would 
move further away then the member is in tension and termed a tie. 
Thus, for Figure 23.13, we have members AD and BD in 
compression with force 14 kN and CD in tension with 10 kN. 

23.4 Method of joints Each joint in a structure will be in equilibrium if the structure is in 
equilibrium, thus the analysis of trusses by the method of joints involves 
considering the equilibrium conditions at each joint, in isolation from the 
rest of the trass, by analysis of the horizontal and vertical components of 
the forces. The procedure is: 

1 Draw a labelled line diagram of the framework. 

2 Determine any unknown external forces or reactions at supports by 
considering the trass at a single entity, ignoring all internal forces in 
trass members. 

3 Consider a junction in isolation from the rest of the trass and the 
forces, both external and internal, acting on that junction. The sum of 
the components of these forces in the vertical direction must be zero, 
as must be the sum of the components in the horizontal direction. 
Solve the two equations to obtain the unknown forces. Because we 
only have two equations at a junction, the junctions to be first 
selected for this treatment should be where there are no more than 
two unknown forces. 

4 Then consider each junction in turn, selecting them in the order which 
leaves no more than two unknown forces to be determined at a 
junction. 

Example 

Determine the forces acting on the members of the truss shown in 
Figure 23.15. The ends of the trass rest on smooth surfaces. 



Figure 23.15 Example 

The reactions at the supported ends will be vertical, because the 
surfaces are stated as being smooth. Note that if the span is not given, 
we assume an arbitrary length of 1 unit for a member and then the 
other distances related to this length. 
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Considering the truss as an entity we have the situation shown in 
Figure 23.16. Taking moments about the end at which reaction R\ 
acts gives 12 x 1 + 10 x 2 + 15 x 3 = 4R 2 and so R 2 = 19.25 kN. 
Equating the vertical components of the forces gives i?i + R 2 = 12 + 
10 + 15 and so F, = 17.75 kN. 



Units of length 


Figure 23.16 Example 


Figure 23. 17 shows free-body diagrams for each of the joints in the 
framework. The directions of the forces in the members have been 
guessed; if the forces are in the opposite directions then, when 
calculated, they will have a negative sign. 



Figure 23.17 Example 

For joint 1, the sum of the vertical components must be zero: 
17.75- Faf sin 60° = 0 

Hence F af = 20.5 kN. The sum of the horizontal components must be 
zero and so: 

Faf cos 60° - F fe = 0 

Hence F fe = 10.25 kN. 

For joint 2, the sum of the vertical components must be zero: 

12 + Ffg sin 60° - Faf sin 60° = 0 

With Faf = 20.5 kN, then F fg = 6.6 kN. The sum of the horizontal 
components must be zero and so: 

Fbg - Ffg cos 60° - Faf cos 60° = 0 
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Hence F bg = 13.6 kN. 

For joint 4, the sum of the vertical components must be zero: 

F’ch sin 60° - i?2 = 0 

Hence F c h = 22.2 kN. The sum of the horizontal components must be 
zero: 


Fun Feu COS 60° = 0 
Hence F dh = 11.1 kN. 

For joint 3, the sum of the vertical components must be zero: 

15+ Fgh sin 60° - F C n sin 60° = 0 

Hence F G h = 4.9 kN. The sum of the horizontal components must be 
zero and so: 


Fob cos 60° + Fch cos 60° - F B g = 0 

This is correct to the accuracy with which these forces have already 
been calculated. 

For joint 5, the sum of the vertical components must be zero: 

10 - F fg sin 60° - F gh sin 60° = 0 

This is correct to the accuracy with which these forces have already 
been calculated. The sum of the horizontal components must be zero: 

F fe + Ffg cos 60° - F DH - F GH cos 60° = 0 

This is correct to the accuracy with which these forces have already 
been calculated. 

The directions of the resulting internal forces are such that member 
AF is in compression, BG is in compression, CH is in compression, 
DH is in tension, FE is in tension, FG is in tension and GH is in 
tension. Thus the internal forces in the members of the truss are 
Faf = -20.5 kN, Fbg = -13.6 kN, F CH = -22.2 kN, F DH = +11.1 kN, 
Ffe = +10.25 kN, Ffg = +6.6 kN, F gh = +4.9 kN. 

23.5 Method of sections This method is simpler to use than the method of joints when all that is 
required are the forces in just a few members of a truss. We imagine the 
structure to be cut at some particular place. The place chosen should be 
one which cuts the member in which the force is to be determined. Just 
one side of the cut is considered and the conditions for equilibrium 
applied to the external forces and the internal forces acting on the cut 
members. This generally involves taking moments about joints and 
considering the force components in the horizontal and vertical directions. 
Since this can lead to only three equations, no more than three members of 
the truss should be cut by the section. The procedure for using this method 
is thus: 
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1 Draw a line diagram of the structure. 

2 Label the diagram using Bow’s notation. 

3 Put a straight line through the diagram to section it. No more than 
three members should be cut by the line and they should include 
those members for which the internal forces are to be determined. 

4 Consider one of the parts isolated by the section and then write 
equations for equilibrium of that part: take moments about some joint 
and also sum the vertical and the horizontal components. To 
eliminate the forces in members whose lines of action intersect, take 
moments about their point of intersection. If necessary any unknown 
external forces or reactions at supports can be determined by 
considering the truss as an entity, ignoring all internal forces in 
members. 

Example 

Determine, using the method of sections, the internal force Ffe for the 
plane pin-jointed truss shown in Figure 23.18. 


10 kN 20 kN 
3.0 m 4.5 m 3.0 m 



Figure 23.18 Example 

The reactions at the supports will be vertical because the truss rests 
on rollers. Considering the truss as an entity, then taking moments 
about the left-hand end: 

10.5i?2 = 10 x 30 + 20 x 7.5 

Hence, Ri = 17.1 kN. Since the vertical components must also 
balance: 

F, +R 2 = 10 + 20 
and so F, = 12.9 kN. 

To determine Ffe we consider sectioning the truss along the line 
XX (Figure 23.19) and will consider the equilibrium of the left-hand 
section of the truss (Figure 23.20). Taking moments about Q: 

7.5 X 12.9 = 10 x 4.5 + 3.0F DE 

Hence, F DE = 17.25 kN. Taking moments about P: 

3.0F D e = 10 x 3.0 + Ffe x 3.0 cos 6 
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10 kN 20 kN 



Figure 23.19 Example 



Figure 23.20 Example 

The triangle including angle 6 has an angle at the reaction point of 
(90° - 0). This is also the angle in the triangle with the reaction point 
and points P and Q. Hence tan (90° 0) = 7.5/3.0 and 6 = 21.8°. 

Hence, F lE = 7.8 kN. 

Example 

Figure 23.21 shows a truss bridge carrying a load of 20 kN. What will 
be the forces acting in the member X due to this load? 



20 kN 

Figure 23.21 Example 

Since the force is required for only one member, the method of 
sections is the simplest method to use. Taking the length of each 
member to be 1 unit and considering the truss as an entire entity, then 
taking moments about the left-hand end: 


5R 2 = 20 x 2 
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Hence, R 2 = 8 kN. Since the sum of the vertical components must 
balance, i.e. R\ + R 2 = 20, then 7?i = 12 kN. 

With the section as shown in Figure 23.21 and considering just the 
right-hand section (Figure 23.22), then taking moments about P: 

F ag x 1 sin 60° = 8 x 3 x 1 


Hence, F A0 = 27.6 kN. The force in the member is compressive and 
thus written as -27.6 kN. 



Figure 23.22 Example 


Problems 



Figure 23.23 Problem 3 
20 kN 



1 Three forces act at a point on an object. One of the forces is 6 N 
horizontally to the left, another 3 N at 70° anticlockwise to the 6 N 
force, and the third 4 N at 150° anticlockwise to the 6 N force. 
Determine the resultant force. 

2 Determine the resultant force acting on an object if it is acted on by 
four forces acting in the same plane of 1 N in a westerly direction, 
3 N in a south-westerly direction, 6 N in a north-easterly direction 
and 5 N in a northerly direction. 

3 Determine the size and direction of the force needed to produce 
equilibrium for the force system shown in Figure 23.23. 

4 For each of the following systems of forces as a result of considering 
the components of each force, determine the resultant force: (a) 2 N 
in an easterly direction, 3 N at 60° west of north and 2 N due south, 
(b) 4 N in a north-easterly direction, 3 N due west and 5 N at 30° 
south of east, (c) 2.8 N in a north-easterly direction, 4 N at 60° south 
of west and 6 N at 30° south of east. 

5 Forces of 10 N, 12 N and 20 N act in the same plane on an object in 
the directions west, 30° west of north, and north respectively. 
Determine, from the components of the forces, the resultant force. 

6 Three forces act in the same plane on the same point on an object. If 
the forces are 4 N in a direction due north, 7 N in a south-easterly 
direction and 4 N in a direction 60° south of west, by considering the 
components of the forces, determine the resultant force. 

7 Forces of 1 N, 2 N, 3 N, 4 N and 5 N act in the same plane on an 
object in the directions north, north-east, east, 60° west of south, and 
due west respectively. Determine, by considering the components of 
the forces, the resultant force. 

8 Determine by scale drawing, either vector diagrams for each joint or 
force diagrams, the forces acting in the members of the pin-jointed 
frameworks shown in Figure 23.24. 
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9 Using the method of joints, determine the magnitude and nature of 
the forces in each member of the plane pin-jointed frameworks shown 
in Figure 23.25. 



Figure 23.25 Problem 9 



Figure 23.26 Problem 10 


24 Beams 


III 

24.1 Introduction 

This chapter is about the bending of beams; a beam is defined as being 
any structural member which carries loads at right angles to its axis and so 
results in bending. 

Two common forms of beam are cantilevers and the simply supported 
beam. With a cantilever (Figure 24.1(a)), the beam is rigidly fixed at one 
end and the other end is free to move. With the simply supported beam 
(Figure 24.1(b)), the beam is supported at its ends on rollers or smooth 

(a) 1!j l 


<f> 

== &_ 

surfaces or one of these is combined with a pin at the other end. The result 
is that the beam is free to bend under the action of forces. 


The loads applied to beams may be point loads or loads distributed 
Figure 24.1 Beams: (a) cantilever, over p ar t 0 f or the entire length. An example of a point load might be by 
(b) simply supported the load applied by a car through its centre of gravity to a beam bridge. 

An example of a distributed load is the weight of the beam. On figures, 
concentrated loads are represented by single arrows acting along the line 
concerned while distributed loads are represented by a series of arrows 
along the length of the beam over which the load is distributed (Figure 
24.2). With a uniformly distributed load, the arrows are all the same 
length. If the load is not distributed uniformly, then the lengths of the 
arrows are varied to indicate how the load varies along the length of the 
beam. The loads applied to a beam may be a combination of concentrated 
loads and distributed loads. In this chapter the bending of cantilevers and 
simply supported beams are discussed with both point loads and 
uniformly distributed loads. 



A - A +UIU+* nnnnn 
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Figure 24.2 Loads: (a) point, (b) non-uniformly distributed, (c) uniformly distributed 


24.2 Shear force and bending Consider a cantilever (Figure 24.3(a)) which has a concentrated load F 
moment applied at the free end and an imaginary cut through the beam at a 
distance x from the free end. Now consider the section of beam to the 
right of the cut isolated from the rest of the beam. With the entire beam in 
equilibrium we must have any section also in equilibrium. For the section 
of beam to be in vertical equilibrium, we must have a vertical force V 
acting on it such that V = F (Figure 24.3(b)). This force V is called the 



(b) Forces for vertical equilibrium 
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(c) Vertical and moment equilibrium 


shear force because the combined action of V and F on the section is to 
shear it. In general: 

The shear force at a transverse section of a beam is the algebraic 
sum of the external forces acting at right angles to the axis of the 
beam on one side of the section concerned. 

In addition to vertical equilibrium we must also have the section of 
beam in rotational equilibrium. For the section of the beam to be in 
moment equilibrium and not rotate, we must have a moment M applied 
(Figure 24.3(c)) at the cut so that M = Fx. This moment is termed the 
bending moment : 

The bending moment at a transverse section of a beam is the 
algebraic sum of the moments about the section of all the forces 
acting on one (either) side of the section concerned. 


Figure 24.3 Cantilever 


The conventions most often used for the signs of shear forces and 
bending moments are: 


1.5 m I 3 m 
Figure 24.6 Example 


1 Shear force 

When the shear forces on either side of a section are clockwise 
(Figure 24.4(a)), i.e. the left-hand side of the beam is being pushed 
upwards and the right-hand side downwards, the shear force is taken 
as being positive. When the shear forces on either side of a section 
are anticlockwise (Figure 24.4(b)), i.e. the left-hand side of the beam 
is being pushed downwards and the right-hand side upwards, the 
shear force is taken as being negative. 



Figure 24.4 Shear force: (a) positive, (b) negative 
2 Bending moment 

Bending moments are positive if they give rise to sagging (Figure 
24.5(a)) and negative if they give rise to hogging (Figure 24.5(b)). 

^ ^ 

(a) Sagging (b) Hogging 

Figure 24.5 Bending moment: (a) positive, (b) negative 

Example 

Determine the shear force and bending moment at points 1 m and 4 m 
from the right-hand end of the beam shown in Figure 24.6. Neglect 
the weight of the beam. 
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Figure 24.7 Example 



120 kN/m 


++++++ 



Figure 24.8 Example 


The reactions at the ends A and B can be found by taking moments 
about A. Thus, R B x 4.5 = 9 x 1.5 and so R B = 3 kN. Considering the 
vertical equilibrium gives R A + Rb = 9 and thus R A = 6 kN. Figure 
24.7 shows the forces acting on the beam. 

If we make an imaginary cut in the beam at 1 m from the 
right-hand end, then the force on the beam to the right of the cut is 
3 kN upwards and that to the left is 9 - 6 = 3 kN downwards. The 
shear force is thus negative and -3 kN. 

If we make an imaginary cut in the beam at 4 m from the right- 
hand end, then the force on the beam to the right of the cut is 9 - 3 = 
6 kN downwards and that to the left is 6 kN upwards. The shear force 
is thus positive and +6 kN. 

The bending moment at a distance of 1 m from the right-hand end 
of the beam, when we consider that part of the beam to the right, is 
3 x 1 kN m. Since the beam is sagging the bending moment is 
+3 kN m. At a distance of 4 m from the right-hand end of the beam, 
the bending moment is 3 x 4 - 9 x 0.5 = +7.5 kN m. 

Example 

A uniform cantilever of length 3.0 m (Figure 24.8) has a weight per 
metre of 120 kN. Determine the shear force and bending moment at 
distances of 1.0 m and 3.0 m from the free end if no other loads are 
carried by the beam. 



Figure 24.9 Example 


At 1.0 m from the free end, there is 1.0 m of beam to the right and 
it has a weight of 120 kN (Figure 24.9(a)). Thus the shear force is 
+120 kN; it is positive because the forces are clockwise. The weight 
of this section can be considered to act at its centre of gravity which, 
because the beam is uniform, is at its midpoint. Thus the 120 kN 
weight force can be considered to be 0.5 m from the 1.0 m point and 
so the bending moment is -120 x 0.5 = -60 kN m; it is negative 
because there is hogging. 

At 3.0 m from the free end, there is 3.0 m of beam to the right and 
it has a weight of 360 kN (Figure 24.9(b)). Thus the shear force is 
+360 kN. The weight of this section can be considered to act at its 
midpoint, a distance of 1.5 m from the free end. Thus the bending 
moment is -360 x 1 .5 = -540 kN m. 


24.3 Bending moment and Figures which graphically show how the variations of the shear forces and 

shear force diagrams bending moments along the length of a beam are termed shear force 

diagrams and bending moment diagrams. In shear force and bending 
moment diagrams, the convention is adopted of drawing positive shear 
forces above the centre line of the beam and below it if negative. Bending 
moments are drawn above the centre line if negative, i.e. hogging, and 
below the centre line if positive, i.e. sagging. The bending moment 
diagram then gives some indication of the deflected shape of a beam. 
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24.3.1 Simply supported beam with point load at mid-span 

Figure 24.10(a) shows the beam and the forces concerned, the weight of 
the beam being neglected. For a central load F, the reactions at each end 
will be F/2. 


A 
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F/2 
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-F/2 
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(c) Bending moment diagram 

Figure 24.10 Simply supported beam with point load 

Consider the shear forces. At point A, the forces to the right are F F/2 
and so the shear force at A is +FI 2; it is positive because the forces are 
clockwise about A. This shear force value will not change as we move 
along the beam from A until point C is reached. To the right of C we have 
just a force of F/2 and this gives a shear force of -F/2; it is negative 
because the forces are anticlockwise about it. To the left of C we have just 
a force of F/2 and this gives a shear force of +F/2; it is positive because 
the forces are clockwise about it. Thus at point C, the shear force takes on 
two values. For points between C and B, the forces to the left are constant 
at F/2 and so the shear force is constant at -Ft 2. Figure 24.10(b) shows 
the shear force diagram. 

Consider the bending moments. At point A, the moments to the right 
are F x LI 2 - F/2 xL = 0. The bending moment is thus 0. At point C the 
moment to the right is F/2 x L and so the bending moment is +FL/2; it is 
positive because sagging is occurring. At point B the moment to the right 
is zero, likewise that to the left is F x L/2 - F/2 x L = 0. Between A and C 
the bending moment will vary, e.g. at one-quarter the way along the beam 
it is FL/ 8. In general, between A and C the bending moment a distance x 
from A is Fx/2 and between C and B is Fx/2 - F(x - L/2) = F/2(L - x). 

Figure 24.10(c) shows the bending moment diagram. The maximum 
bending moment occurs under the load and is FL/4. 

24.3.2 Simple supported beam with uniformly distributed load 

Figure 24.11(a) shows a simple supported uniform beam which carries a 
uniformly distributed load of w/unit length. The reactions at each end will 
be wL/2. 
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(c) Bending moment diagram 
Figure 24 . 1 2 Cantilever 
with point load at free end 
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(c) Bending moment diagram 


Figure 24. 1 1 Simply supported beam with distributed load 

Consider the shear force a distance x from the left-hand end of the 
beam. The load acting on the left-hand section of the beam is wx. Thus the 
shear force is V = wLl 2 - wx = wQlfr - x). When x = ‘/ 2 X, the shear force 
is zero. When x < ‘/ 2 X the shear force is positive and when x > ] / 2 X it is 
negative. Figure 24.11(b) shows the shear force diagram. 

Consider the bending moment. At A the moment due to the beam to the 
right is ~wL x LI 2 + wLl 2 x X = 0. At the midpoint of the beam the 
moment is wL/2 x LI A + wL/2 x LI 2 = wL 2 l 8; the bending moment is thus 
+wL 2 / 8. At the quarter-point along the beam, the moment due to the beam 
to the right is -3X/4 x 3X/8 + wL/2 x 3 LI 4 = 3wL 2 /32. In general, the 
bending moment due to the beam at distance x is M= -wx x x/2 + wX/2 x 
x = -wx?/2 + wLx/2. The bending moment is a maximum at x = LI 2 and so 
wX 2 /8 (you can show it is a maximum by differentiating to give dM/dx = 
-wx + wLl 2 and thus dMdx = 0 at x = X/2). Figure 24.11(c) shows the 
bending moment diagram. 

24.3.3 Cantilever with point load at free end 

Consider a cantilever which carries a point load F at its free end (Figure 
24.12(a)), the weight of the beam being neglected. The shear force at any 
section will be +F, the shear force diagram thus being as shown in Figure 
24.12(b). The bending moment at a distance x from the fixed end is M = 
-F(L - x). The minus sign is because the beam shows hogging. The 
bending moment diagram is a line of constant slope F. At the fixed end, 
when x = 0, the bending moment is FL; at the free end it is 0. 

24.3.4 Cantilever with uniformly distributed load 

Consider a cantilever which has just a uniformly distributed load of w per 
unit length (Figure 24.13(a)). The shear force a distance x from the fixed 
end is V = +w(L - x). Thus at the fixed end the shear force is +wL and at 
the free end it is 0. Figure 24.13(b) shows the shear force diagram. The 
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bending moment at a distance x from the fixed end is, for the beam to the 
right of the point, given by: 


M= -w(L - x) x (L - x)/2 = ~/ 2 w(L ~ x) 2 

This is a parabolic function. At the fixed end, where x = 0, the bending 
moment is -'AwL 1 . At the free end the bending moment is 0. Figure 
24.13(c) shows the bending moment diagram. 

h-*— 

(a) 

wL 
0 

(b) Shear force diagram 
-wL 2 / 2 

0 

(c) Bending moment diagram 

Figure 24.13 Cantilever with uniformly distributed load 

24.3.5 Relationship between shear force and bending moment 

The following are general points that apply to shear force and bending 
moment diagrams: 

1 The point on a beam where the bending moment changes sign and is 
zero is called the point of contraflexure or the inflexion point. 

2 Between point loads, the shear force is constant and the bending 
moment gives a straight line. 

3 Throughout a length of beam with a uniformly distributed load, the 
shear force varies linearly and the bending moment is parabolic. 

4 The bending moment is a maximum when the shear force is zero. 

5 The shear force is a maximum when the slope of the bending moment 
diagram is a maximum and zero when the slope is zero. 

6 For point loads, the shear force changes abruptly at the point of 
application of the load by an amount equal to the size of the load. 

For a proof that the bending moment is a maximum when the shear is 
zero, consider a short length Sx of a beam (Figure 24.14). At one side 
there is a bending moment Mand shear force V and at the other side they 
have increased to M + SM and V + SV. If there is a distributed load of w 
per unit length, then the segment has a weight of wdx which can be 
considered as acting at the centre of the segment. Taking moments about 
A, for equilibrium we have: 




M+ 8M+ (wdx)'ASx = M+ VSx 
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Problems 


w/unit length 
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Figure 24.14 Small segment 

Neglecting multiples of small quantities we have SM = VSx and so in the 
limit as dc tends to zero: 

v-M. 
v ~ 6x 

The shear force is thus equal to the rate of change of the bending moment 
and so when the shear force is zero the slope of the bending moment is 
zero and hence a maximum or a minimum. 

1 A beam of length 4.0 m and negligible weight rests on supports at 
each end and a concentrated load of 500 N is applied at its midpoint. 
Determine the shear force and bending moment at distances of 
(a) 1 .0 m, (b) 2.5 m from the right-hand end of the beam. 

2 A cantilever has a length of 2 m and a concentrated load of 8 kN is 
applied to its free end. Determine the shear force and bending 
moment at distances of (a) 0.5 m, (b) 1.0 m from the fixed end. 
Neglect the weight of the beam. 

3 A uniform cantilever of length 4.0 m has a weight per metre of 1 0 kN. 
Determine the shear force and bending moment at 2.0 m from the free 
end if no other loads are carried by the beam. 

4 A beam of length 3.0 m rests on supports at each end. A load of 3 kN 
is applied to the beam centre. What will be the resulting bending 
moment and shear force at a distance of (a) 0.5 m, (b) 1.0 m, (c) 1.5 
m from one end? 

5 A cantilever of length 2.0 m carries a load of 12 kN at its free end. 
What, and where, will be the resulting (a) maximum bending moment 
and (b) maximum shear force? 

6 Calculate (a) the maximum bending moment and (b) the maximum 
shear force for a cantilever having a weight of 20 kN/m and a length 
of 3.0 m. 


25 Components 


25.1 Introduction 


25.2 Factor of safety 


This chapter takes a look at members involved in structures, following on 
from Chapter 3. The term direct stress is used when the area of material 
being stressed is at right angles to the line of action of the external forces, 
as when the material is in tension or compression (Figure 25.1). The stress 
is force/area. When the forces being applied are in the same plane as the 
area being stressed then the stresses are termed shear stresses. The stress 
is force/area. 




(C) 


L Force 


Figure 25.1 (a) Tension, (b) compression, (c) shear 


Often members of structures might be made up of a length of one 
material joined to a length of another or involve a material for which there 
are changes in cross-section or, as in reinforced concrete, might involve 
axial rods inside another material. This chapter thus considers such 
composite structural members and, in addition, the effects of temperature 
changes on structural members which are restrained from expanding or 
contracting as a result of the changes in temperature. There is also a look 
at the shear stresses involved in fastenings, such as riveted and bolted 
joints. 


When designing a structure a factor of safety has to be considered to make 
certain that working stresses keep within safe limits. For a brittle material, 
the factor of safety is defined in terms of the tensile strength: 

_ „ „ tensile strength 

actor o sa ety - max j mum wor ki n g stress 

For ductile materials, the factor of safety is more usually defined in terms 
of the yield or proof stress: 


factor of safety = 


yield strength 
maximum working stress 


For dead loads, a factor of safety of 4 or more is often used. 
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Example 

Calculate the minimum diameter a mild steel bolt should have to 
withstand a load of 600 kN if the steel has a yield stress of 200 MPa 
and the factor of safety is to be 4. 

Since factor of safety = (yield stress)/(maximum working stress) then 
the maximum working stress = (yield stress)/(factor of safety) = 200/4 
= 50 MPa. Since stress = force/area, then the minimum area = 
force/stress = (600 x 10 3 )/(50 x 10 6 ) = 12 x 10 3 m 2 . If d is the 
minimum bolt diameter, then area = 'And 1 = 12 x 10“ 3 m 2 and so d = 
0.124 m= 124 mm. 


25.3 Composite members 



Figure 25 .2 Elements in series 



Figure 25.3 Example 


Consider a composite member with two, or more, elements in series, such 
as in Figure 25.2 where we have three rods connected end-to-end with the 
rods being of different cross-sections and perhaps different materials. At 
equilibrium the same forces act on each of the series members and so the 
forces stretching member A are the same as those stretching member B 
and the same as those stretching member C. The total extension of the 
composite bar will be the sum of the extensions arising for each series 
element. 


Example 

A rod is formed with one part of it having a diameter of 60 mm and 
length 120 mm and the other part a diameter of 30 mm and length 
90 mm (Figure 25.3) and is subject to an axial stretching force of 
20 kN. What will be the stresses in the two parts of the rod and the 
total extension if both parts are of the same material and it has a 
modulus of elasticity of 200 GPa? 

Each part will experience the same force and thus the stress on the 
larger diameter part is 20 x W/('An x 0.060 2 ) = 7.1 MPa and the 
stress on the smaller diameter part is 20 x 10 3 /(V 4 w x 0.030 2 ) = 
28.3 MPa. 

Since E = stress/strain = (FIA)l{elL) then extension e = FL/AE. The 
extension of the 60 mm diameter part is (20 x 10 3 x 0.120)/(V 4 n x 
0.060 2 x 200 x 10 9 ) = 4.2 x 10 6 m. The extension of the 30 mm 
diameter part is (20 x 10 3 x 0.090)/(7 4 7r x 0.030 2 x 200 x 10 9 ) = 
12.7 x 10 6 m. The total extension is thus 16.9 x 10 -6 m. 


25.3.1 Members in parallel 

Figure 25.4 shows a member made up of two parallel rods, A of one 
material and B of another material, the load being applied to rigid plates 
fixed across the ends of the two. With such a compound bar, the load F 
applied is shared by the members. Thus if F A is the force acting on 
member A and F B is the force acting on member B, we have: 


F a + F b = F 
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Figure 25.4 A compound 
member 


If a a is the resulting stress in element A and A a is its cross-sectional area 
then <t a = FJAa and if o B is the stress in element B and A„ is its 
cross-sectional area then <r B = FJA a . Thus: 

g a A a + obAb = F 

Since the elements A and B are the same initial length and must remain 
together when loaded, the strain in A of e A must be the same as that in B 
of e B . Thus, assuming Hooke’s law is obeyed: 

cta = £b. 

Ea Eb 

where E A is the modulus of elasticity of the material of element A and E B 
that of the material of element B. 

Example 

A square section reinforced concrete column has a cross-section of 
450 mm x 450 mm and contains four steel reinforcing bars, each of 
which has a diameter of 25 mm (Figure 25.5). Determine the stresses 
in the steel bars and in the concrete when the total load on the column 
is 2 MN. The steel has a modulus of elasticity of 210 GPa and the 
concrete a modulus of elasticity of 14 GPa. 






1 

/ 








Figure 25.5 Example 

The area of the column that is steel is 4 X 'An x 25 2 = 1963 mm 2 . 
The area of the column that is concrete is 450 x 450 - 1963 = 
200 537 mm 2 . The ratio of the stress on the steel <r s to that on the 
concrete <r c is given by oJE s = oJE c and so: 

0's = = 15 <7 c 

The force F on the column is related to the stresses and areas of the 
components by: 

F = OsA s + OoA c 

2 x 10 6 = 15ff c x 1963 x lO^ 6 + a c x 200 537 x lO" 6 
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Figure 25.6 Example 


25.4 Thermal strain 


Hence the stress on the concrete is 8.7 MPa and that on the steel is 
130.4 MPa. 

Example 

A steel rod of diameter 25 mm and length 300 mm is in a copper tube 
of the same length, internal diameter 30 mm and external diameter 
45 mm with the ends of both rod and tube fixed to rigid end plates 
(Figure 25.6). If the arrangement is subject to a compressive axial 
load of 80 kN what will be the stress in both materials? The modulus 
of elasticity of the steel is 210 GPa and that of the copper 105 GPa. 

The cross-sectional area of steel A s is x Un x 0.025 2 = 490.8 x 10 6 m 2 
and the cross-sectional area of the copper A c is V 4 7r(0.045 2 - 0.030 2 ) = 
883.6 x 10 -6 m 2 . The ratio of the stress on the steel a s to that on the 
copper (T c is given by aJE s = aJE z and so: 

Os = ‘fo'ftfc = 2<7 C 

The force F on the composite is related to the stresses and areas of 
the components by: 

F= Mri OoA c 

80 x 10 3 = 2er c x 883.6 x HT 6 + <j c x 490.8 x HT 6 

Hence, the stress in the copper is 35.4 MPa and that in the steel is 
70.8 MPa. 


For most materials, an increase in temperature results in expansion. If, 
however, the material is fixed in such a way that it cannot expand then 
compressive stresses occur as a consequence of an increase in 
temperature. If a material is constrained from contracting when the 
temperature falls, tensile stresses are produced. Consider a bar of initial 
length L. If the temperature is raised by 6 and the bar is free to expand, the 
length increases to: 

L„ = L(\+ad) 

where a is the coefficient of linear expansion of the bar material. The 
change in length of the bar is thus: 

L e -L = L{\ + a0)-L = Lad 


If this expansion is prevented, it is as if a bar of length 1,(1 + ad) has been 
compressed to a length L and so the resulting compressive strain e is: 


£ = 


LaO 

L{\ +ad) 


Since ad is small compared with 1, we can make the approximation: 
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e = a9 

If the material has a modulus of elasticity E and Hooke’s law is obeyed, 
the stress a produced is: 

a = a6E 


Example 

A bar of mild steel is constrained between two rigid supports. 
Calculate the stress developed in the bar as a result of a rise in 
temperature of 8°C. The coefficient of linear expansion is 11 x 
10 6 /K and the modulus of elasticity is 210 GPa. 

Stress = Ead = 210 x 10 9 x 1 1 x 10^x8 


Hence the stress is 18.5 x 10 6 Pa = 18.5 MPa and compressive. 


25.4.1 Composite bars 

Consider the effect of a temperature change on a compound bar made of 
two materials having different coefficients of expansion, as in Figure 
25.7(a) which consists of two members A and B, say a circular bar inside 
a circular tube. The two materials have coefficients of expansion a A and 
a B and modulus of elasticity values E A and E B . The two members are of 
the same initial length L and attached rigidly together at their ends so that 
at any temperature they will still be the same length. 



(a) (b) (c) 


Figure 25.7 Composite bar 

If the two members had not been fixed to each other, when the 
temperature changes A would have increased its length by La A 9 a and B its 
length by La B 9 B to give the situation illustrated by Figure 25.7(b). There 
will now be a difference in length between the two members at 
temperature 6 of ( a A - a B )9L. However, because the materials are so 
constrained that they must expand by the same amount, the expansion of 
each will differ from that occurring if they were free. Thus when the two 
members are rigidly fixed together (Figure 25.7(c)), this difference in 
length is eliminated by compressing member B with a force F and 
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extending A with a force F. Because the composite bar has no net force 
acting on it, then the forces acting on material A must be opposite and 
equal to those acting on material B. The extension e A of A due to this 
force is: 


<ta L 
" Ea 


where A A is its cross-sectional 
force is: 


The contraction e B of B due to this 


where A B is its cross-sectional area. But e A + e B = (a A - a B )0L and so: 

(a A -a B )* = f£ + |f 

The above analysis gives the stresses acting on the materials due solely 
to a temperature change. If such a compound bar is also subject to loading 
then the total stress on a material is obtained by using the principle of 
superposition. This states that the resultant stress or displacement at a 
point in a bar subject to a number of loads can be determined by finding 
the stress or displacement caused by each load considered acting 
separately on the bar and then adding the contributions caused by each 
load to obtain the resultant stress. Thus with a composite bar the stress in 
a member is the sum of the stresses obtained by considering the thermal 
stress and the loading separately, with due regard being paid as to whether 
they are compressive or tensile. A tensile stress is normally regarded as 
being positive and a compressive stress as negative. Thus a tensile loading 
stress of 80 MPa combined with a compressive thermal stress of 20 MPa 
would mean a total stress of 80 - 20 = 60 MPa, a tensile stress. 

Example 

A steel tube with an external diameter of 35 mm and an internal 
diameter of 30 mm has a brass rod of diameter 20 mm inside it and 
rigidly joined to it at each end. At 15°C, when the materials were 
joined, there were no stresses in the materials. What will be the 
longitudinal stresses produced when the temperature is raised to 
100°C? The brass has a modulus of elasticity of 120 GPa and a 
coefficient of linear expansion of 18 x 10 -6 per °C, the steel a 
modulus of elasticity of 210 GPa and a coefficient of linear expansion 
of 11 x 10 -6 per °C. 


(«A -«>)*=£ + £- 

(18 - 1 ljlO -6 x (100 - 15) = 12 0x 10 9 + 210x 10 9 


210 


Components 331 


Since the force on A will be opposite and equal to that on B: 
(TsA s = (JbAb 


<j s x y 4 7r(0.035 2 - 0.030 2 ) = <r b x 'Un x 0.020 2 
and so o s = 1.23 cr b . Substituting for o s in the earlier equation gives: 


1.23<r b 
' 120 ^ 


_£b_ 

210 


Hence c b = 42 MPa and o s = 52 MPa. The steel is in tension and the 
brass in compression. 


Example 

If the heated compound bar in the above example is then subject to a 
compressive axial load of 50 kN, what will be the stresses in the 
copper and steel elements? 

Considering just the effects of the 50 kN force: 

Ob g s 

120 x 10 9 ” 210x10® 

Hence 1.75(7 b = o s . Since oyl s + ovh = F: 

o s x '/ 4 7r(0.035 2 - 0.030 2 ) + o b x '/ 4 ti 0.020 2 = 50 x 10 3 

1.75<r b x '/ 4 7 c(0.035 2 - 0.030 2 ) + o s x '/ 4 7i0.020 2 = 50 x 10 3 

The compressive stress in the brass due to the load is 66 MPa and the 
compressive stress in the steel due to the load is 116 MPa. Thus the 
resultant stress, taking into account the thermal stresses, is for the 
steel a compressive stress of-1 16 + 52 = 64 MPa and for the brass a 
compressive stress of-1 16 - 42 = -158 MPa. 

25.5 Shear stress With shear, forces are applied in such a way that one layer of the material 
tends to slide over another. Shear stresses are involved with fastenings, 
e.g. lapped plates held together by rivets or bolts when the forces pull on 
the sheets. 

25.5.1 Shear stress and strain 

Figure 25.8 shows how a material can be subject to shear. The forces are 
applied in such a way as to tend to slide one layer of the material over an 
adjacent layer. With shear, the area over which forces act is in the same 
plane as the line of action of the forces. The force per unit area is called 
the shear stress, the unit of shear stress being the pascal (Pa): 
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Area over which 
force applied A 


Figure 25.8 Shear 

With tensile and compressive stresses, changes in length are produced; 
with shear stress there is an angular change </>. Shear strain is defined as 
being the angular deformation: 

shear strain = <j> 

The unit used is the radian and, since the radian is a ratio, shear strain can 
be either expressed in units of radians or without units. 

For the shear shown in Figure 25.8 tan (j) = x/L and, since for small 
angles, tan <j> is virtually the same as <f> expressed in radians: 

shear strain = -j- 



Figure 25.9 Example 


Example 

Figure 25.9 shows a component that is attached to a vertical surface 
by means of an adhesive. The area of the adhesive in contact with the 
component is 100 mm 2 . The weight of the component results in a 
force of 30 N being applied to the adhesive-component interface. 
What is the shear stress? 

Shear stress = force/area = 30/(100 x 10^) = 0.3 x 10 6 Pa = 0.3 MPa. 

25.5.2 Shear with joints 

Figure 25.10 shows examples of shear occurring in fastenings, in this case 
riveted joints. In Figure 25.10(a), a simple lap joint, the rivet is in shear as 
a result of the forces applied to the plates joined by the rivet. The rivet is 
said to be in single shear, since the bonding surface between the members 
is subject to just a single pair of shear forces; there is just one shear 
surface A subject to the shear forces. In Figure 25.10(b) the rivets are 
used to produce a double cover butt joint; the rivets are then said to be in 
double shear since there are two shear surfaces A and B subject to shear 
forces. 

Example 

What forces are required to shear a lap joint made using a 25 mm 
diameter rivet if the maximum shear stress it can withstand is 
250 MPa? 
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N F r ^r — C 7* I 

F <3^ O O 

(a) (b) 

Figure 25.10 (a) Lap joint, (b) double cover butt joint 


The joint is of the form shown in Figure 25.10(a). The rivet is in 
single shear and thus, since shear stress = force/area: 

force = shear stress x area = 250 x 10 6 x 'Ln x 0.025 2 

= 1.2 x 10 5 N = 120 kN 


Example 

What forces are required to shear a double cover lap joint made with 
two 25 mm diameter rivets if the maximum shear stress for a rivet is 
400 MPa? 

The joint is of the form shown in Figure 25.10(b). The rivets are in 
double shear. We can think of the applied force being halved with 
half being applied to each shear surface (alternatively we can think of 
the area that has to be sheared for a rivet to fail being double the 
cross-sectional area of a rivet). Since shear stress = force/area: 

force = shear stress x area 

= 2 x 300 x 10 6 x l Ln x 0.025 2 

= 3.9 x 10 5 N = 390 kN 




Example 

Calculate the maximum load that can be applied to the coupling 
shown in Figure 25.11 if the pin has a diameter of 8 mm and the 
maximum shear stress it can withstand is 200 MPa. 



The pin is in double shear, at A and B, and thus the forces applied to 
each shear surface are !4F. Since shear stress = force/area: 

force = shear stress x area = 2 x 200 x 10 6 x 'Ln x 0.008 2 


Figure 25.11 Example 


= 20 x 10 3 N = 20 kN 
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Figure 25.12 Cropping a 
plate 


25.5.3 Shear strength 

The shear strength of a material is the maximum shear stress that the 
material can withstand before failure occurs. Every time a guillotine is 
used to crop a material, shear stresses are being applied at a value equal to 
the max i m um shear stress for that material (Figure 25.12). The area over 
which the shear forces are being applied is the cross-sectional area of the 
plate being cropped. 

Similarly, when a punch is used to punch holes in a material (Figure 
25.13), shear stresses are being applied at a value equal to the shear 
strength of the material. In this case the area over which the punch force is 
applied is the plate thickness multiplied by the perimeter of the hole being 
punched. 


■ ■ 


Example 

A plate of mild steel 1.0 m wide and 0.8 mm thick is to be cropped by 
a guillotine. What is the force which the guillotine has to apply if the 
shear strength of the steel is 200 MPa? 

Since shear strength = force/area then: 


Figure 25.13 Punching 
a hole 


force = shear strength x area = 200 x 10 6 x 1 .0 x 0.008 
= 160 x 10 3 N= 160 kN 


Example 

What is the maximum diameter hole that can be punched in an 
aluminium plate of thickness 14 mm if the punching force is limited 
to 50 kN? The shear strength of the aluminium is 90 MPa. 

Shear strength = (punch force)/(area being sheared) and so: 

area = force/shear strength = (50 x 10 3 )/(90 x 10 6 ) 

But the area is nd x 14 x 10“ 3 , where d is the diameter of the hole, 
and so d = 13 mm. 

Problems 1 A mild steel member in a truss has a uniform cross-section of 200 mm 
x 100 mm. What would be the maximum permissible tensile force for 
the member if the material has a yield stress of 200 MPa and a factor 
of safety of 4 is used? 

2 A mild steel rod is required to withstand a maximum tensile load of 
250 kN with a factor of safety of 4. What will be a suitable diameter 
for the rod if the material has a tensile strength of 540 MPa? 

3 A steel bolt (Figure 25.14) has a diameter of 25 mm and carries an 
axial tensile load of 50 kN. Determine the average tensile stress at the 
shaft section aa and the screwed section bb if the diameter at the root 
of the thread is 21 mm. 
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Figure 25.14 Problem 3 



4 A brass rod of length 160 mm and diameter 30 mm has an axial hole 
of diameter 20 mm drilled in it to a depth of 70 mm. What will be the 
change in length of the rod if it is subject to an axial compressive 
load which produces a maximum stress of 125 MPa? The modulus of 
elasticity of the brass is 100 GPa. 

5 A timber beam with a rectangular cross-section 150 mm x 150 mm is 
reinforced by a steel plate of thickness 6 mm and the same width of 
150 mm as the beam being bolted to one face (Figure 25.15). When 
the composite is subject to an axial load, what will be the stress in the 
steel when the stress in the timber is 6 MPa and the value of the axial 
load? The steel has a modulus of elasticity of 200 GPa and the timber 
a modulus of elasticity of 8 GPa. 

6 A square section, 500 mm x 500 mm, reinforced concrete column has 
a reinforcement of four steel rods, each of diameter 25 mm, 
embedded axially in the concrete. Determine the compressive stresses 
in the concrete and the steel when the column is subject to a 
compressive load of 1000 kN. The modulus of elasticity of the steel is 
200 GPa and that of the concrete 14 GPa. 

7 A cast iron pipe of external diameter 300 mm and internal diameter 
250 mm is filled with concrete and the composite is subject to an 
axial load of 900 kN. What will be the stresses in the cast iron and 
concrete? The cast iron has a modulus of elasticity of 140 GPa and 
the concrete a modulus of elasticity of 14 GPa. 

8 A steel pipe of external diameter 500 mm and wall thickness 12 mm 
is filled with concrete and the composite is subject to an axial load. 
What is the maximum allowable load if the stress in the steel is not to 
exceed 120 MPa and that in the concrete not to exceed 8 MPa? The 
steel has a modulus of elasticity of 200 GPa and the concrete a 
modulus of elasticity of 14 GPa. 

9 A steel rod is rigidly clamped at both ends when the temperature is 
0°C. What will be the stress produced in the rod by a rise in 
temperature to 60°C? The steel has a modulus of elasticity of 
200 GPa and a coefficient of expansion of 12 x 10 -6 /K. 

10 Determine the change in stress per degree in a rigidly clamped steel 
rod when the temperature changes. The steel has a modulus of 
elasticity of 200 GPa and a coefficient of expansion of 12 x 10 -6 /K. 

1 1 A compound tube has a length of 750 mm and is fixed between two 
rigid supports. It consists of a copper tube of external diameter 
100 mm and internal diameter 87 mm encasing a steel tube of 
external diameter 87 mm and internal diameter 75 mm. Determine the 
stresses set up in the tubes as a result of the temperature being 
increased by 40°C. The steel has a modulus of elasticity of 210 GPa 
and a coefficient of linear expansion of 12 x 10 -6 per °C and the 
copper a modulus of elasticity of 130 GPa and a coefficient of linear 
expansion of 17 x 10 -6 per °C. 

12 A brass rod of diameter 25 mm is enclosed centrally in a steel tube 
with internal diameter 25 mm and external diameter 40 mm, both 
having a length of 1 .0 m and rigidly fastened at the ends. Determine 
the stresses in the rod and tube resulting from a temperature increase 
of 100°C. The steel has a modulus of elasticity of 200 GPa and a 
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coefficient of linear expansion of 12 x 10 -6 per °C and the brass a 
modulus of elasticity of 100 GPa and a coefficient of linear expansion 
of 19 x 10“® per °C. 

13 A horizontal cantilever projects 80 mm from its clamped point. The 
cantilever has a uniform cross-section of 40 mm by 20 mm. If a force 
of 50 kN is applied vertically at the free end of the cantilever, in the 
plane of the end face, what is (a) the shear stress, (b) the shear strain? 
The shear modulus is 76 GPa. 

14 Calculate the maximum thickness of plate that can have a hole 
punched in it by a punch of diameter 20 mm if the shear strength of 
the plate is 200 MPa and the maximum force that can be exerted by 
the punch is 100 kN. 

15 What force is needed to shear a mild steel plate of thickness 0.7 mm 
and width 1 .0 m if the shear strength of the steel is 200 MPa? 

16 Calculate the forces required to shear the rivets in (a) a lap joint and 
(b) a double cover butt joint if the rivets have a diameter of 25 mm. 
The shear strength of the rivet material is 330 MPa. 

17 Determine the shear stress in each rivet in a lap joint made with six 
rivets, each of 8 mm diameter, when the joint is subject to a shear 
force of 1.5 kN. 

18 A double-cover butt joint has eight rivets, each of 10 mm diameter. 
What will be the maximum shear force that can be applied to the joint 
if the shear stress in a rivet must not exceed 20 MPa? 


26 Circular motion 


26.1 Introduction This chapter is concerned with motion in a circle. Velocity is a vector 
quantity and has both size and direction. Thus, there is a constant velocity 
if equal distances are covered in the same straight line in equal intervals of 
time. Acceleration is the rate of change of velocity. Thus, there will be an 
acceleration if a velocity changes either as a result of equal distances in 
the same straight line not being covered in equal times or, if equal 
distances are being covered they are not in the same straight line, i.e. there 
is a change in direction. This is what happens with circular motion where 
we can have equal distances round the circumference of the circular path 
covered in equal times, i.e. constant speed, but the velocity is changing 
because the direction is continually changing and so there is an 
acceleration. 

26.2 Centripetal acceleration Consider a point object of mass m rotating with a constant speed in a 
circular path of radius r (Figure 26.1(a)). At point A the velocity will be v 
in the direction indicated. At B, a time t later, the velocity will have the 
same size but be in a different direction. If the direction has changed by 
the angle 9 in time t, then the amount by which the velocity has changed 
can be obtained resolving the velocity at B into two components, one in 
the same direction as the velocity at A of v cos 6 and the other at right 
angles to it of v sin 9, i.e. along the radial direction AC. The acceleration 
in the direction of the velocity at A is thus (v cos 9 - v)/t = (cos 0 - 1 )v/t. 
The acceleration at an instant, rather than the average over the time t, is 
obtained by considering the value the average value tends to as we make t 
small and hence 9 small. So, since cos 9 tends to 1 as 0 tends to 0, 
(1 - cos 6) tends to 0. Hence, the instantaneous acceleration in the 
direction of the velocity at A tends to 0. As sin 9 tends to 59, the 
acceleration in the direction AC = (v sin 0 - 0 )/t tends to v59/5t. But v50/5t 
is the rate at which the angle is covered, i.e. the angular velocity co, and so 
the instantaneous acceleration a in this direction at A is: 



(a) (b) 


Figure 26. 1 Motion in a circle 


Since v = rco we can write the above equation in the two forms: 



The direction of this acceleration is towards the centre of the circle and 
hence is termed the centripetal acceleration. 

26.2.1 Alternative method of deriving the centripetal acceleration 

An alternative way of arriving at the same answer is to consider what has 
to be added, by vector means, to the velocity at A to give the velocity at B 
(Figure 26.2). 

Change in 



(a) (b) 

Figure 26.2 Motion in a circle 

For a small angle 8, to a reasonable approximation, the change in 
velocity = 2v sin Yi8 = v8. But the distance covered in time t is arc length 
AB; thus v = (arc length AB)/t = rO/t and so 8- vt/r. The acceleration a is 
the change in velocity divided by the time; hence: 

v8 vjyt/r) v 2 ( rco ) 2 2 

a ~ t ~ t “ r - r ~ rco 

This will tend to the instantaneous acceleration at A if we make t small 
and hence 8 small. The direction of this instantaneous acceleration is the 
direction of the change in velocity vector, and this tends, as 8 becomes 
small, to be towards the centre of the circle. 

26.2.2 Centripetal force 

The equation a = v*/r gives the acceleration an object must experience, at 
right angles to its direction of motion, if it is to move in a circular path. 
The centripetal force necessary for this acceleration is thus: 

z, mv 2 2 

F = ma = —p— = mco^r 

According to Newton’s third law, to every action there is an opposite 
and equal reaction. In this case the reaction to the centripetal force is 
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26.3 Cornering 


called the centrifugal force and acts in an outwards direction on the pivot 
C around which the motion is occurring. 

Example 

An object of mass 0.5 kg is whirled round in a horizontal circle of 
radius 0.8 m on the end of a rope. What is the tension in the rope 
when the object rotates at 4 rev/s? 

F = mofr = 0.5 x (2n x 4) 2 x 0.8 = 253 N. 

Example 

Calculate the force acting on a bearing which is carrying a crank- 
shaft with an out-of-balance load of 0.10 kg at a radius of 100 mm 
and rotating at 50 rev/s. 

Centripetal force = mco 2 r = 0.10 x (2n x 50) 2 x 0.100 = 987 N. The 
force acting on the bearing is the reaction force, i.e. the centrifugal 
force, and is thus 987 N radially outwards. 

Example 

An object of mass 3 kg is attached to the end of a rope and whirled 
round in a vertical circle of radius 1 m. What are the maximum and 
minimum values of the tension in the rope when it rotates at 3 rev/s? 

The centripetal force F = mco 2 r = 2>(2n x 3) 2 x 1 = 1066 N. At the top 
of the path, the centripetal force is provided by the tension in the rope 
plus the weight since they are acting in the same direction. Hence, 
T+ 3 x 9.8 = 1066 and so tension T = 1037 N. At the bottom of the 
path, the tension and the weight act in opposite directions and so 
T 3 x 9.8 = 1066 and the tension T = 1095 N. Thus the max imum 
tension is 1095 N and the minimum tension 1037 N. 

Consider a vehicle of mass m rounding a horizontal comer of radius r 
(Figure 26.3). 



Figure 26.3 Cornering on the flat 

Since the reactive force R is mg at right angles to the plane, the 
maximum frictional force F = jiR = fJ.mg. Hence, when the centripetal 
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26.4 Centrifugal clutch 


force exceeds this frictional force, skidding will occur. Thus the maximum 
speed is given when mv*/r = fxmg and so: 


v= JWg 


Now consider a vehicle rounding a horizontal comer which is banked 
at an angle 9 to the horizontal (Figure 26.4). If the vehicle is to traverse 
the comer without relying on frictional forces, the centripetal force has to 
be provided by a component R sin 9 of the reactive force. Thus, we have 
R sin 9 = m^/r. But we must also have the vertical component of the 
reaction force equal to the weight mg and so R cos 9 = mg. Thus: 



Figure 26.4 A banked comer 

Example 

Calculate the maximum speed with which a vehicle can travel round a 
horizontal band of radius 40 m without skidding if the coefficient of 
friction between the tyres and the road is 0.6. 

v = V(urg) = V(0.6 x 40 x 9.8) = 15.3 m/s. 

Example 

Calculate the angle of banking required on a comer of radius 60 m so 
that vehicles can travel round the comer at 20 m/s without any side 
thrust on the tyres. 

Tan 9 = v*/rg = 20 2 /(60 x 9.8) and so 9 = 34.2°. 

A clutch is a mechanism by which two shafts, one of which is rotating and 
the other stationary, can be smoothly engaged and torque transmitted from 
one shaft to another. A friction type of clutch relies upon sufficient 
friction being developed between the two surfaces brought into contact for 
the torque to be transmitted from one to the other without slipping 
occurring. For this to occur, a clamping force has to be provided to hold 
the friction surfaces together. For the clutch used in cars to connect the 
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Problems 


running engine drive shaft to the rest of the transmission system, springs 
are generally used. An alternative construction involves the clamping 
force being generated, wholly or partially, by a centrifugal operated 
mechanism. 



Figure 26.5 Centrifugal clutch 

Figure 26.5 shows the basic principles of operation of one form of such 
a centrifugal clutch. The weights are carried on the free ends of bell-crank 
levers. When the clutch rotates, the weights are thrown outwards as a 
result of the circular motion and the resulting pivoting about the pivot 
causes the pressure plate to become engaged with the driven plate and so 
torque is transferred. The net force between the plates is A P, where F is 
the centrifugal force and P the force exerted by the spring. Thus the 
frictional force between the pads is ju(F - P ), where fi is the coefficient of 
friction between the pad materials. The frictional torque is thus fi(F - P)R, 
where R is the radius of rotation of the plates. If there are n such 
arrangements spaced round the shaft then the total frictional torque T is 
n/u(F - P)R. The power transmitted by a torque is Tea, where co is the 
angular velocity, and so the power transmitted by the clutch is 
n/i(F - P)Rco. 

1 An object of mass 0.3 kg is whirled round in a horizontal circle of 
radius 0.6 m on the end of a rope. What is the tension in the rope 
when the object rotates at 5 rev/s? How will the tension change if the 
angular speed is doubled? 

2 An object of mass 5 kg on the end of a rope is rotated in a horizontal 
circle of radius 4 m with a constant speed of 8 m/s. What is the 
tension in the rope? 

3 An object of mass 500 g is whirled round on the end of a tethered 
string in a horizontal circle of radius 1 m. What is the maximum 
number of revolutions per second the object can be rotated at if the 
string will break when the tension in it reaches 40 N? 

4 An object of mass 0.6 kg is whirled round in a vertical circle of radius 
0.8 m on the end of a rope. What is the maximum and minimum 
tension in the rope when the mass rotates at 200 rev/min? 
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5 Calculate the greatest speed with which a car may pass over a 
humpback bridge without leaving the ground if the bridge forms the 
arc of a vertical circle of radius 8 m. 

6 Calculate the maximum speed with which a vehicle can travel round a 
comer, unbanked and horizontal, of radius 50 m without skidding. 
The coefficient of friction between the tyres and road is 0.6. 

7 Calculate the angle of banking required on a comer of radius 80 m so 
that vehicles can travel round the comer at 40 m/s without any side 
thrust on the tyres. 

8 A train runs at 20 m/s round a curve of mean radius 360 m. If the 
distance between the rails is 1.4 m, how much should the outer rail be 
raised above the inner rail so there is no side thrust on the rails? 

9 At what speed can a car move round a comer of radius 75 m without 
side slip if the road is banked at an angle tan -1 1/5? 

10 What is the centripetal force required if a body of mass 0.25 kg is to 
move in a horizontal circular path of radius 3.5 m with an angular 
speed of 4 rad/s? 

11 A block is placed on a horizontal turntable at a distance of 50 mm 
from the central axle. When the turntable rotates, the block is just on 
the point of sliding when the speed of rotation is 1.4 rev/s. What is 
the coefficient of friction between the block and turntable surfaces? 


27 Mechanical power 
transmission 


27.1 Introduction This chapter is an introduction to the basic principles of simple machines 
and mechanical power transmission with a discussion of machines such as 
levers, pulleys, gears, etc. A machine is defined as a mechanical device 
which enables an effort force to be magnified or reduced or applied in a 
more convenient line of action, or the displacement of the point of action 
of a force to be magnified or reduced. 


27.1.1 Basic terms 

The term effort is used for the input force, the term load for the output 
force. 

The force ratio or mechanical advantage MA is defined as: 


. load 
" effort 


The movement ratio or velocity ratio VR is defined as: 

distance moved by effort 
^ “ distance moved by load 


For an ideal machine where there are no frictional forces, mechanical 
energy is conserved and so the work done by the effort must equal the 
work done by the load: 

effort x distance moved by effort = load x distance moved by load 


Rearranging this gives: 

l oa d _ distance moved by effort 
effort ~ distance moved by load 


For a non-ideal machine there are some energy losses due to friction. 
The efficiency of a machine may be defined as a fraction by: 

energy transferred from machine to the load 
efficiency - energy transferred from effort to the machine 
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i.e. the useful energy output/(energy input). Thus: 

. load x distance moved by load MA 

e ciency - c ^ ort x distance moved by effort _ VR 

If we consider the energy input and output per second, i.e. the powers, 
then we can also write: 


efficiency = 


power output 
power input 


The above definitions give the efficiency as a fraction. It is, however, 
often written as a percentage; this just involves multiplying the fraction by 


100 . 


Example 

A machine is able to lift a mass of 50 kg through a vertical height of 
5 m when it is supplied with an energy input of 4000 J. What is the 
efficiency of the machine? 

The useful energy output from the machine results in a gain in 
potential energy mgh = 50 x 9.8 x 5 = 2450 J. Thus the efficiency, 
expressed as a percentage is (2450/4000) x 100 = 61.25%. 


Example 

The input power to a machine is 75 kW and the output power is 
60 kW. What is its efficiency? 

Efficiency = (60/75) x 100 = 80%. 


27.2 Law of machines 



graph 


The mechanical advantage of a machine depends on the effort applied. 
For simple machines, the relationship between the effort E and load F is 
of the form (Figure 27. 1): 

E = aF + b 

where a and b are constants. This equation is known as the law of the 
machine. In an ideal machine, i.e. where the efficiency is 100%, the 
effort-load graph passes through the origin and b is zero. However, 
because of friction, some effort has to be expended to overcome friction 
and b is the effort needed for this (Figure 27.2). 

The above equation gives the MA as: 

MA = i = ^F+b = a + b/F 


If the load is large then b/F becomes small when compared with a and so 
the mechanical advantage then becomes approximately 1 la. This is called 
the limiting MA. The efficiency of a simple machine is MA/VR and so the 
limiting efficiency is: 
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Figure 27.2 Effort-load 
graph 


limiting efficiency = = — 


Example 

A simple machine is found to require an effort of 21.5 N when the 
load is 550 N and an effort of 12.5 N when the load is 250 N. What is 
the law of the machine? 

Using E = aL + b we have 21.5 = 550a + b and 12.5 = 250a + b. The 
first equation gives b = 21.5 - 550a and if we substitute this in the 
second equation we obtain 12.5 = 250a + 21.5 - 550a and so a = 
0.03. Hence b = 21.5 - 550 x 0.03 = 5. The law of the machine is 
thus E = 0.03L + 5. 


Example 

A simple machine has the law E = 0.2F + 0.25 kN and a VR of 6. 
Determine (a) the limiting MA, (b) the limiting efficiency, (c) the 
effort required to overcome friction when the load is zero. 

(a) Limiting MA = 1/a = 1/0.2 = 5. 

(b) Limiting efficiency = l/(a x VR) = l/(0.2 x 6) = 0.83 or 83%. 

(c) When F=0 then E = 0.25 kN. 

27.2.1 Overhauling 

With a ffictionless machine, if the effort is removed then the load runs 
back to its original position and the machine is said to overhaul. To 
prevent overhauling, the friction must be large enough for the load to be 
unable to move by itself. If W is the work done by friction when the effort 
E moves through a distance x and the load F through a distance y, then 
applying the conservation of energy gives: 

Ex = Fy + W 

If, when the effort is removed, i.e. E = 0, the friction is just large enough 
to prevent the load moving back (a negative value for y), we must have Fy 
= W. Hence, we can write: 

Ex = 2 Fy 

But x ly is the velocity ratio and F/E the mechanical advantage. Thus we 
must have MA/VR = 1/2 and so an efficiency of 50%. To prevent 
overhauling, a simple machine must have an efficiency less than 50%. 

27.3 Examples of machines The following are examples of machines. 

27.3.1 Levers 

Levers are simple machines. There are three basic types of lever. One has 
the effort and load on opposite sides of the fulcrum and is a force 
amplifier (Figure 27.3(a)), e.g. scissors and pliers. Another has the effort 
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and load on the same side of the fulcrum but with the effort at the greater 
distance and is a force amplifier (Figure 27.3(b)), e.g. a wheelbarrow. The 
third has the effort and load on the same side of the fulcrum but with the 
load at the greater distance and is a movement amplifier (Figure 27.3(c)), 
e.g. the human forearm. 


1 A I 

” Fulcrum ▼ _ , V ■ 

Load Effort Fulcrum L 

(a) (b) 

A Effort 


Fulcrum 

(c) 


Figure 27.3 Levers 


If moments are taken about the fulcrum then, whatever the type of 
lever: 


effort x (effort to fulcrum distance) 

= load x (load to fulcrum distance) 


Thus: 

MA = l°ad _ effort to fulcrum distance 
effort load to fulcrum distance 



Figure 27.4 Example 


Example 

For the tin snips shown in Figure 27.4, what effort will need to be 
applied if the force required to cut the sheet in the snips is 1.4 kN? 

MA = load/effort = (effort to Mcrum distance)/(load to fulcrum 
distance) and so: 


effort = 


1.4x 10 3 x45 x 10~ 3 
160x10-3 


= 394 N 


27.3.2 Pulleys 

A single pulley wheel (Figure 27.5(a)) is a machine which changes the 
line of action of the effort but not the size of the force, the load equalling 
the effort. Pulleys with more than one pulley wheel change not only the 
line of action but also the size of the force. For the two pulley system 
shown in Figure 27.5(b), at equilibrium we have equilibrium of each part 
of the system and so for the effort we have E = T, where T is the tension in 
the pulley rope. For the load we have, if we neglect the mass of the pulley, 
L = 2T and so MA = LIE = 2. If the mass of the pulley m is not neglected 
then L + mg =2T and so MA = (2 T - mg)/T. In general, when the mass of 
the pulleys is neglected, MA = n, where n is the number of pulley wheels. 
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Figure 27.5 (a) Pulley, (b) pulley system, (c) Weston differential pulley 

The Weston differential pulley (Figure 27.5(c)) has a fixed upper block 
which consists of two concentric wheels of different diameters with an 
endless rope wrapped round them. If a is the diameter of the larger wheel 
and b the diameter of the smaller wheel, then when the effort moves 
through a distance x, a length x of the rope is wound on to the larger wheel 
while a length bx/a is unwound from the smaller wheel. Thus the load is 
raised a distance of 'A(x - bx/a ) and so the velocity ratio is 2a/ (a - b). 


27.3.3 The wheel and axle 

The wheel and axle (Figure 27.6(a)) has the effort applied to a rope 
wound round a wheel and the load lifted by a rope wound round the axle. 
If the wheel has a diameter a and the axle a diameter b, then when the 
effort moves through a distance na the load rises by nb. Hence the 
velocity ratio is a/b. If the axle can turn without friction, then the moment 
of the effort E must equal the moment of the load F and so Ea = Fb and 
the mechanical advantage is a/b. 



Figure 27.6 (a) The wheel and axle, (b) the differential wheel and axle 

The differential wheel and axle (Figure 27.6(b)) has an axle consisting 
of two portions of different diameters. The load is lifted by a pulley which 
is carried in the loop of a rope wound round the two portions of the axle. 
If a is the diameter of the wheel, b the diameter of the larger diameter axle 
and c the diameter of the smaller diameter axle, then when the effort 
moves through a distance na we have a length of rope nb wound onto the 
axle and nc unwound. The load thus rises through a distance '/ 2 (nb - nc) 
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Figure 27.7 Inclined plane 


and so the velocity ratio is 2a/ (b - c). If b is nearly equal to c then a very 
large velocity ratio can be produced. 

Example 

A Weston differential pulley block has pulleys of diameter 150 mm 
and 200 mm. Determine the velocity ratio. 

VR = 2a/(a -b) = 2 x 200/(200 - 150) = 8. 

Example 

A differential wheel and axle has a wheel of diameter 600 mm and 
axles of diameters 80 mm and 100 mm. Determine the effort required 
to lift a load of 12 kN if the efficiency is 72%. 

VR = 2 a/(b - c) = 2 x 600/(100 - 80) = 60. Since efficiency = 
MA/VR then MA = 0.72 x 60 = 43.2. Since MA = load/effort, the 
effort required is 12 x 10 3 /43.2 = 278 N. 

27.3.4 Inclined plane 

An inclined plane is a machine. For a smooth inclined plane at an angle 0 
to the horizontal (Figure 27.7), the effort required to push a load L up the 
plane is the component of the load down the plane and so E = L sin 0. 
Thus MA = 1/sin 0. The wedge and the screw thread are examples of 
inclined planes. For a screw thread, the angle of the incline can be 
obtained by considering the unwinding of one turn of the thread. If p is the 
pitch of the thread, i.e. the amount by which the screw is raised by one 
rotation, and r the radius of the cylinder on which the thread is wound, 
then p/2nr = tan 0 since for small angles tan 0 is approximately the same 
as sin 0, MA = 2nr/p. 

The screw jack is a simple lifting machine (Figure 27.8) based on the 
screw. The load is moved vertically by the thread through a distance p 
when the effort is moved through one complete circle, i.e. 2nr. Hence VR 
= 2nr/p. For ideal conditions, MA = VR = 2nr/p. 


Figure 27.8 Screw jack 

Example 

What effort must be applied to the handle of a screw jack to lift a car 
when the load applied to the jack is 5 kN? The screw has a pitch of 
12 mm and the jack handle has a radius of rotation of 400 mm. 


L 
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MA = load/effort = 2nrlp and so: 


effort = 


5 x 10 3 x 12x 10~ 3 
27tx400xl0- 3 


= 23.9 N 


27.4 Gears 



A gear system can be used to change the speed of rotation of a shaft 
(Figure 27.9). Suppose the input shaft is rotating with an angular velocity 
co, and the output shaft with an angular velocity co 0 . The input power is co„ 
where T, is the torque on the input shaft. The output power is T 0 co 0 , where 
T 0 is the torque on the input shaft. If no power is lost, then the output 
power equals the input power and so: 

T 0 co 0 = T,co, 


Figure 27.9 Gear system and so, if we define the overall gear ratio of the system, i.e. its movement 

ratio or velocity ratio VR = (distance moved by effort)/(distance moved 
by load), as the ratio of the angular velocity of the input shaft to the 
angular velocity of the output shaft: 


gear ratio = 


Isl 

T{ 


A reduction gear box is one which reduces the angular velocities, e.g. one 
with a gear ratio 8 to 1, and thus converts power at a high angular speed 
and low torque to power at a lower angular speed and high torque. 

In the above discussion, the gear system was assumed to be 100% 
efficient in converting the power of the input shaft to the power of the 
output shaft. In practice there would be some power loss. The 
transmission efficiency rj is defined as: 

_ output power 
input power 

Then, output power = rj x (input power) and so: 


T 0 m 0 = r\T,a>, 


gear ratio = 


T 0 

rjTi 


Example 

A gear box has a gear ratio of 2 to 1 . If the input shaft rotates at 
20 rev/s when a torque of 200 N m is applied, what will be (a) the 
number of revolutions per second of the output shaft and (b) the 
output shaft torque? Assume the system is 100% efficient. 

(a) Using gear ratio = cojcoo, then, since co, = 2nf and co a = 2nf, we 
have fa =//(gear ratio) = 20/2 =10 rev/s. 

(b) Using gear ratio = co,/co 0 = TJT U then T 0 = (gear ratio) x T, = 2x 
200 = 400 N m. 
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Driver driver mesh 


with teeth 
on follower 

Figure 27. 1 0 Simple gear 
train 


Example 

If the gear box in the previous example had not been 100% efficient 
but 85% efficient, what would have been the output torque? 

Gear ratio = cojco 0 = TJT\, so T 0 = 0.85 x 2 x 200 = 340 N m. 

27.4.1 Simple gear trains 

Figure 27.10 shows a simple gear train; the term simple is used when each 
shaft carries only one wheel. In such a train, the teeth on the wheels are 
evenly spaced so that they exactly fill the circumference with a whole 
number of identical teeth and the teeth on the driver and follower mesh 
without interference. The circumferences are thus proportional to the 
number of teeth and so: 

no of teeth on driver _ circumference of driver 
no. of teeth on follower circumference of follower 

If the driver has, say, twice as many teeth as the follower, then the 
follower will make two revolutions for each revolution of the driver. 
Thus, in general: 

no. of revs of driver no. of teeth on follower 
no. of revs of follower ~ no. of teeth on driver 

Thus, the velocity ratio VR or movement ratio, i.e. (distance moved by 
effort)/(distance moved by load) is: 

angular vel. of driver _ no , 0 f teeth on follower 
angular vel. of follower no. of teeth on driver 

With the above arrangement, the two wheels of the train rotate in 
opposite directions. When the same direction of rotation is required, an 
idler wheel is included (Figure 27.1 1). If t A is the number of teeth on the 
driver and ti the number on the idler, then for that pair of wheels cojcod = 
tjti, where <u d is the angular velocity of the driver and co, that of the idler. 
If t { is the number of teeth on the follower, then for the idler-follower 
arrangement we have cojcof = t f /ti, where co f is the angular velocity of the 
follower. Thus: 

a>d 1 tj tf 
Wf ~ co — ~ td 



Driver 


Figure 27. 1 1 Simple gear train with idler wheel 
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The idler thus only changes the direction of rotation; the overall gear ratio 
is independent of the size of the idler wheel. 

27.4.2 Compound gear trains 

The term compound is used for a gear train in which two wheels are 
mounted on a common shaft. Wheels mounted on a common shaft must 
rotate with the same angular velocity. Figure 27.12 shows a compound 
gear train in which wheels B and C are mounted on the same shaft; thus, 
COb = co c . 



Figure 27. 1 2 Compound gear trains 

For the pair of wheels A and B we have co A /ft>u = lJt A and so co A = 
(/b^Ocob, where t A is the number of teeth on wheel A and t B the number on 
wheel B. For the pair of wheels C and D we have ojJoj d = t D /t c , where t c 
is the number of teeth on wheel C and fo the number on wheel D. Since cu B 
= co c we can write cob/cod = tvJtc and so cu D = (tc/fo)a>B. Thus, the overall 
velocity ratio is given by: 

co a (?bTa)mb _ tB to 

a>D {tdto)coB tc 

Figure 27.13 shows another form of compound gear train; with such an 
arrangement the output shaft can be brought into line with the input shaft; 
wheels B and C are on a common shaft. 


Input _ 
shaft — 


D 


Output 

shaft 


B C 


Figure 27. 1 3 Compound gear train 


Example 

A compound gear train of the form shown in Figure 27.12 has an 
input gear A with 40 teeth and A engaging with wheel B having 160 
teeth. Wheel B is on the same shaft as wheel C which has 48 teeth 
and engages with wheel D on the output shaft with 96 teeth. 
Determine the overall velocity ratio of the system. 
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Figure 27.14 Worm gear 


21.4.3 Worm gears 

A gear system which can be used to enable the input and output shafts to 
be at right angles to each other is shown in Figure 27.14. Rotation of the 
effort wheel causes the worm to rotate. It engages with the gear teeth on 
the wheel and hence causes the load shaft to rotate. If the effort wheel has 
a diameter d E then one revolution has the effort moving by nd h . For one 
revolution of the worm, each tooth on the gear wheel is moved around the 
circumference of the wheel by an amount equal to the pitch p of the teeth 
on the worm, assuming it is single threaded. If there are t teeth on the 
wheel then it will have rotated through 17/ for one revolution of the worm. 
If the load shaft has a diameter d L then one revolution of the effort wheel 
will result in the load shaft rotating by ndjt. The velocity ratio VR or 
movement ratio, i.e. (distance moved by efifort)/(distance moved by load), 
of the worm gear is thus (ndJt)/nd E = tdJd E . If the worm has n threads 
then one revolution of the worm causes each tooth on the wheel to rotate 
by np and so the load shaft to rotate by nndjt; the velocity ratio is thus 
tdJnd E . 


ur= 


Gear “ 
wheel 


Figure 27. 1 5 Geared winch 


Example 

A single threaded worm gear has an effort wheel of diameter 140 mm 
and a load shaft of diameter 100 mm. If the worm gear has a wheel 
with 40 teeth, what will be the velocity ratio of the gear? 

Velocity ratio = tdJd E = 40 x 100/140 = 28.6. 

27.4.4 Gear winches 

The geared winch (Figure 27.15) involves the effort being used to rotate 
the pinion wheel. This results in the gear wheel rotating and hence 
winding a cable onto a drum and lifting the load. The gear train used 
increases the movement ratio. One rotation of the effort handle is a 
distance moved by the effort of 2nR. If the pinion has n v teeth and the gear 
wheel « g teeth, then one revolution of the effort handle rotates the load 
drum by (n p /« g ) revolutions. Thus, if the drum has a diameter D then the 
distance moved by the load for one revolution of the effort handle is 
(n p /n g )iiD. The velocity ratio is thus 2nR/(n p /n g )nD. 


Example 

A geared hand winch has an effort arm with radius 350 mm and a 
load drum of diameter 100 mm. If the pinion has 12 teeth and the 
gear wheel 60 teeth, what is the velocity ratio? 

VR = 2R/(n p /n g )D = 2 x 350/[(12/60) X 100] = 35. 


27.5 Belt drives Power can be transmitted from one shaft to another by means of a 
continuous belt wrapped round pulleys mounted on the shafts (Figure 
27.16). The term angle of lap is used for the angle subtended at the centre 
of a pulley by the length of belt in contact with a pulley. Belts may be flat 
sections running on a flat pulley or V-shaped running in a V-groove. 
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The belt has an initial tension when the shafts are at rest. When the 
driver pulley starts to rotate, frictional forces between the shafts and the 
belt cause the tension on one side to increase and on the other side to 
decrease. It is this difference in tension which is responsible for the 
transmission of power. If the tension on the ‘tighter’ side is 7) and on the 
‘slacker’ side is T 2 then there is a net tangential force of (7) - T 2 ) acting on 
each pulley. If the belt has a linear speed v, the power transmitted is: 

power = (T, - T 2 )v 

If we assume that the belt is elastic and obeys Hooke’s law, the increase 
in the length of the slack side must equal the reduction in the length of the 
tight side. The change in length of the belt will be proportional to the 
tension in the belt and so, if T 0 is the initial tension in the belt when it is 
not running, then T-T 0 = T Q - T 2 and so: 

To = V 2 ( 7i + T 2 ) 


If no slipping occurs, the peripheral speed of the driving pulley must be 
the same as that of the driven pulley. Hence, using v = rco: 

driving pulley radius x driving pulley angular velocity 
= driven pulley radius x driven pulley angular velocity 

Example 

A belt is installed with an initial tension of 400 N. If the maximum 
permissible tight side tension is 560 N, what will be (a) the slack side 
tension and (b) the maximum power that can be transmitted if the 
smaller pulley is rotating at 10 rev/s and has a diameter of 100 mm ? 

(a) Using T 0 = 1 / 2 (7’i + T 2 ), then 400 = 7 2 (560 + T 2 ) and T 2 = 240 N. 

(b) v = rco = r x 2 nf= 0.050 x 271 x 10 = 3.14 m/s. Hence, the 
maximum power that can be transmitted is: 

max. power = (7i - T 2 )v = (560 - 240) x 3.14 = 1005 W 
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Example 

The pulley on a motor shaft has a radius of 40 mm and rotates at 
100 rev/s. What will be the number of revolutions per second of a 
shaft with a pulley of radius 160 mm which is connected to the motor 
shaft by a belt drive and no slipping occurs? 

Since the peripheral speed will be the same for both pulleys we have 
driving pulley radius x driving pulley angular velocity = driven pulley 
radius x driven pulley angular velocity and so, as co = 2nf. 

40 x 27t x 100 = 160 x 271 x /**» 

Hence the driven pulley rotates at 25 rev/s. 

27.6 Linkage mechanisms The term mechanism is used for a device that is used to translate a 
movement or displacement of one point to another point some distance 
away. The various parts of a mechanism are termed links with each link 
capable of moving, e.g. sliding or rotating, relative to its neighbouring 
links. A mechanism is formed from an assembly of links. Examples of 
links are cranks, connecting rods and sliders. Two links between which 
there is relative motion are known as a pair. When one link is fixed, an 
arrangement of links can be used for transmitting or transforming motion; 
such an arrangement is called a kinematic chain. 

As an illustration, consider a simple motor car engine mechanism 
(Figure 27.17). This can be termed a slider-crank mechanism. The 
mechanism consists of four links: a turning link (the crank), a connecting 
rod, a slider (piston in the cylinder) and a fixed link. These constitute 
three turning pairs and one sliding pair (the connecting rod and the piston 
form two pairs, one turning and one sliding). 



Fixed link Turning and 

sliding pair 


Figure 27.17 Engine mechanism: a slider-crank mechanism 


Another form of mechanism is the so-called four-bar chain (Figure 
27.18). Such an arrangement has four turning pairs. Many mechanisms are 
based on the four-bar chain. The mechanism used to control the motion of 
the rear door of an estate car or a truck is of this form (Figure 27.19), 
enabling it to open into a flat, locked, horizontal position and close in a 
vertical position. 
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Figure 27.18 



Door when fully open 



Truck 

body 


Figure 27.19 The mechanism for the rear door of a truck 

Figure 27.20 shows how links can be arranged to give a quick-return 
mechanism. Rotation of the crank results in a movement back and forth of 
the rocker. As the crank rotates, the rocker moves towards the left and 
then more quickly returns to the right. The figures show the rocker at the 
two extremes of its position and show that the crank has to rotate through 
a greater angle, A to B, to move the rocker to the left than it takes to move 
it back to the right, crank B to A. 



Figure 27.20 Quick-return mechanism 
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Another form of quick-return mechanism, known as the Whitworth 
quick-return, is shown in Figure 27.21 and is used with cutting tools to 
give a cutting action followed by a quick return after cutting. The cutting 
action would occur while the block moves round from A to B and the 
return occurs when it moves from B to A. 


Figure 27.21 Whitworth quick-return mechanism 

27.6.1 Velocity diagrams 

One way of determining the velocities of lin ks in a mechanism is a 
graphical method involving the drawing of velocity diagrams by a 
consideration of relative velocities. For rigid links, whatever the absolute 
velocities of each end of a link the relative velocity of one end with 
respect to the other must always be at right angles to the link. This is 
because there can be no relative velocity component along the length of 
the link. 

Consider the four-bar chain in Figure 27.22(a) and link AB. End A is 
fixed. The velocity v B at B relative to A will be at right angles to AB. If B 
is rotating with an angular velocity m about A then vb = rco, where r is the 
length of link AB and the radius of the arc through which B is rotating 
about A. We can represent this velocity by a line ob, drawn to scale and in 
the direction of the velocity. For link BC the velocity of C relative to B, 
vbc, must be at right angles to BC. For link CD, the velocity v c at C 
relative to the fixed point D will be at right angles to CD. As we do not 
know this velocity at C, arising from the motion of B about A, then all we 
can draw to represent its velocity is a line oc drawn in the direction of v c . 
What we do know is the direction of the velocity of B with respect to C 
and so a line be must be in the direction of v B c- The diagram thus enables 
us to determine the velocity v c , since it will be represented by the line oc. 



A 



o 


c 


(a) 


Figure 27.22 Velocity diagram 
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Activities 


Example 

For the four-bar chain shown in Figure 27.23(a), determine the 
angular velocity of link CD when AB is rotating in a clockwise 
direction at 2 rad/s and is at 60° to AD, as in the figure. 



Figure 27.23 Example 

The velocity of B relative to A will be vb = rco = 0.5 x 2 = 1 m/s in a 
direction at right angles to AB. We represent this by line ob drawn to 
scale (Figure 27.23(b)); since AB is at 60° to the horizontal then ob 
will be at 30° to the horizontal. The velocity of C relative to D will be 
at right angles to CD and, as Figure 27.23(a) is drawn to scale, we 
can transfer this direction from (a) to the velocity diagram in (b). The 
velocity of C relative to B will be at right angles to CB and so we can 
transfer this direction from (a) to the velocity diagram in (b). From 
the scale used for (b) we can determine from (b) that the velocity of C 
will be about 0.6 m/s. Thus the angular velocity of CD will be v/r = 
0.6/0.75 = 0.8 rad/s. 

1 Analyse the elements involved in a rider getting a bicycle to move 
along a road. Consider how the force applied by the rider’s feet is 
transformed into rotation of the chain wheel (consider the direction of 
the applied force in relation to the position of the pedal (Figure 
27.24) and so how the applied torque varies with angle of rotation) 
and how this rotation is transformed into rotation of the rear bicycle 
wheel. What is the effect of changing the number of sprockets on the 
rear wheel drive, i.e. changing gear? 



Figure 27.24 Activity 1 

2 Determine the form of lever action and MA for (a) a pair of scissors, 
(b) a wheelbarrow. 

3 Determine the MA and VR for a screw jack. 
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Problems 



f o T"* 

V J Effort 



Figure 27.25 Problem 5 


1 The input power to a machine is 50 kW and the output power is 
45 kW. What is its efficiency? 

2 A hydroelectric power station has water falling from a reservoir at a 
height of 100 m above the turbine. If the water flow is 0.25 m 3 /s and 
the overall efficiency of the turbine plant is 60%, what will be the 
electrical power output? Take g as 9.8 m/s 2 and 1 m 3 of water to have 
a mass of 1000 kg. 

3 A screw jack has a pitch of 6 mm and a handle giving a radius of 
turning of 600 mm. What effort has to be applied to the handle if the 
screw jack is to lift a load of 200 kg? 

4 For a two-wheel pulley system, of the type shown in Figure 27.5(b), 
what effort is required to lift a load of 50 kg and what will be the 
tension in the pulley rope? The lower pulley has a mass of 2.0 kg. 

5 Determine the mechanical advantage of the pulley systems shown in 
Figure 27.25 if the weight of the pulley can be neglected. 

6 What is the force required to lift the handles of a loaded wheel- 
barrow, total mass 80 kg, if the distance of the centre of gravity, i.e. 
the distance at which the entire load can be considered to act, from 
the wheel axle is 300 mm and from the effort 1000 mm? 

7 A machine lifts a load of 150 kg through a distance of 0.17 m when 
the effort of 200 N moves through a distance of 1 .7 m. What is the 
VR, the MA and the efficiency? 

8 A machine has an efficiency of 60%. If an effort of 200 N raises a 
load of 1000 N, what is the velocity ratio? 

9 A force of 4 kN is used to jack up the rear axle of a car by 25 mm. If 
this requires the operator of the jack to exert a force of 250 N through 
a distance of 0.6 m, what is (a) the velocity ratio, (b) the mechanical 
advantage and (c) the efficiency of the jack? 

10 A simple machine has the law E = 0.3 F + 0.2 kN and a VR of 7. 
Determine (a) the limiting MA, (b) the limiting efficiency, (c) the 
effort required to overcome friction when the load is zero. 

1 1 A simple machine was found to require an effort of 10 N for a load of 
30 N and an effort of 68 N for a load of 300 N. Determine the law of 
the machine. 

12 Determine the limiting efficiency for a simple machine with the law E 
= 0.25F+ 0.6 kN and a VR of 5. 

13 A differential wheel and axle has a wheel of diameter 480 mm and 
axles of diameters 80 mm and 120 mm. What is the efficiency if it 
takes an effort of 144 N to raise a load of 2240 N? 

14 A Weston differential pulley block has pulleys of diameter 120 mm 
and 150 mm. Determine the velocity ratio. 

15 A Weston differential pulley block has pulleys of diameter 250 mm 
and 230 mm. Determine the velocity ratio. 

16 A differential wheel and axle has a wheel of diameter 200 mm and 
axles of diameters 60 mm and 70 mm. Determine (a) the velocity 
ratio, (b) the load that can be lifted by an effort of 120 N if the MA is 
24. 

17 A simple gear train has a driver gear with 28 teeth meshing with an 
idler gear of 56 teeth, it in turn meshing with a follower gear of 168 
teeth. Determine the speed of the follower when the driver gear 
rotates at 24 rev/s. 
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18 A compound gear train of the form shown in Figure 27.26 has an 
input gear A with 48 teeth and A engaging with wheel B having 144 
teeth. Wheel B is on the same shaft as wheel C which has 80 teeth 
and engages with wheel D on the output shaft with 160 teeth. 
Determine the overall velocity ratio of the system. 



Figure 27.26 Problem 18 

19 A compound gear train of the form shown in Figure 27.27 has an 
input gear A with 60 teeth and A engaging with wheel B having 20 
teeth. Wheel B is on the same shaft as wheel C which has 40 teeth 
and engages with wheel D on the output shaft with 50 teeth. 
Determine the overall velocity ratio of the system and the number of 
revolutions per second that D will make when A revolves at 5 rev/s. 



Figure 27.27 Problem 19 

20 A geared hand winch has an effort arm with radius 250 mm and a 
load drum of diameter 100 mm. If the pinion has 20 teeth and the 
gear wheel 100 teeth, what is the velocity ratio? 

21 A gear box with an overall gear ratio of 5 to 1 has an input shaft with 
a power of 6 kW at 30 rev/s. What will be the torque on the input 
shaft and the torque on the output shaft if the gear box is assumed to 
be 100% efficient? 

22 A gear box with an overall gear ratio of 6 to 1 has a torque of 35 N m 
applied to the input shaft. What will be the torque on the output shaft 
if the gear box is 90% efficient? 

23 The output shaft of a reduction gear rotates at one-eighth the speed of 
the input shaft. What will be the efficiency if the output torque is 
40 N m when the input torque is 6 N m? 

24 Pulleys on two parallel shafts are linked by a belt drive. If the pulley 
on the drive shaft has a radius of 100 mm and is rotating at 30 rev/s, 
what will be the belt speed if no slippage occurs? 

25 The tensions on the two sides of a belt passing round a pulley are 
2000 N and 500 N. If the effective radius of the pulley is 200 mm and 
it rotates at 10 rev/s, calculate the power transmitted by the belt. 

26 A pulley of radius 400 mm is used to drive a belt. When the 
difference in tension between the tight and slack sides of the belt 
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drive is 2 kN and the pulley is rotating at 5 rev/s, what is (a) the 
torque applied to the pulley, (b) the power transmitted? 

27 An electric motor is used to lift a load of 5 kg by means of a rope 
wrapped round a pulley of radius 600 mm driven by the motor. 
Determine (a) the torque that needs to be exerted and (b) the work 
done when the pulley has to make 15 revolutions to lift the load. 

28 For the four-bar chain shown in Figure 27.28, determine the angular 
velocity of CD when AB is rotating at 10 rev/s. 

C 


55 m 


Figure 27.28 Problem 28 

29 For the slider-crank mechanism shown in Figure 27.29, determine 
the angular velocity of the connecting rod. 




Figure 27.29 Problem 29 


28 Structural members 


28.1 Introduction This chapter is about structural members and continues the discussion of 
the bending of beams from Chapter 24 to consider bending stresses and 
the selection of beams. The term beam is used for a member which carries 
loads at right angles to its axis and so bends. There is also a discussion of 
columns. These are members subject to axial compression loads, e.g. 
struts and columns used to support buildings. 


28.2 Bending stress 


Upper surface stretched 


^^Lwer surfera~~^^ 
compressed 

Figure 28.1 Bending 


When a beam bends, one surface becomes extended and so in tension and 
the other surface becomes reduced in length and so in compression 
(Figure 28.1). This implies that between the upper and lower surface there 
is a plane which is unchanged in length when the beam is bent. This plane 
is called the neutral plane and the line where the plane cuts the 
cross-section of the beam is the neutral axis. 

Consider a beam, or part of a beam, where it can be assumed that it is 
bent to form the arc of a circle (Figure 28.2). This occurs with a simply 
supported beam and is generally assumed to be reasonably realised in 
other forms of bending. 



Figure 28.2 Bending into an arc of a circle 


Consider the section through the beam aa which is a distance y from the 
neutral axis. It has increased in length as a consequence of the beam being 
bent. The strain it experiences will be its change in length A L divided by 
its initial unstrained length L. But for circular arcs, the arc length is the 
radius of the arc multiplied by the angle it subtends. Thus, since aa is of 
radius R+y, we have: 


L + AL = (R+y)0 


The neutral axis NA will, by definition, be unstrained and so its length L = 
R0. Hence, the strain on aa, which initially was length L and is increased 
in length by A L, is: 


362 Engineering Science 


(R+y)6~R6 y 
R6 ~ R 


The strain thus varies linearly through the thickness of the beam being 
larger the greater the distance y from the neutral axis. For a uniform 
rectangular cross-section beam the neutral axis is located symmetrically 
between the two surfaces and thus the maximum strain occurs on the 
surfaces of the beam. Provided we can use Hooke’s law the stress due to 
bending which is acting on aa is: 

Ey 

stress = E x strain = 


With a uniform rectangular cross-section beam, the maximum bending 
stresses will be on the surfaces since these are the furthest distance from 
the neutral axis. Figure 28.3 shows how the stress will vary across the 
section of the beam. 



Figure 28.3 Stress variation across beam section 


Example 

A uniform square cross-section steel strip of side 4 mm is bent into a 
circular arc by bending it round a drum of radius 4 m. Determine the 
maximum strain and stress produced in the strip. Take the modulus of 
elasticity of the steel to be 210 GPa. 

The neutral axis of the strip will be central and so the surfaces will be 
2 mm from it and the radius of the neutral axis will be 4.002 m. Thus: 

max. strain = ^= 2 = 0.5 x 10~ 3 

This is the value of the compressive strain on the inner surface of the 
strip and that of the tensile strain on the outer surface. Hence: 

max. stress = E x max. strain 

= 210 x 10 9 x 0.5 x 10~ 3 = 105 MPa 

This will be tensile on the outer surface of the strip and compressive 
on the inner. 
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28.2.1 The general bending equations 

Consider the element aa in Figure 28.4 to have an area SA in the 
cross-section of the beam and be at a distance y from the neutral axis. The 
element will be stretched as a result of the bending. The stress a due to the 
bending acting on this element is Ey/R, where E is the modulus of 
elasticity of the material and so the forces stretching this element aa are: 

Ey 

force = stress x area = odA = -^-&4 



Figure 28.4 Beam bent into the arc of a circle 

The moment SM of the force acting on this element about the neutral axis 
is the product of the force and its distance y from the axis: 

SM= -jfdA xy = ^ y 2 SA 

The total bending moment M produced over the entire cross-section is the 
sum of all the moments produced by all the elements of area in the 
cross-section. Thus: 

M=|x (sum of all y 2 SA terms) 

The sum of all the fSA terms is termed the second moment of area I of 
the section concerned and is purely determined by the geometry of the 
section. Thus the above equation can be written as: 
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Since the stress a on a layer a distance y from the neutral axis is yE/R then 
we can also write the equation as: 



The above equations are generally combined and written as the general 
bending formula : 

1 ~ y ~ R 


Example 

An I-section beam is 5.0 m long and supported at both ends. It has a 
second moment of area of 120 x 10 -6 m 4 , a depth of 250 mm and a 
uniformly distributed weight of 30 kN/m. Calculate (a) the maxi- 
mum bending moment, (b) the maximum bending stress and (c) the 
radius of curvature of the beam where the bending moment is a 
maximum. The modulus of elasticity for the beam is 210 GPa. 

(a) The beam loading is a simply supported beam with a uniformly 
distributed load (see Chapter 24) and so the maxi mum bending 
moment is at the beam centre and wL 2 / 8, where w is the weight per 
unit length and L the total length. 

M= = 93.8 kN m 


0 >) G 


My 


93.8 xl0 3 x 125 xl0~ 3 

120X10- 6 


= 97.7 MPa 


(c )* = 


El _ 210 xl0 9 x 120x1 O' 6 
M 93.8 xlO 3 


= 268.7 m 


28.2.2 Position of the neutral axis 

It can be shown that the neutral axis passes through the centroid of a beam 
by considering the longitudinal forces acting on the beam. For a beam 
bent into the arc of a circle, as in Figure 28.4, the forces acting on a 
segment a distance y from the neutral axis are stress x area: 

force = aSA = 


This is the force acting on just one layer. The total longitudinal force will 
be the sum of all the forces acting on such segments, i.e. the sum of all 
( Ey/R)SA terms making up the area of the section. Thus, when we consider 
infinitesimally small areas, the total force is: 

total force = \^- dA-^\yM 

But the beam is only bent and so there is no longitudinal force stretching 
the beam. Thus, since E and R are not zero, we must have: 
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250 mm 



50 mm 

Figure 28.5 Example 


JycL4=0 

The integral f y dA is called the first moment of area of the section. The 
only axis about which we can take such a moment and obtain 0 is an axis 
through the centre of the area of the cross-section, i.e. the centroid of the 
beam. Thus the neutral axis must pass through the centroid of the section 
when the beam is subject to just bending. 

Example 

Determine the position of the neutral axis for the T-section beam 
shown in Figure 28.5. 

The neutral axis will pass through the centroid. We can consider the 
T-section to be composed of two rectangular sections. The centroid 
of each will be at its centre. Hence, taking moments about the base of 
the T-section: 

moment = 250 x 30 x 1 15 + 100 x 50 x 50 = 1.1 1 x 10 6 mm 4 

Hence the distance of the centroid from the base is (total moment)/ 
(total area), and hence the neutral axis: 

distance from base = 250 x30 + 100 x 50 = 89 111111 

28.2.3 Second moments of area 

The second moment of area I of a section about an axis is: 
l=\y 2 AA 

The value of the second moment of area about an axis depends on the 
shape of the beam section concerned and the position of the axis. Figure 
28.6 shows the second moments of area about the neutral axis (the axis 
passes through the centroid) for some common cross-sectional shapes of 
beams. The SI unit of the second moment of area is m 4 . 



(a) Rectangle (b) Rectangular tube 

/ = bd 3 /l 2 l^lbadZ-b^yw 



(e) l-section 

/= (SD 3 /12) -2(£,of 3 /12) 


Figure 28.6 Second moments of area 
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Figure 28.7 Second moment 
of area 
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Figure 28.8 Example 


To illustrate the derivation of the second moment of area, consider a 
rectangular cross-section of breadth b and depth d (Figure 28.7). For a 
layer of thickness 8y a distance y from the neutral axis, which passes 
through the centroid, the second moment of area for the layer is: 

second moment of area of strip = fSA = fbSy 

The total second moment of area for the section is thus: 

second moment of area = ^ 2 y 2 b dy = - 

If we had a second moment of area I = \ y 2 dA of an area about an axis 
and then considered a situation where the area was moved by a distance h 
from the axis, the new second moment of area/* would be: 

I h = j(y + h) 1 <L4 = I y 2 dA + 2h j y dA + h 2 fd4 

But J y dA = 0 and j dA=A. Hence: 

Ih = I + Ah 2 

This is called the theorem of parallel axes and is used to determine the 
second moment of area about a parallel axis. 

Example 

Calculate the second moment of area about the neutral axis of a 
rectangular cross-section beam of depth 40 mm and breadth 100 mm. 

For a rectangular section, the second moment of area about the 
neutral axis is bcP/ll = 100 x 40 3 /12 = 5.3 x 10 5 mm 4 . 

Example 

Determine the second moment of area about the neutral axis of the 
I-section shown in Figure 28.8. 

One way of determining the second moment of area for such a section 
involves determining the second moment of area for the entire 
rectangle containing the section and then subtracting the second 
moments of area for the rectangular pieces ‘missing’ (Figure 28.9(a)). 

Thus for the rectangle containing the entire section, the second 
moment of area is 1 = bd z l 12 = 50 x 70 3 /12 = 1 .43 x 10 6 mm 4 . For the 
two ‘missing’ rectangles, each will have a second moment of area of 
20 x 50 3 /12 = 0.21 x 10 6 mm 4 . Thus the second moment of area of the 
I-section is: 

1.43 x 10 6 - 2 x 0.21 x 10 6 = 1.01 x 10 6 mm 4 
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50 mm 




Figure 28.9 Example 


Another way of determining the second moment of area of the 
I-section is to consider it as three rectangular sections, one being the 
central rectangular section, the web, and the others a pair of 
rectangular sections, the flanges, with their neutral axes displaced 
from the neutral axis of the I-section by 30 mm (Figure 28.9(b)). The 
central rectangular section has a second moment of area of 
10 x 50712 = 0.104 x 10 6 mm 4 . Each of the outer rectangular areas 
will have a second moment of area given by the theorem of parallel 
axes as: 

50 ° 3 + 50 x 10 x 30 2 = 0.454 x 10 6 mm 4 

Thus the second moment of area of the I-section is: 

0.104 x 10 6 + 2 x 0.454 x 10 6 = 1.01 x 10 6 mm 4 


Example 

A horizontal beam with a uniform rectangular cross-section of 
breadth 100 mm and depth 150 mm is 4 m long and rests on supports 
at its ends. It has negligible weight itself and supports a concentrated 
load of 10 kN at its midpoint. Determine the maximum tensile and 
compressive stresses in the beam. 


The second moment of area is 1= bd 3 !\2 = 0.100 x 0.150712 = 2.8 x 
10 5 m 4 . The reactions at each support will be 5 kN and so the 
maximum bending moment, which will occur at the midpoint, is 
10 kN m. The maximum bending stress will occur at the cross-section 
where the bending moment is a maximum and on the outer surfaces of 
the beam, i.e. y = ±75 mm. Thus: 


My 

G = — 


, 10 xl0 3 x 0,075 
- 2.8xl0- 5 


= ±26.8 MPa 
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28.2.4 Section modulus 

For a beam which has been bent, the maximum stress ow will occur at the 
maximum distance jw from the neutral axis. Thus: 

M= 3w (7max 

The quantity //jw depends only on the shape of the cross-section 
concerned and is termed the section modulus Z. Thus: 


For a rectangular cross-section beam, the second moment of area 
I = bdV\2 and the maximum stress occurs at the surfaces which are d/2 
from the neutral axis. Thus Z= (bd 3 /l2)/(d/2) = bd 2 /6. 

Example 

A beam has a section modulus of 2 x 10 6 mm 3 , what will be the 
maximum bending moment that can be used if the stress must not 
exceed 6 MPa? 

M- Zo m = 2 x 10 6 x 1(T 9 x 6 x 10 6 = 12 kN m. 


Example 

Determine the maximum stress set up in a rectangular cross-section 
beam of depth 150 mm and width 50 mm when a bending moment of 
500 N m is applied. 

For a rectangular cross-section beam Z = bd 1 / 6 and so er milx = M/Z = 
500/(0.05 x 0.1576) = 2.7 x 10 6 Pa = 2.7 MPa. 

Example 

An I-section beam has a section modulus of 25 x 10~ 5 m 3 . What will 
be the maximum bending stress produced when the beam is subject to 
a bending moment of 30 kN m? 

Umax = MZ= 30 x 107(25 x 10 s ) = 120 MPa. 

Example 

A rectangular cross-section timber beam of length 4 m rests on 
supports at each end and carries a uniformly distributed load of 
10 kN/m. If the stress must not exceed 8 MPa, what will be a suitable 
depth for the beam if its width is to be 100 mm? 

For the simply supported beam with a uniform distributed load over 
its full length, the maximum bending moment = wL 2 /8 = 10 x 478 = 
20 kN m. Hence: 
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Figure 28.10 Universal beam 


Z= = 2 g ° X , 1 n ° 6 3 - = 2.5 x 10- 3 m 3 

ffmax 8xl0 6 


For a rectangular cross-section Z = bd 2 / 6 and thus: 


1 I 6 Z I 6 X 2.5 X 10 3 /\ non n1 

d= i~b = V 0T00 - 0-387 m 

A suitable beam might thus be one with a depth of 400 mm. 

28.2.5 Standard sections 

Standard section handbooks give values of section modulus for different 
section beams. Table 28.1 shows an example of the type of data available. 
Such data and guidance on the design of structures are given in British 
Standards and the relevant ones for design using beams are BS 4 Part 1 : 
2005 (Structural steel sections. Specification for hot-rolled sections.) and 
BS 5950 Part 1 : 2000 (Structural use of steelwork in building. Code of 
practice for design. Rolled and welded sections.). 


Table 28. 1 Some of the properties for a few universal beams (Figure 28.10) found in standard tables 


Serial 

mm 

Mass 
per unit 
length 
kg/m 

Depth D 

Width 

Bmm 

Web 

thickness t 
mm 

Flange 
thickness T 

Root 
radius r 

Depth 
between 
fillets d 

Area of 
section 
cm 2 

Second moment of 
area cm 4 

X-X 

axis 

Y-Y axis 

914 x 

388 

920.5 

420.5 

21.5 

36.6 

24.1 

799.0 

494.5 

718 742 

45 407 

419 

343 

911.4 

418.5 

19.4 

32.0 

24.1 

799.0 

437.5 

625 282 

39 150 

914 x 

289 

926.6 

307.8 

19.6 

32.0 

19.1 

824.4 

368.8 

504 594 

15 610 

305 

253 

918.5 

305.5 

17.3 

27.9 

19.1 

824.4 

322.8 

436 610 

13318 


224 

910.3 

304.1 

15.9 

23.9 

19.1 

824.4 

285.3 

375 924 

11 223 


201 

903.0 

303.4 

15.2 

20.2 

19.1 

824.4 

256.4 

325 529 

9 427 

838 x 

226 

850.9 

293.8 

16.1 

26.8 

17.8 

761.7 

288.7 

339 747 

11 353 

292 

194 

840.7 

292.4 

14.7 

21.7 

17.8 

761.7 

247.2 

279 450 

9 069 


176 

834.9 

291.6 

14.0 

18.8 

17.8 

761.7 

224.1 

246 029 

7 792 


28.2.6 Selection of beams 

In selecting beams, the required section modulus can be obtained by 
dividing the m a x imu m bending moment by the allowable stress in the 
material, allowing for a suitable factor of safety. 

<7 allowable 

If the allowable stresses are the same for both tension and compression, 
then a cross-sectional shape which has its neutral axis at the mid-height of 
the beam is likely to be selected. To minimise the weight of a beam, a 
beam can be selected that not only has the required sectional modulus but 
also the smallest cross-sectional area and so the smallest mass per unit 
length. 
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28.3 Columns 



centre of gravity centre of gravity 
(a) (b) 

Figure 28.11 (a) Axial loading, 
(b) eccentric loading 


The term column is used for a compression member such as a main 
supporting in a building and might be made of timber, steel or reinforced 
concrete, the term strut being used for a smaller compression member in a 
framed structure such as a roof truss. When the line of action of the load 
on such a member is coincident with the axis through the centre of gravity, 
the member is said to be axially loaded and the stress produced is a direct 
compressive stress. When the load is not axial, it is said to be eccentric, 
i.e. off-centre, loading and bending stress, as well as direct compressive 
stress, occurs (Figure 28.1 1). Here we will restrict discussion to just axial 
loading. 

28.3.1 Short columns 

The term short is applied to a column if the result of applying a direct 
axial load is to just squash it. Such a column will fail internally by 
yielding if a ductile material or by shearing if a brittle material. The load 
such a column can withstand depends only on its cross-sectional area and 
the strength of the material used. A rectangular column is described as 
short if the height to minimum width ratio is less than 15 when the top is 
restrained against sideways movement and less than 10 if unrestrained 
against sideways movement. 


i 

Buckling results 
in a sideways 
1 deflection 

Figure 28.12 Buckling 


28.3.2 Slender columns 

When a slender column is axially loaded, it buckles, i.e. the vertical axial 
load causes a sideways deflection of the column (Figure 28.12). At low 
axial loads the column springs back to its original straight vertical position 
when the load is removed. However, when a particular load is applied, the 
column no longer springs back when the load is removed and retains a 
sideways buckle. This load at which a slender column buckles is called 
the critical buckling load. A slender column fails by buckling. 

The critical buckling stress depends on the material concerned and how 
slender a column is. The measure of slenderness used is the slenderness 
ratio. 


Slenderness ratio = 


effective length 
radius of gyration 


The effective length is essentially the length between the points at 
which the member bows out (Figure 28.13). Fixing an end inhibits bowing 
out. For a pin-ended member of length L the effective length L e is the 
distance between the pins, i.e. L. When both ends are fixed, the effective 
length is 0.70L. When one end is pinned and the other fixed, the effective 
length is 0.85Z,. When one end is fixed and the other free (a vertical 
cantilever) the effective length is 2.0L. 

The radius of gyration is defined by reference to the second moment of 
area of a section. The second moment of area / for a section is f y 2 cL4, 
where y is the distance of an element of the area SA from the axis. If, 
however, we consider all the area A of a section to be concentrated into a 
single dimensionless point, then the distance r of this point from the axis 
to give the second moment of area I of the section is termed the radius of 
gyration and must be such that: 
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Both ends One end pinned, Both ends 

pinned the other fixed fixed 


One end 
fixed, the 




other free \ 


Figure 28.13 Effective lengths 



British Standards 5950: Part 1 : 2000 gives tables from which the radius 
of gyration can be obtained for steel sections. Table 28.2 shows the type 
of information supplied. 

Table 28.2 Some of the properties for a few universal columns (Figure 
28.12) found in standard tables 


Serial size mm 

Mass per unit 
length kg/m 

Area of section 
cm 2 

Minimum radius 
of gyration cm 

305 x 305 

283 

360.4 

8.25 


198 

252.3 

8.02 


137 

174.6 

7.82 


97 

123.3 

7.68 

254 x 254 

167 

212.4 

6.79 


107 

136.6 

6.57 


89 

114.0 

6.52 


73 

92.9 

6.46 

203 x 203 

86 

110.1 

5.32 


71 

91.1 

5.28 


60 

75.8 

5.19 


52 

66.4 

5.16 


46 

58.8 

5.11 


In selecting compression members, tables, a graph or a formula can be 
used to determine the compressive strength for particular slenderness 
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ratios. Tables in British Standards 5950: Part 1: 2000, can be used which 
give values of compressive strength for different values of slenderness 
ratios for steels. Table 28.3 shows the type of data available. Figure 28.14 
shows a graph for mild steel of compressive strength against slenderness 
ratio. 


Table 28.3 Compressive strength for struts 


Slenderness Compressive strength MPa 

ratio 

Axis of buckling X-X Axis of buckling Y-Y 

Yield stress MPa Yield stress MPa 



265 

275 

340 

355 

265 

275 

340 

355 

25 

261 

270 

333 

347 

258 

267 

328 

342 

50 

237 

245 

267 

309 

221 

228 

275 

285 

75 

208 

214 

246 

252 

187 

192 

221 

226 

100 

155 

157 

169 

171 

138 

141 

153 

155 

150 

80 

80 

82 

83 

74 

74 

77 

78 



Slenderness ratio 


Figure 28.14 Compressive yield stress for mild steel I sections 

The maximum slenderness ratio for steel columns carrying dead and 
imposed loads is limited to 180; as the table and graph indicates, when the 
slenderness ratio approaches this value the compressive strength drops to 
quite a low value. If, in the design of a structure, a larger slenderness ratio 
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is indicated then it indicates the need to use a larger section size in order 
to decrease the slenderness ratio. 

The general procedure for designing axially loaded columns is: 

1 Determine the effective length of the required column. 

2 Select a trial section. 

3 Using the radius of gyration value for the trial section, calculate the 
slenderness ratio. 

4 If the slenderness ratio is greater than 180, try a larger cross-section 
trial section. 

5 Using the slenderness ratio, obtain the compression strength from 
tables. 

6 Compare the compression strength with that which is likely to be 
required in practice. If the compression strength is adequate then the 
trial section is suitable. If the compression strength is much greater 
than is required then it would be more economical to choose a section 
with a smaller radius of gyration. 

Example 

What is the slenderness ratio for a column, with a radius of gyration 
of 60 mm, which is fixed at both ends and has a length of 5 m? 

The effective length for a column fixed at both ends is 0.70 times the 
actual length and so is 0.7 x 5 = 3.5 m. The slenderness ratio is thus: 

slenderness ratio = q^q = 58.3 


Example 

Use tables to select a universal column to be a pin-ended column of 
length 4 m for an axial load of 1000 kN. The steel has a yield stress 
of about 265 MPa. 


Suppose we consider a 203 x 203 x 52 kg/m universal column. 
Tables indicate that such a column has a cross-sectional area of 
66.4 cm 2 and a minimum radius of gyration of 5.16 cm. A pin-ended 
column will have an effective length equal to its actual length. Thus, 
such a column will have a slenderness ratio of: 

slenderness ratio = q = 77.5 

As Table 28.3 indicates, such a member is likely to have a 
compressive strength of about 180 MPa, for buckling in the Y-Y 
direction. The actual stress on the member is: 


stress = 


1000 xlO 3 
66.4X10- 4 


= 150.6 MPa 


Thus, such a column would be suitable. 


374 Engineering Science 


Activities 


Problems 


1 Attach electrical resistance strain gauges to the surface of a beam and 
determine the surface strain when the beam is bent as either a 
cantilever or simply supported. Hence obtain a value for the surface 
stress and compare the result with that predicted by theory. 

1 Determine the position of the neutral axis from the base for the 
non-symmetrical I-section shown in Figure 28.15. 


100 mm 



150 mm 


Figure 28.15 Problem 1 

2 Determine the position of the neutral axis of a T-section if the top of 
the T is a rectangle 100 mm by 10 mm and the stem of the T is a 
rectangle 120 mm by 10 mm. 

3 Determine the second moment of area of an I-section, about its 
horizontal neutral axis when the web is vertical, if it has rectangular 
flanges each 120 mm by 10 mm, a web of thickness 12 mm and an 
overall depth of 150 mm. 

4 Determine the second moment of area of a rectangular section of 
breadth 50 mm and depth 100 mm. 

5 Calculate the second moments of area about an axis through the 
centroid for (a) a square section of side 250 mm, (b) a rectangular 
section 100 mm deep and 75 mm wide, (c) a circular section 50 mm 
diameter, (d) a tube section of internal diameter 50 mm and external 
diameter 75 mm, (e) a square hollow section of internal side 220 mm 
and external side 250 mm. 

6 Steel strip is to be bent round a drum of radius 1 m. What is the 
maximum thickness of strip that can be bent in this way if the stress in 
the strip is not to exceed 100 MPa? The steel has a modulus of 
elasticity of 210 GPa. 

7 Steel strip of thickness 5 mm is coiled on a drum of 1.5 m diameter. 
Calculate the maximum stress produced by the coiling. The modulus 
of elasticity is 210 GPa. 

8 A strip of steel 2 mm thick passes over a pulley. Determine the 
diameter of the pulley needed if the stress in the steel strip must not 
exceed 100 MPa as a result of it bending to follow the circumference 
of the pulley. The steel has a modulus of elasticity of 210 GPa. 

9 A steel strip 3 mm thick and 50 mm wide is to bend round a drum of 
diameter 4.0 m. What bending moment is required and what will be 
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the maximum stresses produced? The modulus of elasticity of the 
steel is 210 GPa. 

10 A beam has a rectangular cross-section of width 60 mm and depth 
100 mm. Determine the maximum bending moment that can be 
applied if the bending stresses are not to exceed ±150 MPa. 

1 1 A beam has a rectangular cross-section of width 40 mm and depth 
160 mm. Determine the maximum bending stress if it is subject to a 
bending moment of 35 kN m. 

12 A wooden joist of rectangular cross-section spans a gap of 5.0 m. The 
joist has a depth of 200 mm. Calculate the minimum width of joist 
required if the maximum tensile stress that the beam can be allowed 
to withstand is 14 MPa and the load to be carried is a centrally placed 
one of 20 kN. 

13 A timber beam of thickness 100 mm and depth 300 mm protrudes 
2.0 m from a wall in which it is fixed. What is the maximum load that 
can be applied to the free end if the maxim um allowable stress is 
7 MPa? 

14 A beam has to support loading which results in a maximum bending 
moment of 25 kN m. If the maximum permissible bending stress is 
7 MPa, what will be the required section modulus? 

15 Calculate the maximum uniformly distributed load that a simply 
supported steel I-section can carry over a span of 6.0 m if the 
maximum permissible stress in the beam is 50 MPa and the I-section 
has a section modulus of 4 x 10 3 m 3 . 

16 An I-section girder has a section modulus of 100 x 10“ 5 m 3 . What will 
be the maximum stress produced when such a beam is subject to a 
bending moment of 40 kN m? 

17 A steel rod of 100 mm diameter is supported at both ends and has a 
span of 1.2 m. Determine the maximum bending stress in the rod 
when it supports a point load of 20 kN at mid-span. The weight of the 
rod can be ignored. 

18 Determine the slenderness ratio for a 5.0 m long column having a 
radius of gyration of 90 mm if it is (a) pinned at both ends, (b) fixed 
at both ends. 

19 Determine the maximum permissible length for a pin-ended universal 
254 x 254 x 73 kg/m column for dead plus imposed loads. 

20 What will be (a) the slenderness ratio and (b) the compressive 
strength of a 305 x 305 x 97 kg/m universal column if it is fixed at 
both ends, has a length of 4.0 m and buckles in the Y-Y direction? 
The steel has a yield stress of about 265 MPa. 

21 Select a suitable universal column to withstand a load of 2 MN, have 
a length of 3.0 m and be pinned at both ends. 


29 Frictional resistance 


29.1 Introduction 


29.2 Laws of friction 


This chapter follows on from Chapter 6 where dynamics and Newton’s 
laws were introduced. It considers the effects of friction on motion. 

The term frictional force is used to describe the force that arises when 
two bodies are in contact with one another and that opposes the motion of 
one body relative to the other. Think of a crate resting on the floor. If you 
try to slide the crate over the floor you need to exert a big enough force to 
overcome the frictional force that exists between the crate and the floor 
before any motion can occur. Also, when you have got the crate moving, 
you have to keep on applying a force to overcome friction in order to keep 
it moving at a steady pace. The term static friction is used when the 
bodies are at rest and the frictional force is opposing attempted motion; 
the term kinetic friction is used when the bodies are moving with respect 
to each other and the frictional force is opposing motion with constant 
velocity. 

If two objects are in contact and at rest, a force applied to one object 
which does not cause motion must be balanced by an opposing and equal 
size frictional force so that the resultant force is zero (Newton’s first law). 
Increasing the applied force results in a force being reached when motion 
just starts. The value of the frictional force that has to be overcome before 
motion starts is called the limiting frictional force. When motion occurs 
there must be a resultant force acting on the object accelerating it 
(Newton’s second law) and thus the applied force must have become 
greater than the frictional force. 

The following are the basic laws of friction: 

Law 1 

The frictional force is always in such a direction as to oppose 
relative motion and is always tangential to the surfaces in contact. 
Law 2 

The frictional force is independent of the areas of the surfaces in 
contact. 

Law 3 

The frictional force depends on the surfaces in contact and its 
limiting value is directly proportional to the normal reaction between 
the surfaces. 

The coefficient of static friction fi s is the ratio of the limiting frictional 
force F to the normal reaction N: 
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The coefficient of kinetic friction fit is the ratio of the kinetic frictional 
force F to the normal reaction N: 



Table 29.1 gives some typical values for these coefficients. 
T able 29. 1 Coefficients of friction 


Surfaces 

Static coefficient 

Kinetic coefficient 

Steel on steel 

0.7 

0.6 

Copper on steel 

0.5 

0.4 

Glass on glass 

0.9 

0.4 


Example 

A block of wood of mass 2 kg rests on a horizontal surface, the 
coefficient of static friction being 0.6. What horizontal force is 
needed to start the block in horizontal motion? Take g to be 9.8 m/s 2 . 

The limiting frictional force, i.e. the force to start the object is 
motion, is F = juN= 0.6 x 2 x 9.8 = 11.76 N. 


Example 

What acceleration is produced when a horizontal force of 50 N acts 
on a block of mass 2.5 kg resting on a horizontal surface where the 
coefficient of kinetic friction is 0.5? Take g to be 9.8 m/s 2 . 

The normal force N= 2.5 g and so the frictional force F is: 

F = juN= 0.5 x 2.5 x 9.8 = 12 N 

The resultant horizontal force acting on the object is thus 50 - 12 = 
38 N and so the resulting acceleration a is: 

a = resultant force = 3L = 15 ^2 

29.2.1 The angle of static friction 

Consider motion along a horizontal plane (Figure 29.1(a)). The frictional 
force is fiN and thus the resultant of the frictional force and the normal 
reaction force is a force at an angle <f> to the reaction force, this angle 
being termed the angle of friction since tan <j) = fiN/N and so : 

tan <f>= ft 

We can thus replace the forces in Figure 29.1(a) by the equivalent version 
shown in Figure 29.1(b). Sometimes it makes problems easier to solve to 
do this replacement. 
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Resultant Pi k. 
■ 

tiR 


Normal reaction force 

Force 


Resultant reaction force 
at angle of friction 


Frictional 
force /iN 


(a) (b) 

Figure 29. 1 Motion along a horizontal plane 


The following example shows a problem solved in terms of the normal 
reaction force N and in terms of the resultant reaction force R. Consider an 
object of mass m rests on a plane at an elevation of 8 to the horizontal 
(Figure 29.2) when we need to determine the force P parallel to the plane 
that is needed to push the object up the plane with an acceleration a if the 
coefficient of friction is p. 


N 



Figure 29.2 Example 


For Figure 29.2(a), where the figure is drawn with the normal reaction 
force, the forces acting parallel to the plane are the applied force P, the 
frictional force F and the component of the weight acting down the plane, 
i.e. mg sin 8. Thus: 


net force up the plane = P - F - mg sin 8 

Since F = pN and, since for the components at right angles to the plane we 
have N= mg cos 8, then: 

net force up the plane = P pmg cos 8 mg sin 8 

Hence, using Newton’s second law, net force = ma, where a is the 
acceleration up the plane. Thus: 


Frictional resistance 379 


P - pmg cos 0 — wig sin 0 — ma 


N 



▼ 


mg 


Figure 29.3 Example 


a = (P/m) -jugcosd-g sin 0 
If there is no acceleration, then: 

P = pmg cos 0 + mg sin 0 

Figure 29.2(b) shows an alternative way of considering the problem 
where we have it drawn with the resultant reaction force R. The forces 
acting parallel to the plane are the applied force P, the component of the 
resultant reaction force, i.e. R sin <j>, and the component of the weight 
acting down the plane, i.e. mg sin 0. Thus: 

net force up the plane = P - R sin ^ mg sin 0 

For the components at right angles to the plane, we have R cos <j) = mg 
cos 0. Thus: 

net force down the plane 

= P- [mg cos 0/cos (/)] sin <f> mg sin 0 

and so, using Newton’s second law, the acceleration a is given by: 

a = (P/m) - [g cos 0/cos <f>] sin <f> - g sin 0 

= (P/m) - g tan <f> cos 0 -g sin 0 

If there is no acceleration, then: 

P= mg tan <f> cos 0 + mg sin 0 

Example 

An object of mass 0.5 kg rests on a rough plane inclined at 40° to the 
horizontal. If the coefficient of friction is 0.5, determine the smallest 
force that can be applied parallel to the plane to prevent it from 
sliding down the plane. 

Figure 29.3 shows the arrangement. The net force parallel to the 
plane must be zero. The frictional force acts up the plane since the 
object is on the point of sliding down the plane. We have F = pN = 
pmg cos 0. Thus: 

P + F = mg sin 0 

P + pmg cos 0 = mg sin 0 


and so: 
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Figure 29.4 Example 


P = mg(s\n 0 - p cos 6) 

= 0.5 x 9.81(sin 40° - 0.5 cos 40°) = 1.27 N 

Example 

An object of mass 2.5 kg is on a horizontal plane and being pulled by 
a string inclined at 60° to the horizontal (Figure 29.4). If the object is 
just on the point of sliding along the plane when the tension in the 
string is 16 N, what is the coefficient of friction? 

For the vertical forces to be in equilibrium we must have: 

N+ 16 sin 60° = mg 

Thus N= 2.5 x 9.81 - 16 sin 60° = 10.7 N. When the object is just on 
the point of moving the net horizontal force must be zero. Thus: 

16 cos 60° = F = pN= p x 10.7 

Hence the coefficient of friction is 0.75. 

Example 

On a production line, cans slide down a chute. If the angle of the 
chute to the horizontal is 20°, its length is 3.0 m and the coefficient of 
kinetic friction between the cans and the chute surface is 0.2, what 
will be the velocity of the cans at the bottom of the slide if they start 
at the top with a velocity of 1 .0 m/s? Take g as 9.8 m/s 2 . 



Figure 29.5 Example 

If m is the mass of a can then the normal reaction force on a can is mg 
cos 6 (Figure 29.5). Hence the frictional force is p k mg cos 6. The 
component of the weight of a can down the plane is mg sin h. Hence 
the resultant force acting down the plane = mg sin 9 - p k mg cos 6. 
This resultant force will cause an acceleration a where: 


mg sin 9-p k mg cos 0 = ma 
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Hence a = 9.8 sin 20° - 0.2 x 9.8 cos 20° =1.5 m/s 2 . Thus, with u = 
1.0 m/s, a = 1.5 m/s 2 , s = 3.0 m, we have v 2 = w 2 + 2 as = 1.0 2 + 2 x 
1.5 x 3.0 and so v = 3.2 m/s. 

29.2.2 Object sliding down a plane under its own weight 

Consider an object of mass m rests on a plane at an elevation of 9 to the 
horizontal (Figure 29.6). If the angle of the plane is increased, an angle is 
reached at which the block just begins to slide down it under the action of 
its own weight. 


Figure 29.6 Example 

The force parallel to the plane is the component of the weight in that 
direction, i.e. mg sin 9, and the frictional force pN. The block will just 
begin to slide down the plane when: 

mg sin 9 = pN 

But N= mg cos 9, thus the condition for motion to start is: 
mg sin 9 - pmg cos 9 
and so it is: 
tan 9 = p 

Thus the angle of incline 9 is equal to the angle of friction <j>. 

29.2.3 Efficiency of an inclined plane as a lifting device 

The efficiency can be considered to be the input work done by the force in 
the absence of frictional contact with the plane divided by the output work 
obtained by the load, the load being lifted as a result of sliding up the 
plane. The work done by the force P in moving the block mg through a 
vertical height h is mgh. 

For the force applied parallel to the plane (Figure 29.7), with the block 
sliding up the plane, as we have already obtained: 

P = pmg cos 6 + mg sin 9 



mg 


mg 
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N 



Figure 29.7 Force applied parallel to the inclined plane 


and so the output work is (pmg cos 0 + mg sin 6)h/ sin 9. Thus the 
efficiency is: 


efficiency (^ W g COS 0 + W g S i n 0)/j/ s j n 0 
1 

pcot9+\ 

29.2.4 Rolling friction 

When you pull a garden roller over a soft lawn, it requires more effort 
than pulling it over a concrete surface. This is because, with all surfaces, 
rolling causes a continuous deformation of surfaces (Figure 29.8) and this, 
which is greater with a soft lawn than concrete, gives rise to a resistance to 
rolling. 



Figure 29.8 Rolling resistance 

29.3 Screw thread A screw thread is essentially just an inclined plane wrapped around a 
cylinder. If the whole of the thread is part of the same helix then it is 
known as a single-start thread. However, there are situations where two 
or more threads alternate and these are known as multi-start threads. 
Where heavy loads are to be lifted, e.g. with a screw jack, a single-start 
thread is used. Where the load is small but has to move quickly, a 
multi-start thread is used. 

The term pitch is used for the distance from one thread to the next, 
measured along the axis of the screw. The term lead l is used for the axial 
distance which the nut will travel along the screw when given one 
complete turn. The lead is thus: 


lead = pitch x number of starts 
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71 x pitch diametercf 
Figure 29.9 The inclined plane 


The helix angle 6 is the angle the thread makes with a plane perpendicular 
to the axis of the screw. It is thus the angle of inclination of the inclined 
plane. Thus, as Figure 29.9 indicates: 



29.3.1 Analysis of a square-threaded screw 

Figure 29.10 shows the forces involved when a nut is moved along the 
incline, rising by the lead / in one turn of nd, which is the thread on a 
screw of diameter d. 



Figure 29.10 Nut moving on thread 

If we combine the normal force N with the frictional force F to give the 
reaction R at the angle of friction <f>, then the force diagram is as shown. 
Resolving the forces horizontally then gives: 

P = R sin (0 + G) 

and resolving vertically gives: 

W= R cos {</> + G) 


Hence: 


P= Wtm(<f> + 9) 

This is the force that would have to be applied at the screw radius and 
corresponds to a torque T where: 

T= P x '/ 2 d= '/ 2 Wdtan (</> + G) 


The efficiency of the screw and nut arrangement is given by 
considering the work done in one turn. Assuming the load remains 
constant, the work done by the input is P x nd and the output work is W x 
7 id tan 6. Hence the efficiency is: 


efficiency = 


Wnd tan 0 
Pnd 


WtanG tang 

Wtan (<!> + 6) tan (0 + 6) 
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Example 

Determine the torque necessary to raise a load of 1 kN by a vertical 
single-start screw with a pitch of 5 mm and a mean diameter of 
20 mm. Take the coefficient of friction between the screw and nut to 
be 0.15. 

The angle of friction <j> is given by tan <f> = fi = 0.15 and so <j> = 8.53°. 
The angle made by the incline 9 is given by tan 6 = 5/20n and so 6 = 
4.55°. The torque is thus: 

torque = 7 2 0W tan + 9) = 7 2 x 1000 x 0.020 tan (8.53 + 4.55) 

= 2.32 N m 

29.3.2 Overhauling 

When the load moves down the thread and overcomes the thread friction 
by its own weight, then it is said to overhaul. As has been shown earlier, 
for a block on the point of sliding under its own weight down an incline, 
such a situation occurs when the angle of incline 9 is given by tan 9 = ji. 
This thus means that the angle of friction <j> = 9 and so this is the condition 
for overhauling. 


Activities 1 Determine the coefficient of static friction between two surfaces, e.g. 


a wood block on a wooden surface. One method that can be used 
involves finding the force needed to start the block in motion along a 
horizontal surface. For the arrangement shown in Figure 29.11, 
weights are added to the hanger until the block just starts to move. 
This, can be repeated with weights placed on the block to give a 
number of different values of normal reaction force. Hence a graph 
can be plotted of the limiting frictional force against the normal 
reaction force and the coefficient is then the slope of the graph. An 
alternative method that can be used to determine the coefficient is to 
place the block on the wooden surface and then determine the angle 
to the horizontal to which the surface has to be tilted for the block to 
start sliding down the surface (see Section 29.2.2). 


Problems 1 A rough surface is inclined at an angle such that the vertical height 


increases by 3 m for every 4 m horizontal displacement. A block of 
mass 50 kg is released from rest at the top of the incline and travels a 
distance of 10 m down the slope and attains a velocity of 8 m/s. 
Determine the size of the frictional force. 


Weights 



Block of 


Figure 29. 1 1 Activity 1 
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2 A block of steel of mass 5.0 kg rests on an incline which is at an 
angle of 30° to the horizontal. If the block just starts to slip under its 
own weight, what is the coefficient of static friction? 

3 What is the minimum horizontal force that must be applied to slide an 
object of mass 20 kg along a horizontal surface with (a) a constant 
velocity, (b) a constant acceleration of 0.30 m/s 2 , if the coefficient of 
kinetic friction is 0.30? 

4 An object of mass 6 kg rests in equilibrium on a rough plane inclined 
at 30° to the horizontal. Determine the minimum value of the 
coefficient friction between the object and the plane. 

5 An object of mass 0.5 kg is on a rough plane at an elevation of 20° to 
the horizontal and is acted on by a force of 6 N up and parallel to the 
plane. If the coefficient of friction is 0.7, what is the acceleration of 
the object up the plane? 

6 An object of weight 24 N rests on a rough plane inclined at 30° to the 
horizontal and is held by the tension in a string parallel to the plane. 
Determine the tension in the string if the coefficient of friction is 0.2. 

7 An object of mass 60 kg is at rest on a rough plane which is inclined 
at 45° to the horizontal. Determine the force needed to maintain the 
object at rest if the force is applied (a) parallel to the plane, 
(b) horizontally. The coefficient of friction is 0.25. 

8 An ice-hockey puck has, immediately after being hit, a velocity of 
15 m/s and then travels a distance of 75 m before coming to rest. 
What is the coefficient of friction between the puck and the ice? 

9 For the arrangement shown in Figure 29.12, what value should m 
have if the 100 kg block does not start to move (a) up the plane, 
(b) down the plane? 



Figure 29.12 Problem 9 

10 Determine the torque needed to lift a load of 20 kN by a vertical 
single-start screw having a square thread of pitch 25 mm and a thread 
diameter of 100 mm. The coefficient of friction between the screw 
and the nut is 0.2. 


30 Angular dynamics 


30.1 Introduction 



Figure 30.1 Couple 


Dynamics is the study of objects in motion. This chapter thus follows on 
from Chapter 5, where the terms and equations used in describing angular 
motion were introduced and Chapter 6 where the principles of dynamics 
were introduced. Here we now consider the torques and energy involved 
with angular motion. 

30.1.1 Terms: torque and couple 

If a force F is applied to the surface of a shaft of radius r (Figure 30.1), a 
reactive force R is set up which is equal in magnitude and opposite in 
direction to F, i.e. R = -F, and can be considered to act at O. This pair of 
oppositely directed, but equal in magnitude, forces which are not in the 
same straight line is called a couple. The turning moment of a couple is 
called the torque T and T= Fr. 


30.2 Moment of inertia Consider a force F acting on a small element of mass dm of a rigid body 
(note that the symbol S in front of a quantity is used to indicate that it is a 
small bit of the quantity), the element being a distance r from the axis of 
rotation at O (Figure 30.2). 



Figure 30.2 Rotation of a rigid body 

The torque T acting on the element is Fr and since F = dm x a we can 
express the torque as: 

torque T = dm xar 

But a = ra, where a is the angular acceleration. Thus T = dm x Fa. We 
can express this as: 
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torque T= la 

where / is termed the moment of inertia and for the small element of mass 
m at radius r is given by: 

moment of inertia I = dm x r 2 

The torque required to give a rotational acceleration for the entire rigid 
body will thus be the sum of the torques required to accelerate each 
element of mass in the body. Thus, if I is the moment of inertia of the 
entire body about O and is the sum of all the Smxr 2 terms for the body: 

torque to give body angular acceleration T- la 

Example 

What constant torque is required to cause a pulley wheel to rotate at 
5 rev/s in 1 5 s starting from rest, if the wheel has a moment of inertia 
of 200 kg m 2 about its axle? 

Using co = a>o + at then 2n x 5 = 0 + 15a and so the angular 
acceleration a is 2.1 rad/s 2 . Hence T=Ia = 200 x 2.1 = 420 N m. 

Example 

A flywheel has a moment of inertia of 10 kg m 2 about its axle. What 
will be the angular acceleration produced by a torque of 5 N m if 
bearing friction is equivalent to a torque of 2 N m? 

The accelerating torque is 5 - 2 = 3 N m and so the angular 
acceleration a = T/I= 3/10 = 0.3 rad/s 2 . 

30.2.1 Values of moment of inertia 

The moment of inertia of a body about some axis is a measure of the 
resistance of that body to rotation about the specified axis. For a small 
mass at the end of a light pivoted arm with radius of rotation r, we can 
consider the entire mass of the body to be located at the same distance r 
and so the moment of inertia is: 


For a solid body, we can consider the body to be made up of a large 
number of small masses, each of mass dm and at different distances r from 
the axis of rotation. The moment of inertia about this axis is then the sum 
of all the r 2 5m terms. The following illustrates how we can carry out such 
summation. 

For a uniform disc of radius r and total mass m, consider the disc to be 
composed of a number of rings, each of thickness 5x and radius x, with 
values of x varying between 0 and r (Figure 30.3). 
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Figure 30.3 Uniform disc 

For a ring of thickness Sx and radius x, its area is effectively its 
circumference multiplied by the thickness and so is 2m c Sx. Since the mass 
per unit area of the disc is mint 2 then the mass Sm of this ring element is: 

Sm = — y InxSx = — P-xSx 
nr 2 r 2 

Thus the moment of inertia of the disc about an axis at right angles to the 
disc plane through O is: 

/= Jo * 2 = Jo l? - * 3 = \ mr2 

In a similar manner we can derive the moments of inertia of other 
bodies. Figure 30.4 gives the moments of inertia for some commonly 
encountered bodies. 



(a) Small pivoted (b) A sphere about 

mass / = mr 2 a central axis 1= fmr 2 



(c) A disc about its (d) Ring about its 

central axis / = '/ 2 mr 2 central axis / = mr 2 


External radius r 2 
Internal radius 


\ Length L 


{ T \ Radius r - 

J r H — n h 

Length L 

(i) 


(e) Hollow cylinder about 
central axis / = '/ 2 m(r 2 2 - r 2 ) 


(f) Slender rod about transverse 
central axis /= mL 2 


(g) Solid cylinder about axial 
axis / = V 2 mr 2 


(h) Rectangular sheet 
about central axis /= -femh 2 


Figure 30.4 Moments of inertia about the indicated axes 
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Figure 30.5 Moment of 
inertia about a parallel axis 


The value of the moment of inertia for a particular body depends on the 
axis about which it is calculated. If 7 0 is the moment of inertia about an 
axis through the centre of mass G, consider what the moment of inertia 
would be about a parallel axis through O, a distance h away (Figure 30.5). 
The moment of inertia of an element dm of the mass about the axis 
through O is: 

moment of inertia of element = (r + hf dm 

= (r 2 + h 2 + 2 rh) dm 

The total moment of inertia about the axis through O is thus: 

Io = sum of r 2 dm terms + sum of h 2 dm terms + sum of 2 rh dm terms 

The sum of the r 2 dm terms is the moment of inertia about an axis through 
the centre of mass G. The sum of h 2 dm terms is mh 2 . The sum of the 2 rh 
dm terms is 2 h x sum of r dm terms integral and is the total moment of the 
mass about the axis through the centre of mass and is thus zero. Hence: 


Io = Ig + mh 2 


This is known as the theorem of parallel axes. 

It is sometimes necessary to obtain the moment of inertia of a 
composite body about some axis. This can be done by summing the 
moments of inertia of each of the elemental parts about the axis, using the 
parallel axis theorem where necessary. This is illustrated in one of the 
following examples. 


Example 

Determine the moment of inertia about an axis through its centre of a 
disc of radius 100 mm and mass 200 g. 

7= Vaiw 3 = ] / 2 x 0.200 x 0.1 00 2 = 1.0 x 10~ 3 kg m 2 . 



b 


Figure 30.6 Example 


Example 

Determine the moment of inertia of a slender rod of mass m about an 
axis at right angles to its length of 2 a and a distance b from its centre 
(Figure 30.6). 

The moment of inertia of a slender rod of length L about an axis 
through its centre is mL 2 H2. Thus, for L = 2a, we have I = ma 2 / 3. 
Using the parallel axis theorem, the moment of inertia about a parallel 
axis a distance b from the centre is thus I = (ma 2 /3) + mb 2 . 

Example 

Determine the moment of inertia of the plate shown in Figure 30.7 
about an axis at right angles to it and through its centre. The plate is 
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250 mm 

Figure 30.7 Example 


10 mm thick and has a radius of 250 mm and contains a central hole 
with a radius of 125 mm. The material has a density of 8000 kg/m 3 . 

This can be tackled by considering the plate as a composite body, i.e. 
a solid disc of radius 250 mm minus a disc of radius 125 mm. For the 
250 mm diameter disc, the moment of inertia is: 

7= 7 2 MR 2 = V 2 x n x 0.250 2 x 0.010 x 8000 x 0.250 2 

= 0.491 kg m 2 

For the 125 mm diameter disc: 

7= 7 2 MR 2 = 7 2 x n x 0.125 2 x 0.010 x 8000 x 0.125 2 
= 0.031 kgm 2 

Thus the moment of inertia of the disc with the hole is 0.491 - 0.031 
= 0.460 kg m 2 . 

Example 

A record turntable is a uniform flat plate of radius 120 mm and mass 
0.25 kg. What torque is required to uniformly accelerate the turntable 
to 33.3 rev/min in 2 s? 

The angular acceleration required is given by co = coo + at as 
271(33.3/60) = 0 + 2a and so a = 1 .74 rad/s 2 . The moment of inertia of 
the turntable is: 

7= 7 2 / 777 2 = 7 2 x 0.25 x 0.120 2 = 1.8 x 10" 3 kg m 2 
The torque required to accelerate the turntable is thus: 

T= la = 1.8 x 10~ 3 x 1.74 = 3.13 x 10“ 3 N m. 

30.2.2 Radius of gyration 

Whatever the form of a body and however its mass is distributed, it is 
always possible to consider some radial distance k from the pivot axis at 
which all the mass m can be considered to act. The moment of inertia is 
then that of a point mass m at this distance k, i.e. 

7= mi P 


k is called the radius of gyration. A disc of radius r and mass m the 
moment of inertia about its central axis is Amr 2 and thus the radius of 
gyration for the disc is Id = 'Ar 1 and so k = rlAl. 
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Figure 30.8 Example 


30.3 Combined linear and 
angular motion 


Example 

Determine the moment of inertia about an axis of an object having a 
mass of 2.0 kg and a radius of gyration from that axis of 300 mm. 

/= mte = 2.0 x 0.300 1 2 = 0.18 kg m 2 . 

Example 

A drum with a mass of 60 kg, radius of 400 mm and radius of 
gyration of 250 mm has a rope of negligible mass wrapped round it 
and attached to a load of 20 kg (Figure 30.8). Determine the angular 
acceleration of the drum when the load is released. 

For the forces on the load we have: 

20g~ T= 20a 

The point of contact between the rope and the drum will have the 
same tangential acceleration and thus, using a = ra, we have a = 
0.400a. Thus the above equation can be written as: 

20g -T= 20 x 0.400a 

For the drum, the torque is Tx 0.400 and thus, using torque = la: 

T x 0.400 = la 


Since 1= mk 2 = 60 x 0.250 2 then: 

T x 0.400 = 60 x 0.250 2 x a 

and so, eliminating T between this and the earlier equation gives: 

(20 g - 20 x 0.400a) x 0.400 = 60 x 0.250 2 x a 

The angular acceleration is thus 1 1.3 rad/s 2 . 

The motion of a solid body is often a combination of linear movement and 
angular movement, e.g. the wheel of a moving car is moving forward with 
a linear motion and also rotating in a clockwise direction at the same time. 
For such a motion, the problem is analysed by dividing the motion into 
two parts: 

1 The linear motion of the centre of gravity of the body, for which the 
resultant force acting on the body is equal to the mass multiplied by 
the acceleration of the centre of gravity in the direction of the force. 

2 The angular motion of the body about its centre of gravity for which 
the resultant torque acting about the centre of gravity is equal to the 
moment of inertia about the centre of gravity multiplied by the 
angular acceleration in the direction of the torque. 
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Example 

A cylinder of radius 100 mm and mass 20 kg rolls from rest a 
distance of 10 m down an inclined plane and in doing so its vertical 
height decreases by 5 m. What will be the linear velocity of the 
cylinder after this? 



▼ mg 


Figure 30.9 Example 

Figure 30.9 shows the forces acting on the cylinder. For the linear 
motion we have: 

force acting down the plane = mg sin 6 - F 

= 20x9.8 x (5/10)- F 

This must be equal to ma, where a is the linear acceleration of the 
cylinder down the plane. Thus: 

98 20a 

For the angular motion we have, where r is the radius of the cylinder: 

resultant torque acting on the cylinder = Fr = F x 0. 1 00 

Since the torque = la, where / is the moment of inertia about the 
centre of gravity axis and a the angular acceleration, then: 

0A00F = la 

For a cylinder /= W = V 2 x 20 x 0.1 00 2 = 0.10 kg m 2 and so, since 
a = ra = 0.100a then: 

0.100F= 0.10 x (a/0.100) 

and so F= 10a. We can then substitute this value of F into our earlier 
equation for linear motion and thus: 

98 - 10a = 20a 

and the linear acceleration a = 98/30 = 3.27 m/s 2 . 

The cylinder is rolling from rest a distance of 10 m down the plane 
with this acceleration and so, using v 2 = w 2 + 2 as: 
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mg 

Figure 30.10 Example 


30.4 D’Alembert’s principle 


v 2 = 0 + 2 x 3.27 x 10 

and the linear velocity at the bottom of the plane is 8. 1 m/s. 

Example 

A cable drum rests on a rough horizontal surface (Figure 30.10). It 
has a moment of inertia I about its axis of rotation and a mass m. The 
outer part of the drum has a radius r 2 and the radius round which the 
cable is wound is n. Determine the linear acceleration of the drum 
when the cable is pulled with a horizontal force of P and the drum 
rolls without slipping. 

For the horizontal linear motion of the centre of mass of the cable 
drum: 


where F is the frictional force and a the linear acceleration. 

For the angular motion, the drum rotates under the net action of the 
torque applied by the cable and that resulting from friction between 
the drum and the horizontal surface. Thus: 


Pr x - Fr 2 = la 


where a is the angular acceleration of the drum. Using the earlier 
equation to eliminate F gives: 

Pr x ~{P~ ma)r 2 = la 


P(r 2 - n) = mar 2 - la 

Since with no slip we have a = -r 2 a, the minus sign being because the 
direction of the acceleration for the drum is in the opposite direction 
to that for the cable, then: 


P(r 2 - r{) = mar 2 + Ia/r 2 

_ Pjr 2 -ri) 
a mrj+Uri 

When a body of mass m has a linear acceleration a then the resultant force 
acting on the body is ma. With D’Alembert’s principle , a reversed 
effective force is added to the free-body diagram, the magnitude of this 
force being ma and its line of action is opposite to that of the resultant 
force. The body may then be treated as if it were in static equilibrium. 

Likewise, when a body of moment of inertia I with respect to an axis 
through its centre of gravity has an angular acceleration a, the resultant 
torque acting on the body is la. With D’Alembert’s principle , a reversed 
effective torque is added to the free-body diagram, the magnitude of this 
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force being la and direction being opposite to that of the resultant torque. 
The body may then be treated as if it were in static equilibrium. 

You must always remember that the reversed effective forces and 
torques are not actual forces or torques but imaginary additions to 
problems to allow them to be treated as static equilibrium problems. 


Reversed a N 

effective 

force 


P 


Example 

A block of mass 5 kg is pulled along a level surface by a force of 
50 N parallel to the surface. If the coefficient of friction between the 
body and the surface is 0.2, what is the acceleration of the block? 

The horizontal force acting on the block is 50 N. The horizontal 
frictional force will be: 

force =/iN= 0.2 mg = 0.2 x 5 x 9.8 = 9.8 N 

Using D’Alembert’s principle, the reversed effective force will be ma 
= 5a. For equilibrium (Figure 30.1 1), the sum of the horizontal forces 
will be zero and so: 


Figure 30.11 Example 


50 - 9.8 - 5a = 0 


and hence a = 8.0 m/s 2 . 


Example 

A cylinder having a mass of 2000 kg, radius 1 m and a moment of 
inertia about its axis of 1500 kg m 2 , is rolled from rest along a 
horizontal plane as a result of a horizontal force of 400 N being 
applied by a rope at its circumference. Dete rm ine the resulting linear 
acceleration of the cylinder. 

Figure 30.12 shows the forces acting on the cylinder and the reversed 
effective force and reversed effective torque. Using D’Alembert’s 
principle, the forces parallel to the plane giving equilibrium are: 

400 -F- 2000a = 0 

where F is the frictional force. 



Figure 30.12 Example 
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30.5 Angular kinetic energy 



Figure 30.13 Angular motion 


The reverse effective torque is la. Hence, taking moments about the 
centre of the cylinder, gives for equilibrium: 

400 x 1 +Fx 1 - 1500a = 0 

where a is the angular acceleration. Since a = a/r= a/ 1, then: 

400 + F- 1500a = 0 

Substituting for F, using the equation 400 F- 2000 a = 0, gives: 

400 + 400 - 2000 a - 1500a = 0 

Hence the acceleration a = 800/3500 = 0.23 m/s 2 . 

When a force is used to rotate an object then work is done since the point 
of application of the force moves through some distance and the work = 
T9. Consider an object which, starting from rest, is set rotating with an 
angular acceleration a as a result of a torque T produced by a tangential 
force F (Figure 30.13) The work done by the force is TO. But T = la and 
thus the work done = lad. As a result of this rotation from rest through 
angle 9, the object has an angular velocity co. Using co 2 = coo 2 + 2a9, we 
have co 2 = 0 + 2a9 and so the work done = l / 2 Ico 2 . This is the energy 
transferred to the body as a result of the work done and is called the 
angular kinetic energy. Thus, for angular motion: 

angular kinetic energy = '/Jco 2 

Example 

What is the angular kinetic energy of a clutch plate, mass of 40 kg 
and a radius of gyration of 160 mm, rotating at 10 rev/s? 

The moment of inertia I = mk 2 = 40 x 0. 160 2 kg m 2 and so the angular 
kinetic energy is Vi X 40 x 0.1 60 2 x (2n x 10) 2 = 2021 J. 

Example 

A solid cylinder, density of 7000 kg/m 3 , of diameter 25 mm and 
length 25 mm is allowed to roll down an inclined plane, the plane 
being at an elevation of 20° to the horizontal. Determine the linear 
velocity of the cylinder when it has rolled a distance of 1.2 m. 

The loss in potential energy of the cylinder in rolling down the slope 
must equal the gain in linear kinetic energy plus the gain in rotational 
kinetic energy. The loss in potential energy is mgh with m being V 4 7i 
x 0.025 2 x 0.025 x 7000 = 0.0859 kg and h = 1.2 sin 20° = 0.410 m. 
The loss in potential energy is 0.0859 x 9.81 x 0.410 = 0.345 J. The 
gain in linear kinetic energy is '/ 2 x 0.0859V 2 . The gain in rotational 
kinetic energy is 'Aim 2 , where I = Vi/nr 2 = !4 x 0.0859 x 0.0 125 2 = 
6.71 x 10 -6 kg m 2 and co = v/r = v/0.0125. Thus the gain in rotational 
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Figure 30.14 Frictional 
torque 


energy is V 2 x 6.71 x 10 6 x (v/0.0125) 2 = 0.0215V 2 . Since the loss in 
potential energy equals the total gain in kinetic energy, 0.345 = '/ 2 x 
0.0859V 2 + 0.0215V 2 and so v = 2.31 m/s. 

30.5.1 Friction torque and power 

When a shaft rotates in a bearing, the load on the bearing produces a 
frictional force tangential to the shaft (Figure 30.14). To overcome this 
frictional force, a torque has to be applied which is equal to the product of 
the frictional force and the radius r of the shaft. Since the frictional force 
is juN, where N is the normal reaction and equal to the journal load P, 
then: 

friction torque = piPr 

If the shaft is rotating at w rad/s, then the power absorbed in overcoming 
this friction is: 


power = torque x co = fiPrco 


Problems 


1 Determine the moment of inertia of an object having a mass of 4 kg 
and a radius of gyration of 200 mm. 

2 Determine the moment of inertia of a sphere about an axis through its 
centre if it has a radius of 200 mm and a density of 8000 kg/m 3 . 

3 A disc with an outside radius of 250 mm and a mass of 1 1 .78 kg has a 
moment of inertia of 0.460 kg m 2 about an axis at right angles to its 
plane and through its centre. Determine its moment of inertia about 
an axis at right angles to its plane and passing through a point on its 
circumference. 

4 What is the moment of inertia of a disc, about an axis perpendicular 
to the face of the. disc and through its centre, which has a constant 
thickness of 50 mm, a diameter of 750 mm and a central hole of 
diameter 150 mm? The disc material has a density of 7600 kg/m 3 . 

5 A door has a mass of 50 kg and has a width of 750 mm. If the door 
has a radius of gyration of 500 mm, what will be its angular 
acceleration when the edge opposite the hinged side is given a 
right-angled push of 24 N? 

6 A flywheel has a mass of 360 kg and a radius of gyration of 600 mm 
and is rotating at 10 rev/s. What uniform torque will be required to 
bring it to rest in 30 s? 

7 A flywheel has a mass of 60 kg and a radius of gyration of 450 mm. 
What uniform torque will be required to increase its speed from 3.0 
to 4.0 rev/s in 20 s? 

8 A flywheel has a moment of inertia of 8 kg m 2 about its axis of 
rotation. What will be the angular kinetic energy stored in the wheel 
when it is rotating at 4 rev/s? 

9 Two coaxial shafts with flywheels are coupled together by a clutch. 
Initially one with a moment of inertia of 50 kg m 2 about the shaft was 
rotating at 30 rev/s and the other with a moment of inertia of 20 kg m 2 
was at rest. What is the common rate of revolution when they are 
coupled together? 
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Figure 30.15 



Problem 10 


10 A solid flywheel has a mass of 450 kg and a diameter of 600 mm, 
with an axle of diameter 100 mm and mass 50 kg. The wheel and axle 
are set in motion by means of a string wound round the axle and 
carrying a mass of 10 kg (Figure 30.15). Determine (a) the moment of 
inertia of the wheel and axle and (b) the kinetic energy of it when the 
weight reaches the floor 2 m below its starting point. 

1 1 A wheel and axle has a string of length 3 m coiled round the axle and 
the string is pulled with a constant force of 100 N. When the string 
leaves the axle, the wheel is rotating at 5 rev/s. What is the moment 
of inertia of the wheel and axle? 

12 A uniform cylinder rolls, without slipping, from rest down a rough 
inclined plane which is at an elevation of 30° to the horizontal. 
Determine its linear acceleration down the plane. 

13 A uniform cylinder of mass 6 kg and radius 100 mm is made to roll 
without slipping along a rough horizontal surface as a consequence of 
a horizontal force of 80 N being applied along its central axis. 
Determine the angular acceleration of the cylinder. 

14 A solid sphere rolls, without slipping, down a rough inclined plane 
which is at an elevation of 6 to the horizontal. Determine its 
acceleration. 

15 Determine the power absorbed in friction when a shaft of diameter 
150 mm rotates at 3 rev/s and the load on the journal is 40 kN. Take 
the coefficient of friction between the shaft and its bearing to be 0.05. 


31 Oscillations 


31.1 Introduction This chapter is about the periodic motion of oscillating bodies. Any sort 
of motion which repeats itself in equal intervals of time is called periodic. 

The time between repetitions is called the periodic time and the motion 
occurring within one period is called a cycle (Figure 31.1) with the 
number of cycles per second termed the frequency. Since one cycle occurs 
in the periodic time T, the frequency is 1 IT. The unit of frequency is the 
hertz (Hz), with 1 Hz equal to one cycle per second. The amplitude A of 
an oscillation is the maximum displacement from the initial rest position, 
the range of displacement being thus ±A. 


One cycle 



- T T 

Figure 31.1 A periodic oscillation 

The term free oscillation is used when an elastic system oscillates 
under the action of forces inherent in the system itself with there being no 
externally applied forces. The system will oscillate at, what is termed, a 
natural frequency, such frequencies being determined by the properties of 
the system. 

31 .2 Simple harmonic motion The simplest form of periodic motion is simple harmonic motion and the 
following demonstrates the characteristics of such motion. Consider a 
basic mechanical system of mass which when deflected from its rest 
position is restored to it by forces arising from elasticity in the system. 
Figure 31.2 shows such a system as a trolley tethered between two 
supports by springs. A trolley is used for the mass in order to minimise 
frictional effects. 

When the trolley, the mass of the system, is pulled to one side then one 
of the springs is compressed and the other stretched and this has the effect 
of providing a restoring force which is directed in such a direction as to 
endeavour to restore the trolley back to its rest position and is always 
proportional to its displacement from the rest position. If the trolley is 
released from this deflected position, the restoring force causes the trolley 
to move back towards its original rest position and overshoot that 
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System at rest 
Restoring force 


position. The restoring force then reverses its direction to still be directed 
towards the rest position and so oscillations occur. If the displacement 
from the rest position is measured as a function of time then the result is 
as shown in Figure 31.3, the displacement variation with time being 
described by a cosine graph. This form of oscillation is termed simple 
harmonic motion (SHM). 


h fl ^-r J >h AA l 

Mass deflected from rest position 


Simple harmonic motion (SHM) is said to occur when the motion is 
under the action of a restoring force which is always directed to a 
fixed point and has a magnitude which is proportional to the 
displacement from that point. 


Restoring force 

Mass deflected from rest position 

Figure 31.2 A basic mechanical 
system 



Figure 3 1 .3 Graph of the 
displacement with time 



Figure 3 1 .4 Point P moving in 
a circular path with a constant 
angular velocity 


31.2.1 Simple harmonic motion equations 

The type of displacement variation with time which is characteristic of 
simple harmonic motion can be produced by the horizontal displacement x 
from the centre of a point P rotating in a circular path with a constant 
angular velocity co (Figure 31.4), i.e. 

x = A cos 9 

where A is the amplitude of the oscillation. Since we have 9 = cot, then we 
can describe such oscillations by: 

x = A cos cot 

The frequency / of the oscillations is the number of cycles completed per 
second and it is just the frequency multiplied by 2n. Thus: 

x = A cos 2nfi 

Since for angular motion the velocity tangential to the circle is rco, the 
component of this velocity along the diameter is rco sin 9 (Figure 31.5). 
Thus the velocity of the displacement of the point N along the x-axis is: 


v = Aco sin 9 = -Aco sin cot 


The minus sign is included to show that the direction of the velocity is 
towards O and in the opposite direction to the direction in which you 
would go if the displacement was being increased. 

An alternative way of arriving at the same equation is to recognise that 
the linear velocity v at some instant is the rate of change of displacement 
dx/df and differentiate x = A cos cot to give v = dx/d t = -Aco sin cot. 

In Figure 3 1 .4 we have sin 9 = PN/4, and since PN 2 = A 2 -x 2 then A sin 
9 = y l(A 2 - x 2 ) and so v = Aco sin cot can be written as: 


The maximum velocity is when x = 0, i.e. as the mass passes through its 
rest position, and is: 
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F igure 31.5 Point P moving in 
a circular path with a constant 
angular velocity 


maximum velocity = -coA 

The centripetal acceleration of P is co 2 A (Figure 31.6) and thus the 
component of this acceleration along the x-axis is: 

a = -co 2 A sin 6 

The minus sign is because the direction of the acceleration is towards O 
and in the opposite direction to which you would go if the displacement 
was increased. But x = A sin 6 and so: 

a = -co 2 x 

Alternatively, since the linear acceleration a at an instant is the rate of 
change of velocity dv/di, we can differentiate v = -Aco sin cot to give a = 
-co 2 A cos cot and hence, as before, a = -co 2 x. 

The acceleration has a maximum value when x equals the maximum 
displacement^: 



maximum acceleration = -co 2 A 
The restoring force F= ma and is thus: 

F = -mco 2 x 

The minus sign indicates that the direction of this restoring force is always 
in the opposite direction to that for which x increases. 

We can write F = mco 2 x as: 



Figure 31.6 Point P moving in 
a circular path with a constant 
angular velocity 


and thus, since the periodic time T=l/f= 2n/eo: 




mass 

force per unit displacement 


force per unit displacement 
mass 


The larger the force needed to produce unit displacement the higher the 
frequency. Thus a high ‘stiffness’ mechanical system with its large force 
per unit displacement will have a high frequency of oscillation. 


Example 

An object moving with simple harmonic motion has an amplitude of 
1.2 m and a periodic time of 3 s. Determine the maximum velocity 
and maximum acceleration and at what points in the oscillation they 
occur. 


The angular frequency co = Inf = 2n!T = 2n/3 = 2.09 rad/s. Thus: 
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maximum velocity =-coA = -2.09 x 1.2 = -2.51 m/s 

The maximum velocity occurs when the displacement from the rest 
position is zero. The maximum acceleration is thus: 

maximum acceleration = -co 1 2 A = -2.09 2 x 1.2 = -5.24 m/s 2 

The maximum acceleration occurs when the displacement from the 
rest position is a maximum. 

Example 

A body moving with simple harmonic motion has an acceleration of 
1.5 m/s 2 when 200 mm from the zero displacement position. 
Calculate the frequency of the oscillation and the time for one cycle. 

Acceleration a = -co 2 x = ~(2nf )x and so / = (l/27i)V(a/x) = 
(l/2n)V(l .5/0.200) = 0.44 Hz. The time for one cycle = 1 //= 1/0.44 = 
2.3 s. 

Example 

An object moves with simple harmonic motion and has an amplitude 
of 500 mm and a frequency of 4 Hz. Determine the velocity and 
acceleration of the object when it is 200 mm from its rest position. 

With co - 2nf =2nx4 = 25.1 rad/s, the velocity is: 

v = -cojA 2 —x 2 =-25.lV0.5 2 -0.2 2 =-11.5 m/s 

and the acceleration is a = -w 2 x = -25. 1 2 x 0.2 = -126 m/s. 

31.3 Mass on a spring Consider a mass suspended from a vertical helical spring (Figure 31.7), 
the mass of the spring being assumed to be negligible. It is made to 
oscillate in the vertical direction by the mass being pulled down, so 
extending the spring, and then the mass is released. The spring then exerts 
a restoring force on the mass. Assuming that the spring obeys Hooke’s 
law, then the restoring force F is proportional to the displacement x of the 
end of the spring from its rest position. The force is always directed 
towards the rest position and thus we can write: 

F = -kx 

where k is the spring stiffness. The motion is simple harmonic because F 
is proportional to -x. The magnitude of the force per unit displacement is 
k and thus: 

1 / force per unit displacement i j~f 

J- 2%\ mass ~ 2nV m 


Figure 31.7 Mass on a 
sorino 
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Example 

A load is suspended from a vertically mounted spring and causes it to 
extend by 10 mm. With what frequency will the spring oscillate if the 
load is pulled down further and then released? 


The force extending the spring is mg, where m is the mass of the load. 
Thus F = mg = kx and so k/m = g/x. The frequency is thus: 


f __L rr __l [t _j_ a 

J ~ 2ttV m ~ 2n V* ~ 2n V 0.0 


31.4 Simple pendulum 



Consider a simple pendulum in which the mass m of the pendulum acts at 
a distance L from the point of suspension (Figure 31.8). Note the use of 
the term ‘simple’, this is because we will make the assumption that all the 
mass of the pendulum is concentrated in a small bob on the end of a string 
of negligible mass; if these assumptions cannot be made the pendulum is 
termed compound and the analysis of the motion of the pendulum has to 
be modified from that which follows. When the pendulum is pulled 
through a small angle Q from the vertical, there is a restoring force acting 
on the pendulum bob which arises from the component of the weight mg 
which is tangential to the arc of motion of the bob, i.e. mg sin 6 = 
mg(d/L). Since we are only considering small angles, d is approximately 
the same as x and thus the restoring force is approximately mgx/L and the 
force per unit displacement is mg/L: 

„ i I force/unit angular displacement i fg~ 

f = ~2n V mass = 2nlT 

Example 

Calculate the length of cord needed for a simple pendulum to have a 

periodic time of 2 s. 


Using T= 2 n<(L!g) then 2 = 2 tW(L/ 9.8) and so L = 0.99 m. 


31.5 Energy of SHM The velocity of an object when oscillating with simple harmonic motion 
and at a displacement x from its central rest position is given by: 


Thus the kinetic energy at displacement x is: 


kinetic energy = '! 1 mv 1 = 1 / 2 mco\A 2 - x 2 ) 


Because the restoring force is proportional to the displacement, the work 
done to move the object from its central rest position to a displacement x 
is given by the average force acting over that displacement multiplied by 
the displacement. The force is zero at the central position and mafx at 
displacement x. Thus: 


work done = '/ 2 mo/x 2 
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Thus the potential energy of the object when displaced by x is: 
potential energy = 'hmo/x 1 

The total energy at this displacement is the sum of the potential and 
kinetic energies thus is: 


energy = mm 2 A 2 


The total energy is thus constant at all displacements, depending only on 
the amplitude of the oscillation. When the oscillating body is passing 
through its rest position, i.e. x = 0, all the energy is kinetic energy and 
there is no potential energy; when the oscillating body is at the extreme 
position of its oscillation then all the energy is potential energy and there 
is no kinetic energy. Thus, as an object oscillates there is a continual 
changing of potential energy to kinetic energy and vice versa with, in the 
absence of losses or inputs to the system, the sum remaining constant. 

Example 

A piston of mass 0.2 kg moves with simple harmonic motion. If the 
amplitude of the piston oscillation is 70 mm and its frequency is 
10 Hz, calculate (a) the maximum acceleration, (b) the maximum 
velocity, (c) the maximum kinetic energy. 

(a) Since a = -o/x = ~(2nf) 2 x, the maximum acceleration occurs at 
the maximum value of x, i.e. when x = the amplitude A, and thus 
maximum a = ~(2nf) 2 A = ~(2n x 10 2 ) x 0.070 = -280 m/s 2 . 

(b) Since v = -a>^l(A 2 - x 2 ), the maximum velocity occurs when x = 0 
and thus maximum v = -2n x 10 x 0.070 = 4.40 m/s. 

(c) The maximum kinetic energy occurs when the velocity is a 
maximum and so maximum KE = W = V 2 x 0.2 x 4.40 2 = 1.93 J. 

31.5.1 Damping 

So far in this chapter in the discussion of oscillations, it has been assumed 
that the only force acting on an object performing oscillations is the 
restoring force. However, there are other forces, since if there was only 
the restoring force an object would continue oscillating for ever. Thus if 
the oscillations of a mass suspended from a fixed support are considered; 
when the mass is pulled down and then released it oscillates with the 
amplitude of each successive oscillation becoming smaller (Figure 31.9), 
eventually stopping as a result of frictional forces. When damping occurs 
there is a loss of energy from the oscillating system as work is done 
against such forces as friction or air resistance. Since the total energy of 
an oscillating system is mco 2 A 2 , then diminishing this energy as a result of 
energy loss means the amplitude decreases. The oscillation is said to be 
damped, the amount of damping determining how rapidly the amplitude 
diminishes. 

Figure 31.10 shows how the displacement varies with time with 
moderate damping. If the damping is increased there comes a point at 
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which the oscillations just fail to materialise and the displacement 
becomes of the form shown in Figure 31.10. Such damping is termed 
critical damping. Critical damping is defined as the value of damping 
needed for there to be no oscillations and the displacement to reach zero 
in the minimum time. If the damping is increased beyond this, the time to 
reach zero displacement is increased; the system is said to be over 
damped. The system with less damping than critical damping gives 
oscillations and is said to be under damped. 


Figure 31.9 Damping reducing the amplitude of the oscillation 


31 .6 Resonance If you give a child on a swing an initial push, the oscillations will usually 


have a periodic time of about two or three seconds and will gradually 
diminish in amplitude unless further pushes are given. To build up large 
amplitude oscillations it is necessary for the pushes applied to the swing to 
be at just the right time intervals. If we tried to push several times a 
second then the amplitude of the oscillation would be quite small; 
similarly if we pushed just once every ten seconds. However, if we push 
each time the swing is at its maximum displacement, i.e. with the same 
periodic time as that of the swing, then very large amplitude oscillations 
can be built up. This represents a situation where an object with a natural 
frequency is supplied with an externally applied periodic force. The 
resulting oscillations are said to be forced oscillations. The frequency of 
the applied external force is called the driver frequency. 

With the child on the swing being pushed, the maximum amplitude 
oscillation occurs when the applied frequency of the ‘driver’ is exactly 
equal to the natural frequency with which the system freely oscillates. 
This special condition is termed resonance. 

Figure 31.11 shows how the amplitude of the oscillation depends on the 
driver frequency for different values of damping in the system. When the 




Critical damping 


Figure 31.10 Effect of different degrees of damping 
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largest amplitude oscillations occur the system is in resonance. The less 
the damping the larger the amplitude at the resonance frequency and the 
‘sharper’ the graph, i.e. the large response over a narrow range of 
frequencies. With more damping there is a smaller response and the graph 
is less ‘sharp’. With very low damping, resonance occurs when the driver 
frequency is equal to the natural frequency of the oscillator. At resonance 
with low damping, relatively small forces can cause very large amplitude 
oscillations. 



Figure 31.11 The amplitude of oscillations as a function of driver 
frequency and damping 

Resonance is a phenomenon that occurs in many situations. For 
example, if the wheel of a car is out of balance it can oscillate like a mass 
on a spring, i.e. the car suspension, and so has a natural frequency. At 
certain speeds there might be a forcing frequency applied which is close 
enough to the natural frequency to cause relatively large amplitude 
oscillations and the driver of the car can more readily perceive the 
oscillations, even though the road surface over which the car was being 
driven was not particularly rough. Aeroplanes are tested, by shaking them 
at a wide range of frequencies, to determine their resonant frequencies and 
so ensure that they are unlikely to occur when the plane is in service. If 
they did occur, the resulting large amplitude oscillations could result in 
damage to the plane. Soldiers marching in step over a bridge apply a 
forcing frequency and, though the force applied is small, if it is near to the 
natural frequency it can result in large amplitude oscillations which 
destroy the bridge. This happened in 1831 in Manchester when 60 
marching soldiers broke the Brough suspension bridge over the River 
Irwell. In 1850 a French infantry battalion marched in step across the 
Angers suspension bridge and the resulting oscillations destroyed it with, 
as a consequence, the deaths of 226 of the soldiers. Soldiers marching 
across bridges have to break step to avoid the possibility of such an event 
occurring. 
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Activities 


Problems 


1 Determine the acceleration due to gravity in your locality by 
constructing a simple pendulum with a length of thread and a small 
compact bob and then measuring the time taken for a number of 
oscillations, e.g. 20, and hence obtain a value for the periodic time. In 
order that the point of support of the pendulum can be accurately 
fixed and not vary during the oscillations, clamp the end between two 
flat pieces of wood or metal. 

1 A body oscillates with simple harmonic motion. The frequency of the 
oscillation is 12 Hz and the amplitude is 200 mm. What is the 
maximum acceleration and the maximum velocity attained and at 
what points in the path of the oscillating body are these maximums 
obtained? 

2 A valve moves with simple harmonic motion. If the amplitude of the 
movement is 5 mm and the periodic time 0.005 s, what will be the 
maximum velocity and the maximum acceleration? 

3 An object oscillates with simple harmonic motion. At a displace- 
ment of 1 m from its central rest position the acceleration is 200 m/s 2 . 
Determine the frequency of the oscillation. 

4 An object oscillates with simple harmonic motion of frequency 4 Hz 
and amplitude 150 mm. Determine the velocity and acceleration of 
the particle at a displacement of 90 mm. 

5 An object oscillates with simple harmonic motion. Determine the 
periodic time if the acceleration is 4 m/s 2 when the displacement from 
the centre of the oscillation is 2 m. 

6 An object oscillates with simple harmonic motion and has a periodic 
time of 8 s and amplitude 4 m. Determine the maximum velocity and 
the velocity when the object is 2 m from its central rest position. 

7 An object of mass 0.1 kg oscillates with simple harmonic motion of 
frequency 15 Hz. Determine the restoring force acting on the object 
when it is at a displacement of 30 mm. 

8 A vertical helical spring has a stiffness of 2 kN/m, calculate the 
frequency of the oscillation that will be produced when a mass of 
3 kg is supported by the spring. 

9 A 2.5 kg mass when attached to the lower end of a vertical helical 
spring causes it to extend by 20 mm. What will be the frequency of 
oscillation of the system? 

10 A mass of 5 kg is suspended from a fixed support by a vertical spring. 
If the natural frequency of oscillation is 2 Hz for vertical oscillations, 
what is the stiffness of the spring? 

11 A simple pendulum has a periodic time of 1.000 s where the 
acceleration due to gravity is 9.81 m/s 2 . What will be its periodic time 
when it is taken to a place where the acceleration due to gravity is 
9.85 m/s 2 ? 

12 What is the length of a simple pendulum with periodic time 3.0 s? 

13 A compact object of mass 0.20 kg is suspended by a cord of length 
1.0 mm from a fixed support and allowed to swing back-and- forth 
like a simple pendulum. What will be (a) the periodic time and (b) the 
maximum velocity of the object if the amplitude of the oscillation is 
100 mm? 
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In some of the chapters of this book, use is made of the notation of 
calculus and the techniques of differentiation and integration. As an aid, 
this Appendix introduces the basic notation and principles of 
differentiation and integration. 


A.1 Differentiation 



F igure A. 1 Gradient at A 



Figure A.2 Gradient of AB 


Differentiation is a mathematical technique which can be used to 
determine the rate at which functions change and hence the gradients of 
the tangents to graphs. For example, we might have an equation 
describing how the distance covered in a straight line by a moving object 
varies with time. We could plot a graph of distance against time and 
determine the velocity at some instant as the gradient of the tangent to the 
curve at that instant. By taking a number of such gradient measurements 
we could then determine how the velocity varied with time. However, 
differentiation is a technique which enables the velocity to be obtained 
from the equation without drawing the graph and tangents. 

A.1.1 Gradients 

Consider the gradient of a tangent at a point on a graph, for example, it 
might be a graph of a distance-time graph for a moving object or the 
current-time graph for the current in an electrical circuit. Consider the 
gradient at point A on the curve shown in Figure A.l. We can select 
another point B on the curve and join them together and then find the 
gradient of the line AB. The value of the gradient determined in this way 
will obviously depend on where we locate the point B. If we let B slide 
along the curve towards A then the closer B is to A the more the line 
approximates to the tangent at point A. Thus the line ABi is a better 
approximation to the tangent than the line AB. The method we can use to 
determine the gradient of the tangent at a point A on a curve is thus: 

1 Take another point B on the same curve and determine the gradient of 
the line joining A and B. 

2 Then move B closer and closer to A. In the limit as the distance 
between A and B becomes infinitesimally small then the gradient of 
the line becomes the gradient of the tangent at A. 

Consider A having the coordinates (xi, y x ) (Figure A.2). If we select a 
point B with the coordinates (x 2 , y 2 ) then the gradient of the line AB is: 

,. t T2 -y\ 
gradient = 
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Figure A.3 Gradient at A 


We thus have the difference in the value of y between points A and B 
divided by the difference in the value of x between the points. We can 
write this difference in the value of x z&Sx and this difference in the value 
of y as Sy. The S symbol in front of a quantity means ‘a small bit of it’ or 
‘an interval of Thus the equation can be written as: 

gradient = 


An alternative symbol which is often used is Ax, with the A symbol being 
used to indicate that we are referring to a small bit of the quantity x. These 
forms of notation do not mean that we have S or A multiplying x. The<5x 
or Ax should be considered as a single symbol representing a single 
quantity. 

As we move B closer to A then the interval Sx is made smaller. The 
gradient of the line AB then becomes closer to the tangent to the curve at 
point A. Eventually when the difference in x between A and B, i.e. Sx, 
tends to zero then we have the gradient of the tangent at point A (Figure 
A.3). We can write this as: 


r m §y.-*y. 

<s* - o Sx dx 


This reads as: the limiting value of Sy/Sx as<5x tends to a zero value equals 
dy/dx. A limit is a value to which we get closer and closer as we carry out 
some operation. Thus dy/dx is the value of the gradient of the tangent to 
the curve at A. Since the tangent is the instantaneous rate of change of y 
with x at that point then dy/dx is the instantaneous rate of change of y with 
respect to x. dy/dx is called the derivative of y with respect to x. The 
process of determining the derivative for a function is called 
differentiation. 


A.1.2 Determining derivatives 

Suppose we have the two variables x and y which are related by the 
equation y = x 2 . As x varies then y varies in such a way that the y is always 
equal to the square of the value of x. Consider a point A on the curve with 
the coordinates (x, y). Now consider a point B on the curve with 
coordinates (x + Sx, y + Sy). Points A and B both lie on the same curve. 
Thus at point A, we must have: 


y = x 2 


At B, we must have: 


y+Sy = (x +Sx) 2 = x 2 + 2 xSx + (Sx) 2 


Subtracting these two equations gives: 


Sy = 2xSx + (Sx) 2 
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| = 2 *+& 

In the limit as we make Sx smaller and smaller then Sx tends to the 
value 0. Thus, in the above equation, Sy/Sx tends to the value 2x as Sx 
tends to zero. The gradient of the tangent at point A, coordinates (x, y), is 
thus given as: 

Sy d y 

gradient = hm^ = -^=2x 

Thus we have a gradient at, say, x = 4 of 2x = 2x4 = 8. 

If we differentiate from first principles y = x we obtain dy/dx = 1 . If we 
differentiate y = x 2 , as above, we obtain dy/dx = 2x. If we differentiate y = 
x 3 we obtain dy/dx = Sx 2 . The pattern in these differentiations is that if we 
have y = x", then: 

= nx n ~ l 

This relationship applies for positive, negative and fractional values of n. 

Now consider how the gradients of the graph of y = sin x (Figure 
A.4(a)) vary with x. Examination of the graphs shows that: 



1 As x increases from 0 to %/2 then the gradient, which is positive, 
gradually decreases to become zero at x = k/2. 

2 As x increases from it/ 2 to it then the gradient, which is now negative, 
becomes steeper and steeper to reach a maximum value at x = 7t. 

3 As x increases from it to Sn/2 then the gradient, which is negative, 
decreases to become zero at x = 3 tc/2. 
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4 As x increases from 3 tc/ 2 to 2 e the gradient, which is now positive 
again, increases to become a maximum atx = 2n. 

Figure A.4(b) shows the result that is obtained by plotting the gradients 
against x; it is a cosine curve. Thus, the derivative of y = sin x is: 

-jj^-(sinx) = cosx 

If we had considered the function sin ax then we would have obtained: 
-^jj(sinax) = a cos ax 

In a similar manner we can consider y = cos x (Figure A.5(a)) and the 
gradients at various points along the graph. 



Figure A.5 Gradients ofy = cos x 

1 Between x = 0 and x = 7t/2 the gradient, which is negative, becomes 
steeper and steeper and reaches a maximum value at x = Till. 

2 Between x = rc/2 and x = n the gradient, which is negative decreases 
until it becomes zero at x = n. 

3 Between x = n and x = 3m/2 the gradient, which is positive, increases 
until it becomes a maximum atx = 3rc/2. 

4 Between x = 3 tc/ 2 and x = 2 n the gradient, which is positive, 
decreases to become zero at x = In. 

Figure A.5(b) shows how the gradient varies with x. The result is an 

inverted sine graph. Thus, for y = cos x: 
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■^■(cosx) = -sinx 

If we had considered y = cos ax, where a is a constant, then we would 
have obtained for the derivative: 

~j~(cos ax) = -a sin ax 

Now consider the exponential function. But before considering its 
derivative we look at the nature of the function. In general, we can 
describe growth and decay processes by an equation of the form: 

y = <* 

where a is some constant called the base, and y the value of the quantity at 
a time t. Thus, for growth with time t, we might have functions of the form 
2', 3', 4', etc. and for decay 2“', 3“', 4"*, etc. We can write equations for 
growth or decay processes with different values of the base. However, we 
usually standardise the base to one particular value and write e 1 , where e is 
a constant with the value 2.728 281 828 ... Whenever an engineer refers to 
an exponential change he or she is almost invariably referring to an 
equation written in terms of e*. This number 2.718... is chosen for the 
base because fory = e*, the rate of change of y with x, i.e. the slope of a 
graph ofy against x, is equal to e*: 

slope of graph of y against x = e* 


A simple illustration of the above is given if we take a strip of paper 
and cut it into half, throwing away one of the halves. We then take the half 
strip and cut it into half, throwing away one of the halves. If we keep on 
repeating this procedure we obtain the graph shown in Figure A.6(a). This 
is an exponential decay in the length of the paper. Now look at the change 
in length per tear, i.e. the ‘gradient’ of the graph, Figure A.6(b). We have 
the same exponential function. 



Figure A.6 An ‘exponential decay’ 
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A similar type of relationship exists in the discharge of a charged 
capacitor (see Section 20.3). The charge on the capacitor decreases 
exponentially with time and the rate of change of charge, i.e. the current, 
follows the same exponential decay. 

Consider the exponential equation 

y = e* 

and a small increase in x of Ac. The corresponding increase in the value of 
y is<5y where: 

y+dy = e x+Sx = e x e Sx 

Thus: 

dy , . change in y when x changes by<5x 

i — lllXl j 

dx fo-,o ox 


e*e & -e* e*(e & ~l) 

o dx dx 


If we let 8x = 0.01 then (e 0 01 - 1)/0.01 = 1.005. If we take yet smaller 
values of dx then in the limit this has the value 1 . Thus: 


jL 

dx 


e* = 


e x 


The derivative of e x is e x . If we hady = e“ then: 

A.2 Integration Integration can be considered to be the mathematical process which is the 
reverse of the process of differentiation. It also turns out to be a process 
for finding areas under graphs. 

A.2.1 Integration as the reverse of differentiation 

Consider the situation where the velocity v of an object varies with time t, 
say v = 2 1. Since velocity is the rate of change of distance x with time we 
can write this as dx/df = It. Thus we know how the gradient of the 
distance-time graph varies with time. Integration is the method we can 
use to determine from this how the distance x varies with time t. We thus 
start out with the gradients and find the distance-time graph responsible 
for them, the reverse of the process used with differentiation. 

Suppose we have an equation y = x 2 . When this equation is 
differentiated we obtain the derivative of dy/dx = 2x. Thus, in this case, 
when given the gradient as 2x we need to find the equation which on 
being differentiated gave 2x. Thus, integrating 2x should give us x 2 . 
However, the derivative of x 2 + 1 is also 2x, likewise the derivative of 
x 2 + 2, the derivative of x 2 + 3, and so on. Figure A.7 shows part of the 
family of graphs which all have the gradients given by 2x. 
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Figure A.6 All the above graphs have gradients dy/dx = 2x 

Thus, for each of the graphs, at a particular value of x, such as jc = 1, 
they all give the same gradient of 2. Thus in the integration of 2x we are 
not sure whether there is a constant term or not, or what value it might 
have. Hence a constant C has to be added to the result. Thus the outcome 
of the integration of 2x has to be written as being x 2 + C. The integral, 
which has to have a constant added to it, is referred to as an indefinite 
integral. To indicate the process of integration a special symbol: 

Jx*)d* 

is used. This sign indicates that integration is to be carried out and the dx 
that x is the variable we are integrating with respect to. Thus the 
integration referred to above can be written as 

J 2xd x = x 2 + C 

The integrals of functions can be determined by considering what 
equation will give the function when differentiated. For example, 
consider: 

Jx"d* 

Considering integration as the inverse of differentiation, the question 
becomes as to what function gives x" when differentiated. The derivative 
of x" + 1 is (n + l)x". Thus, we have the derivative of x" + '/(« + 1) as x". 
Hence: 
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f*"^ = 7TtT + C 

This is true for positive, negative and fractional values of n other than 
n = ~ 1 , i.e. the integral of x~\ 

A.2.2 Integration as the area under a graph 

Consider a moving object and its graph of velocity v against time t (Figure 
A.8). The distance travelled between times of t\ and t 2 is the area under 
the" graph between those times, it we divide the area" into a ‘number of 
equal width strips then we can represent this area under the velocity-time 
graph as being the sum of the areas of these equal width strip areas, as 
illustrated in Figure A.8. 



Figure A.8 Velocity-time graph 

If t is the value of the time at the centre of a strip of width St and v the 
velocity at this time, then a strip has an area of v St. Thus the area under 
the graph between the times t, and h is equal to the sum of the areas of all 
such strips between the times t\ and h, 

distance travelled = sum of the areas of all the strips between U 
and h 

We can write this summation as: 


x- 2 vSt 


The X sign is used to indicate that we are carrying out a summation of a 
number of terms. The limits between which this summation is to be 
carried out are indicated by the information given below and above the 
sign. If we make St very small, i.e. let St tend to 0, then we denote it by At. 
The sum is then the sum of a series of very narrow strips and is written as: 
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The integral sign is an ‘S’ for summation and the t\ and t 2 are said to be 
the limits of the range of the variable t. Here x is the integral of the v with 
time t between the limits t\ and t 2 . The process of obtaining x in this way is 
termed integration. Because the integration is between specific limits it is 
referred to as a definite integral. 

The definitions of integration in terms of the reverse of differentiation 
and as the area under a graph describe the same concept. 

Consider the integration of y with respect to x when we have y = 2x. 
This has no specified limits and so is an indefinite integral, with the 
solution as the function which differentiated would give 2x: 

j 2xdx = x 2 + C 


Now consider the area under the graph of y = 2x between the limits of 
x = 1 and x = 3 (Figure A.9). 



0 1 2 3 4 x 


Figure A. 9 y = 2x 

We can write this as the definite integral: 

Jj 2xdx 

Jj 2xdx = [x 2 + C]f 

The square brackets round the x 2 + C are used to indicate that we have to 
impose the limits of 3 and 1 on it. Thus the integral is the value of x 2 + C 
when x = 3 minus the value of x 2 + C when x = 1 . 

J j 2xdx = (9 + C)-(l + 0 = 8 square units 

The constant term C vanishes when we have a definite integral. 
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Chapter 1 

1 ±0.25°C 

2 ±0.02 A 

3 ±0.05 units 

4 ±0.01% 

5 (a) 50.4 s, (b) 2.13 mm, 

(c) 50.5 cm 3 

6 (a) 20 X 10“ 3 V, 

(b) 15 x 10 -6 m 3 , 

(c) 230 x 10-* A, 

(d) 20 x 10“ 3 m 3 , 

(e) 15 x 10“ 12 F, 

(f) 210 x 10 9 Pa, (g) 1 x 10 6 V 

7 (a) 1.2 kV, (b) 0.2 MPa, 

(c) 200 dm 3 , (d) 2.4 pF, 

(e) 3 mA, (f) 12 GHz 

8 (a) 13, (b) 0.21, (c) 0.014, 

(d) 19 x 10 2 , (e) 0.0013 

9 31.6 g 

10 79.8 mm 

11 5s 

12 1.02 m 

13 J/kg 

14 kg/m 3 

15 Nm 

16 (a) h = (p\ -p 2 )/pg, 

(b) R = (pL)/A, 

(c) r=(V-E)/I, 

(d) T=Ia + mr(a + g ), 

(e) F=(2m/t 2 )(s-ut), 

(f ) x = (mgL)/(EA), 

(g) R = ( EI)IM, ; (h) m = 2 E/v 2 , 
(i) r = 3 V/nh, (j )R = P/E, 

(k) ci2 = (miai)/m2, 

(l) v = <(Frlm), 

(m) d= ( E0 £ r A)IC 

17 250 kg/m 3 , 0.250 

18 0.20 N 

Chapter 2 

1 (a) 6.08 N at 34.7° to the 


horizontal, (b) 6.71 N at 26.6° 
west of north, (c) 7.61 N at 
28.5° to 5 N force, (d) 10.2 N 
at 13.0° to 8 N force, 

(e) 1 1 .6 N at 12° to 7 N force, 

(f) 17.9 Nat 18.9° to 10N 
force, (g) 13.5 Nat 45.7° to 
12 N force 

3.17 kN at 9.4° to 1.2 kN force 
21 N, 16 N 

14.0 N 

7.3 N, 16.3 N 

F, = 1.2 kN, F 2 = 2.3 kN 

35.4° 

44.7 kN at 26.6° to the 40 kN 
force 

58° and 48° with respect to the 
90 N force 

22.8 kN at 70.3° to the 
horizontal 

197 N 

(a) 7.7 N, 6.4 N, (b) 5.1 kN, 

14.1 kN, (c) 11.3 N, 4.1 N, 

(d) 5.2 kN, 29.5 kN 

28.2 N, 10.3 N 

12.3 kN, 8.6 kN 

5.0 N, 8.7 N 

2.0 m from the 2 kg mass, 

58.9 N 

1.3 kN and 3.7 kN 
125 N, 120 N 
105 N 

100 mm from one end, in 
centre of the section 
300 mm from the thicker end 
(a) 10 mm from the base along 
line bisecting base and joined 
to the opposite apex, (b) 

217 mm along central axis 
from left end, (c) 19 mm 
above base and 17 mm from 


2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 


Answers 417 


the right end, (d) 250 mm 
above base on central axis 

23 4.6 m 

24 1.6 m from load pivot 

25 2.72 N, 2.18 N 

26 20 N, 30 N 

27 3.6 m from 35 kg mass 

28 48.75 N, 16.25 N 

29 27.5 N, 17.5 N 

30 225 kN, 135 kN 

Chapter 3 

1 20 MPa 

2 3.1 MPa 

3 6.7 xl0“ 3 = 0.67% 

4 (a) 127.3 MPa, (b) 0.0006, 
(c) 212 GPa 

5 2.9 x 10 -6 

6 0.955 mm 

7 204 GPa 

8 50 kN 

9 (a) 456 MPa, (b) 410 MPa, 
(c) 200 GPa 

10 (a) 480 MPa, (b) 167 GPa 

Chapter 4 

1 30 m/s 

2 400 m 

3 20 s 

4 (a) 7.5 s,(b) 112.5 m 

5 3 m/s 

6 0.2 m/s 2 

7 12 m/s 

8 500 m 

9 20 s 

10 10.1m, 5.2 m/s 

11 0.51s 

12 31.3 m/s 

13 9.8 m/s 

14 1.6 s 

15 9.9 m/s 

16 4.1m, 0.92 s 

17 22.5 m 

18 176 m 

19 (a) 34 mm/s, (b) 50 mm/s, 
(c) 66 mm/s 

20 (a) 8 m/s, (b) 1 1 m/s, 

(c) 16 m/s 

21 (a) 10 m/s 2 , (b) 10 m/s 2 , 

(c) 11.25 m 

22 1.2 m/s 2 , 12.6 m 


23 -4 m/s 2 , 54 m 

24 (a) Distance-time non-zero 
gradient straight line, 
velocity-time straight line with 
zero gradient, (b) distance- 
time curved, velocity-time 
non-zero gradient straight line, 
(c) as (a), (d) as (b) 

25 300 m 

Chapter 5 

1 (a) 628.7 rad, (b) 95.5 rev, 

(c) 94.2 rad/s, (d) 1 .27 rev/s, 
(e) 9.42 rad/s 

2 0.63 rad/s 

3 3.49 rad/s 

4 8.64 rad/s 2 , 25 

5 0.21 rad/s 2 , 5 

6 0.84 rad/s 2 , 19.2 rev 

7 0.3 1 rad/s 2 , 7.5 revs 

8 1.26 rad/s 2 

9 1.05 m/s 

10 (a) 0.57 rad/s 2 , (b) 0.10 m/s 2 

11 2.1 m/s 

12 72.7 rad/s 

13 7.54 m/s 

14 20 rad/s 

15 20 rad/s 2 

16 20 Nm 

17 60 Nm 

Chapter 6 

1 28 kg 

2 1.31 N, 3.27 m/s 2 

3 1248 N 

4 (a) 5.4 m/s 2 , (b) 10.9 N 

5 0.24 m/s 2 

6 3.14 kN 

7 6.4 m/s 

8 3 m/s in opposite direction 

9 3.1 m/s 

10 (a) 4.0 x 10 3 kg m/s, 

(b) 2.0 x 10 5 N 

Chapter 7 

1 (a) Chemical energy to heat 
energy to KE, (b) PE to KE, 

(c) chemical energy to KE to 
PE, (d) PE to KE, (e) PE to 
KE to electrical energy 

2 19.6 kJ 

3 6 000 J 
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4 50 J 

5 110 250 J 

6 25 J 

7 150 m in direction of force 

8 50 J 

9 9.7 kJ 

10 1.98 kJ 

11 1.47 MJ 

12 7.84 J 

13 41.16 J 

14 960 N 

15 (a) 7.2 MJ, (b) 18 kN 

16 (a) 80 J, (b) 4 m/s 

17 83.3 kJ 

18 16 N 

19 1.25 m 

20 8kN 

21 3.7 m/s 

22 50 W 

23 1470 kW 

24 24 kW 

25 1286 N 

26 5.3 rev/s 

27 754 kW 

28 9.5 x lO^m, 0.0048 J 

29 38.1 kJ 

Chapter 8 

1 1.8 K 

2 2.3 K 

3 1.30 x 10 7 J 

4 3.35 MJ 

5 430 kJ 

6 0.053 kg 

7 0.012 m 

8 0.0672 m 

9 167.5 mm 3 

10 1.394 mm 2 

11 7.997 m 

12 294 mm 3 

13 44 mm 3 

14 0.04668 m 3 

15 0.70 m 3 

16 0.4 m 3 

17 0.012 m 3 

18 0.56 m 3 

19 0.022 m 3 

20 1.13 m 3 

21 0.32 m 3 

22 84°C 


23 0.040 m 3 

24 0.819 kg 

25 125 kPa, 181 kPa 

26 0.118 kg 

27 442 kPa 

Chapter 9 

1 No 

2 (a) 200 V, (b) 2000 Q 

3 (a) 19 to 21 Q,(b) 61.2 to 
74.8 Q, (c) 37.6 to 56.4 fi 

4 (a) 680 Q, 5%, (b) 473 Q, 
10%, (c) 685 O, 5% 

5 (a) 4k7, 5R6, (b) 6.8 MQ, 

4.7 Q 

6 50 mA 

7 11.6V 

8 >1.6 W 

9 0.20 A, 4.0 V, 6.0 V, 10.0 V 

10 750 Q 

1 1 500 Q and 1900 £2 in series 

12 (a) 0.41 W, 1.02 W, 1.43 W, 

(b) 5 W, 2 W, 7 W 

13 (a) 30 Q, (b) 2.73 Q 

14 (a) 6.32 kQ,(b) 0.091 1W 

15 6 £2 

16 (a) 0.25 A, (b) 2 V, 3 V 

17 (a) 1 A, 0.33 A, (b) 5.33 W 

18 6.9 mA 

19 2.03 V, 9.97 V 

20 0.57,0.29,0.14 

2 1 (a) 22 £2, 0.55 A, (b) 6 Q, 2 A, 

(c) 12.8 £ 2 , 0.94 A 

22 1.875 A 

23 2.22 A 

24 (a) 0.51 £ 2 , (b) 9995 £2 

25 (a) 0.0200 Q, (b) 9990 Q 

26 29.4 V 

27 1966.7 Q, 100 £2 

28 0.0125 £2, 4.0 x 10 7 £2 m 

29 31.2 m 

Chapter 10 

1 (a) 1.0T, (b) 1.4 T 

2 0.20 T 

3 4 x 10 -4 Wb 

4 1.5 V 

5 8000 V 

6 (a) 10 V, (b) 5 V 

7 0.52 mV 

8 (a) 20 V, (b) 10 V 
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Chapter 11 

1 (a) Sensor: Bourdon tube, 
signal processor: gears, 
display: pointer and scale, (b) 
sensor: volume of mercury, 
signal processor: tube, display: 
mercury level against scale, (c) 
sensor: resistance coil, signal 
processor: bridge, display: 
meter 

2 Open: no feedback, closed : 
feedback, see text 

3 (a) Measurement; temperature 
sensor, controller: thermostat, 
correction: heater, process: 
water bath, (b) measurement: 
rotary speed sensor, controller: 
differential amplifier, 
correction: motor, process: 
shaft, (c) measurement: sensor 
of thickness, e.g. LVDT, 
controller: differential 
amplifier, correction: rollers, 
process: steel strip 

4 Measurement: thermistor with 
resistance-to-voltage 
convertor, comparison: 
differential amplifier, 
correction: relay and heater, 
process: the enclosure being 
controlled; measurement: level 
probe, controller: relay and 
solenoid valve, correction: 
flow control valve, process: 
water tank, measurement: level 
probe 

Chapter 12 

1 (a) 30 Q, 0.5 A, (b) 10.8 Q, 
1.11 A, (c) 24 Q, 0.5 A, 

(d) 20 Q, 0.5 A, (e) 4.25 Q, 

2.8 A, (f) 1.2 Q, 10 A 

2 2/5 V s 

3 (a) 1 A, 5 V; 0.5 A, 5 V; 

0.5 A, 5 V, (b) 1 mA, 8 V; 

0.67 mA, 4 V; 0.33 mA, 

1.3 V; 0.33 A, 2.7 V, 

(c) 0.2 A, 12 V; 0.2 A, 12 V; 
0.1 A, 10 V; 0.1 A, 10 V; 

0.2 A, 10 V 

4 2.5 V 


5 2.5 A 

6 0.8 mA 

7 (a) 0.22 A, (b) -0.09 A, 

(c) 0.22 A 

8 0.353 A, 0.078 A, 0.4 A, 

0.431 A, 0.322 A 

9 6.0 V, 0.4 Q 

10 4.0 V 

11 3.33 V, 0.17 £2 

12 2.0 V, 0.05 Q 

Chapter 13 

1 (a) 2 mA, 1.86 mA, (b) 0,0 

2 (a)6.7Q,(b) 1.2 fi 

3 ±0.1 V 

4 8.3 Q, 1.3 Q 

Chapter 14 

1 4 x 10 4 V/m 

2 +60 jnC, —60 /J.C 

3 4fiF 

4 4 V 

5 (a) +16 juC, -16 /iC, 

(b) 8 V, 4 V 

6 (a) l.l^Cb) 14/rF 

7 (a) 6 n¥, (b) +10 fiC , -10 juC, 
+20 juC, -20 fiC, +30 fiC, 

-30 //C, (c) 10 V 

8 (a) 10 /uF, (b) 360 juC, 

(c) 18 V, 12 V, 6 V 

9 (a) 370 pF, (b) 3700 pC, 

(c) 10 V 

10 885 pF 

11 3.77 m 2 

12 2.1 x 10 -7 m 

13 7.5 m 

14 44.25 pF 

15 0.0531 juF 

16 0.021 mm 

17 1.6 kV 

18 6 V 

19 7.2 mJ 

20 20 juF 

21 (a) 1 fiF, (b) 10 fiC, 

(c) 5 V, 10/3 V, 10/6 V, 

(d) 25 fiJ, 16.7 juJ, 8.3 /iJ 

22 125 //J, 89.3 /iJ 

23 (a) 88.5 pF, (b) 4.425 x 10~ 5 J 

Chapter 15 
1 1000 ampere-turns 
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2 2000 A/m, 1.26 T, 

37.7 mWb/m 2 

3 0.66 A 

4 348 

5 1.27 x 10 6 A/Wb, 5.1 A 

6 4456,5730,4377,3395 

7 800 A/m 

8 503 ampere-turns 

9 1.75 A 

10 1751,1421,1074,769,597 

11 2 H 

12 0.4 V 

13 0.01 H 

14 0.02 H 

15 90/*Wb 

16 3.35 mH 

17 9.87 mH 

18 0.18 mJ 

19 0.0225 J 

20 -0.5 V 

21 -0.5 V 

22 1 mH 

23 60 V 

24 250 V, 4.0 A 

25 (a) 1 .0 N/m, (b) 0.87 N/m, (c) 
zero 

26 0.21 N 

27 0.28 Nm 

Chapter 16 

1 (a) v = 10 sin 2rc50/ V, 

(b) (i) 5.88 V, (ii) 9.51 V, 

(iii) -5.88 V 

2 (a) i = 50 sin 2n x 2 x 10 3 / 
mA, (b) (i) —47.6 mA, (ii) 
-29.4 mA, (iii) 47.6 mA 

3 (a) 0, (b) 10 V, (c) 1.99 V 

4 0, 0.20, 0.39, 0.56, 0.72, 0.84, 
0.93, 0.99, 1.0 

5 (a) 1 V, (b) 0, (c) 1 A, (d) 1 A, 
(e) 0.5 V, (f) 1 V 

6 As given in the problem 

7 (a) 1.27 A,(b)0 

8 (a) 5 V, (b) 0 

9 As given in the problem 

1 0 As given in the problem 

11 2.83 V 

12 15 mA 

13 8.0 V 

14 As given in the problem 

15 7.5 mA, 19 mA, 2.53 


16 4 A 

17 (a) 6.50 V,(b) 7.14 V, 

(c) 1.10 

18 (a) 15.0 mA, (b) 17.1 mA, 
(c) 1.14 

19 As given in the problem 

20 As given in the problem 

21 5 V, 7.07 V, 1.4 

22 IV 

23 (a) 1.4 V, (b) 7.07 V 

24 (a) 7.1 mA, (b) 2.12 A 

25 (a) 141.4 mA, (b) 5.66 A 

26 10 V 

27 See text 

28 0.25 V 

29 11.25 V 

30 156.25 Hz 



2 (a) 628 £2, (b) 15.9 mA 

3 i = 0.05 sin (200/ - 90°) 

4 (a) 0.157 Q, 3.14 Q 

5 (a) 314.2 Q,(b) 0.080 A 

6 750 sin (150/ + 90°) V 

7 (a) 79.6 Q, (b) 126 mA 

8 1.41 A 

9 (a) 31 831 Q, (b) 1592 Q 

10 (a) 5.31 Q, (b) 3.77 A 

1 1 252. 1 V, 85.4° leading current 

12 1.46 A, 72.3° lagging 

13 25 Q, 373 mH 

14 21.7 Q, 11.0 A, 46.4° current 
lagging the voltage 

15 17 Q, 28.1° voltage leading 
current 

16 (a) 75 Q, (b) 1.33 A, 

(c) 59.9 V, 79.8 V 

17 (a) 24.1 Q,(b) 4.15 A at 51.5° 
lagging the voltage 

18 (a) 50 C2, (b) 79.6 fiF 

19 148 fiF 

20 (a) 75.2 Q,(b) 3.19 A, 57.9° 
leading the voltage 

21 (a) 48.0 Q, (b) 0.5 A, 33.6° 
leading the voltage 
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22 (a) 70.7 V, 45° current lagging 
the voltage, 

(b) 50 V, 100 V, 50 V 

23 (a) 0.86 A, 49.9° lagging the 
voltage, (b) 174 V, (c) 86 V 

24 356 Hz 

25 (a) 8.4 /*F, (b) 9.4 

26 (a) 118.6 Hz, (b) 11.2 

27 9.28 A, 860 W 

28 13.6 mW 

29 (a) 0.53, (b) 8.15 W, 

(c) 15.3 V A, (d) 10.8 V Ar 

30 133.3 kV A, 106.7 kV Ar 

31 0.8 

32 1536 W 

33 1 .5 kW, 1 .2 kW 

Chapter 18 

1 (a) 16 V, 140 Q, (b) 8 V, 

6.6 Q 

2 (a) 0.5 A, (b) 0.71 A 

3 0.47 A 

4 0.87 A 

5 (a) 0.11 A, 140 Q,(b) 1.2 A, 

6.6 0 

6 (a) 0.5 A, (b) 0.71 A 

7 0.47 A 

8 1 £2, 100 W 

9 3D 

Chapter 19 

1 1.2 Nm 

2 94 V 

3 228 V 

4 Large start-up current 

5 As given in the problem 

6 (a) 50 A, (b) 1.1 Q 

7 (a) 50 A, (b) 0.9 D 

8 8 Q 

9 6.3 0 

10 750 rev/min 

11 3.7 0 

12 (a) 100 V, (b) 400 V 

Chapter 20 

1 20 000 V/s 

2 30 V/s 

3 17.3 V 

4 (a) 0.4 mA,(b) 0.147 mA 

5 (a) 0.3 ms, (b) 0.736 mA, 

(c) 0.446 mA, (d) 0 

6 (a) 30 V, (b) 11.0 V, 


(c) 1.07 V 

7 (a) 0.25 s, (b) 6.3 V, (c) 8.6 V 

8 (a) 1.29 s, (b) 1.07 mA 

9 (a) 5 ,uA, (b) 4.6 s 

10 (a) 0.767 V, (b) -0.767 V 

11 (a) 0.05 s, (b) 40 A/s, 

(c) 1.73 A, (d) 2 A 

12 0.35 A 

13 (a) 0.1 s, (b) 40 A/s, (c) 3.1 A, 

(d) 4 A 

14 73 mA 

15 (a) 5 A, (b) 0.092 A 

16 4.6 ms 

17 (a) 80 V, (b) 2.75 A/s 

18 (a) 0.95 A, (b) 0.69 s 

19 0.1 H 

20 20 H 

Chapter 21 

1 28.4 A, 32.5° lagging the 
voltage 

2 5 A, 53 . 1° lagging the voltage 

3 15.5 mA, 30.8° lagging 

4 200 Q, 5.3 

5 (a) 1.73 A, 1.0 A, 

(b) 57.7 Q, 100 Q 

6 (a) 167 mA, (b) 100 mA, 

(c) 195 mA 

7 7118 Hz 

8 0.85 to 2.3 MHz 

9 2251 Hz, 100 kD, 1mA, 141 

10 59.3 Hz, 200 Q, 0.5 A, 4.6 

1 1 (a) 38.7 mA, 83.1° lagging, 

(b) 9.12, (c)l.ll W, 

(d) 9.28 VA, (e) 9.21 VAr 

12 93.3 W 

13 7.3 juF 

14 15.4 juF 

15 (a) 0.64, (b) 30.6 fiF 

Chapter 22 

1 (a) 254 V, (b) 440 V 

2 (i) (a) 240 V, (b) 8 A, (c) 8 A, 
(ii) (a) 240 V, (b) 10 A, 

(c) 10 A, (iii) (a) 240 V, 

(b) 20.4 A, (c) 20.4 A 

3 (i) (a) 415 V, (b) 23.0 A, 

(c) 39.9 A, (ii) (a) 415 V, 

(b) 8.3 A, (c) 14.4 A 

4 (a) 312 V, (b) 1.2 A, (c) 1.2 A 

5 4.4 A lagging V a by 143° 

6 (i) 14.4 kW, (ii) 10.95 kW 
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7 (i) 3.2 kW,(ii) 34.6 kW, 

(iii) 3.2 kW 

8 1955 W, 56% 

9 (a) 254 V, (b) 5.08 A, (c) 

5.08 A, (d) 3090 W, (e) 0.8 

10 (a) 440 V, (b) 5.46 A, (c) 

9.46 A, (d) 4480 W, (e) 0.62 

11 53.5 A 

12 8626 W 

13 9.9 A 

14 4.4 kW, 0.28 

15 400 kW, 0.76 

16 -584 W, 2180 W 

17 0.033 

18 39.9 rev/s 

19 1450 rev/min 

20 (a) 25 rev/s, (b) 23.75 rev/s 

21 (a) 12.5 rev/s, (b) 12.2 rev/s 

Chapter 23 

1 About 6.0 Nat 53.5° 

2 7.2 N at 9° east of north 

3 45.6 Nat 61.6° from the 
horizontal 

4 (a) 2.06 N at 14° south of east, 

(b) 4.17 N at 4.5° north of east, 

(c) 6.85 N at 49.9° south of 
east 

5 34.3 N at 27.8° west of north 

6 5.3 N at 33.8° east of south 

7 4. 1 N at 5.8° north of west 

8 (a) Fcd +8.7 kN, 

Fad -17.3 kN, Fbd +10.0 kN, 

(b) F fe -16.4 kN, Fbf -20 kN, 
Faf —28.3 kN, Fec —41.7 kN, 
Fed +34.9 kN 

9 (a) Fbd - 5.2 kN, Fad - 3.0 kN, 
F cd +2.6 kN, (b) F A d +250 N, 
Fcd+600 N, Fbd -650 N, 

(c) Fae -14.4 kN, F ef +2.9 kN, 
Fde+ 7.3 kN, F D q +10.1 kN, 
Fbf - 8.7 kN, Ffg -20.2 kN, 

Fee -20.2 kN, 

(d) Faf -54.8 kN, 

Fef +26.4 kN, Ffg +43.3 kN, 
Fbg -64.9 kN, Fdh +36.1 kN, 
F ch -72.2 kN, Fgh +26.0 kN, 

(e) Fad -17.3 kN, 

Fcd + 8.7 kN, Fbe —10 kN, 

F ce +8.7 kN, F de 0 
10 (a) -25.5 kN, (b) +8.5 kN, 


(c) -23.1 kN 

Chapter 24 

1 (a) -250 N, +250 N m, 

(b) -250 N, +375 N m 

2 (a) + 8 kN, -12 kN m, 

(b) +8 kN, -8 kN m 

3 +20 kN, -20 kN m 

4 (a) +0.75 kN m, -1.5 kN, 

(b) +1.5 kN m, -1.5kN, 

(c) +2.25 kN m, 0 

5 (a) 24 kN m fixed end, 

(b) 12 kN entire length 

6 (a) 90 kN m at fixed end, 

(b) 60 kN at fixed end 

Chapter 25 

1 1MN 

2 48.6 mm 

3 102 MPa, 144 MPa 

4 0.15 mm 

5 150 MPa, 270 kN 

6 3.6 MPa, 51.5 MPa 

7 34 MPa, 3.4 MPa 

8 3.5 MN 

9 144 MPa compression 

10 2.4 MPa 

1 1 14.7 MPa compression, 

18.3 MPa tension 

12 53 MPa compression, 34 MPa 
tension 

13 (a) 62.5 MPa, (b) 8.2 x 10^ 

14 8.0 mm 

15 140 kN 

16 (a) 162 kN, (b) 324 kN 

17 4.97 MPa 

18 25.1 kN 

Chapter 26 

1 178 N, increased by factor of 4 

2 80 N 

3 1.4 rev/s 

4 205 N, 216 N 

5 8.85 m/s 

6 17.1 m/s 

7 64° 

8 0.16 m 

9 12.1 m/s 

10 14 N 

11 0.39 

Chapter 27 

1 90% 
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2 147 kW 

3 0.32 N 

4 254.8 N, 254.8 N 

5 (a) 2, (b) 3 

6 235 N 

7 10,7.35,73.5% 

8 8.3 

9 (a) 24, (b) 16, (c) 67% 

10 (a) 3.3, (b) 48%, (c) 0.2 kN 

11 £ = 0.21F+ 3.6N 

12 80% 

13 65% 

14 10 

15 25 

16 (a) 40, (b) 2880 N 

17 4 rev/s 

18 6 

19 0.42, 12 rev/s 

20 25 

21 31.8 Nm, 159.2 Nm 

22 189 Nm 

23 83.3% 

24 18.8 m/s 

25 18.9 kW 

26 (a) 800 N m, (b) 25.1 kW 

27 (a) 29.4 N m, (b) 2.77 kJ 

28 26 rad/s 

29 5.3 rad/s 
Chapter 28 

1 97 mm from base 

2 89.5 mm from base 

3 14.0 x 10 6 mm 4 

4 4.17xl0 6 mm 4 

5 (a) 325.5 x 10 6 mm 4 , 

(b) 6.25 x 10 6 mm 4 , 

(c) 3.07 X 10 5 mm 4 , 

(d) 1.25 x10 s mm 4 , 

(e) 130.3 x 10 s mm 4 

6 0.95 mm 

7 350 MPa 

8 4.2 m 

9 5.9 Nm, 79 MPa 

10 15 kN m 

11 205 MPa 

12 268 mm 

13 5.25 kN 

14 3.57 x 10 3 m 3 

15 44 kN/m 

16 40 MPa 


17 61 MPa 

18 (a) 55.6, (b) 79.4 

19 11.6m 

20 (a) 74.4, (b) about 187 MPa 

21 Eg. 203 x 203 mm x mm, 

71 kg/m 

Chapter 29 

1 134 N 

2 0.58 

3 (a) 58.8 N, (b) 64.8 N 

4 0.58 

5 2.19 m/s 2 

6 16.2 N 

7 (a) 520 N, (b) 980 N 

8 0.15 

9 (a) 62 kg, (b) 6.0 kg 
10 284 Nm 

Chapter 30 

1 0.16 kg m 2 

2 4.29 kg m 2 

3 1.196 kg m 2 

4 25.65 kg m 2 

5 1.44 rad/s 2 

6 271 Nm 

7 3.8 Nm 

8 2527 J 

9 21.4 rev/s 

10 (a) 81.25 kg m 2 , (b) 196 J 

1 1 0.6 kg m 2 

12 3.27 m/s 2 

13 89 rad/s 

14 (5/7)g sin 9 

15 2.83 kW 

Chapter 31 

1 1137 m/s 2 at x = A, 15 m/s at 
jc = 0 

2 6.3 m/s, 7896 m/s 2 

3 2.25 Hz 

4 3.0 m/s, 56.8 m/s 2 

5 4.44 s 

6 3.1 m/s, 2.7 m/s 

7 26.6 N 

8 4.1 Hz 

9 3.5 Hz 

10 790 N/m 

11 1.002 s 

12 2.2 m 

13 (a) 2.0 s, (b) 0.31 m/s 
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Acceleration 
angular, 53 
centripetal, 337 
defined, 41 
Actuator, 125 
Algebraic fractions 
manipulating, 5 
Alternating current 
average value, 192 
defined, 190 
form factor, 196 
lagging, 206 
leading, 206 
mean, 192 
measurements, 197 
phase difference, 206 
phasor, 205,207,222 
rectification, 228 
root-mean-square, 194 
sinusoidal, 190, 205 
three-phase, 290 
Alternating current circuits 
capacitance, 210, 224 
impedance, 214 
inductance, 208, 223 
parallel RC, 277 
parallel RL, 276 
parallel RL and C, 318 
power factor, 226 
power in, 223,284 
2-factor, 221,283 
reactance, 209 
rejecter, 283 
resistance, 207, 223 
resonance, 219,281 
series RC, 215,225 
series RCL, 217 
series RL, 211,225 
Ampere-turns, 171 
Amplitude, 398 
Antilock brakes, 130 


Back e.m.f., 181 
Beams 

bending moment, 319 
bending stress, 361 
cantilever, 318, 322 
centroid, 365 
contraflexure, 323 
defined, 318 
first moment of area, 365 
general bending equation, 
363 

inflexion, 323 
loading, 318 
neutral axis, 361,364 
neutral plane, 361 
parallel axis theorem, 366 
second moment of area, 363 
section modulus, 368 
selection, 369 
shear force, 318 
simply supported, 318,321 
standard sections, 369 
Belt drives 

angle of lap, 352 
belts, 352 
principles, 352 
Bending moment, 319 
Bow’s notation, 309 
Boyle’s law, 85 


Capacitance 
defined, 157 
reactance, 210 
Capacitor 

basis of, 157 
ceramic, 164 
charging, 165,257 
discharging, 165, 261 
electrolytic, 164 
energy stored, 166 
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Capacitor, continued 
in a.c. circuits, 210 
in circuits, 164, 165 
in parallel, 159 
in series, 158 
mica, 163 
multi-plate, 161 
paper, 163 
parallel plate, 160 
plastic, 163 
reservoir, 229 
variable air, 162 
Cathode ray oscilloscope, 198 
Centre of gravity, 25 
Centrifugal clutch, 340 
Centripetal 

acceleration, 337 
force, 338 
Centroid, 365 

Characteristic gas equation, 87 
Charge, 92 
Charles’s law, 86 
Circular motion, 337 
Clutch, centrifugal, 341 
Coercive field, 179 
Coercivity, 179 
Column 

critical buckling load, 370 
defined, 370 
effective length, 370 
radius of gyration, 370 
short, 370 
slender, 370 
slenderness ratio, 370 
universal, 371 
Commutator, 246 
Comparison element, 125 
Compression, 32, 325 
Concrete, reinforced, 327 
Conductance, defined, 96 
Conductivity, defined, 103 
Conductor, 93, 103, 147 
Contraflexure, point of, 323 
Control law implementation, 125 
Conveyor belt system, 129 
Corkscrew rule, 110 
Cornering, 339 
Correction element, 125 
Couple, 25, 386 
Coupling coefficient, 183 
Critical buckling load, 370 


Current 

defined, 92 

divider circuit, 101,136 
in metal, 147 
in semiconductor, 147 
Cycle, 190,398 


D’Alembert’s principle, 393 
Dalton’s law, 87 
Damping, 403 
Data presentation, 122 
Density, defined, 1 
Dielectric 

constant, 161 
defined, 157, 160 
strength, 162 

Differential wheel and axle, 347 
Differentiation 
circuit, 265 
mathematics, 407 
Diode, junction, 151 
Dipole, 161 

Direct current, defined, 190 
Doping, 148 

Double cover butt joint, 333 


Efficiency, 343 
Effort, 343 
Elastic limit, 34,35 
Electrical circuit 
conventions, 94 
measurements, 103 
symbols, 94 
Electric field 
defined, 156 
strength, 156, 157 
Electromagnet, 111 
Electromagnetic induction 
described, 112, 169 
laws, 112,169 
Electromotive force, 93, 143 
Energy 

conservation, 67, 72 

defined, 65 

forms of, 66 

kinetic, 67, 72, 395 

potential, 66, 70 

simple harmonic motion, 402 

stored in capacitor, 166 
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Energy, continued 
strain, 70 

transformations, 65 
Engine management system, 129 
Equations 

manipulating, 2 
rearranging, 5 
straight line graph, 15 
units in, 7 

Equilibrium of forces, 19, 27, 306 
Errors in measurements, 1 1 
Expansion 
area, 83 
linear, 82 
liquids, 84 
volume, 84 
Exponential, 411 
Extrinsic semiconductor, 149 


Factor of safety, 325 
Faraday’s law, 112,169 
Feedback, 124 
Filter 

band pass, 286, 287 
band stop, 286, 287 
high pass, 286, 287 
low pass, 286, 287 
passive, 287 

First moment of area, 365 
Fleming’s 

left-hand rule, 118 
right-hand rule, 113 
Force 

centripetal, 338 
concurrent, 306 
described, 2 
equilibrium, 19, 27, 306 
external, 18 
frictional, 376 
internal, 18, 32 
measurement, 28 
moment of, 23 
non-concurrent, 307 
normal, 60 

parallelogram, 21,306 
polygon, 306, 309 
ratio, 343 

reaction, 18, 60, 308 
reactive, 18 
resolving, 23, 306 


Force, continued 
resultant, 21 
triangle of, 19, 306 
Four-bar chain, 354 
Framework, 308 
Frequency, 190, 398 
Friction 

angle of static, 377 
coefficient, 376 
force, 376 
kinetic, 376 
laws of, 376 
rolling, 382 
static, 376 
torque, 396 

Fuel pressure control, 129 


Galvanometer, moving coil, 118 
Gas 

laws, 85 
model of, 81,88 
Gear 

compound trains, 351 
idler, 350 
simple trains, 350 
system, 349 

transmission efficiency, 349 
winches, 352 
worm, 352 
Generators 
a.c., 113 
compound, 254 
d.c„ 291 

separately excited, 253 
series, 254 
shunt, 254 
Graphs, 15 

Gravity, motion under, 45 
Gyration, radius of, 390 


Heat 

as transfer of energy, 66, 80 
capacity, 80 
latent, 82 

Helix angle, screw, 383 
Hogging, 319 
Hole, 148 
Hooke’s law, 34 
Hysteresis, 178 
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Impedance 

defined, 214 
triangle, 214, 216 
Impulse, defined, 63 
Inclined plane 

efficiency of, 381 
motion on, 46, 60, 73, 348, 
378, 382 
Inductance 

current decay in, 270 
current growth in, 266 
defined, 181 
energy stored, 182 
in a.c. circuits, 208 
mutual, 183 
of coil, 181 
self, 181 
Induction motor 
principles, 340 
starting, 303 
Inflexion point, 323 
Insulator, 93, 102, 147 
Integration 
circuit, 265 
mathematics, 412 
Internal resistance, 143 
Intrinsic semiconductor, 148 


Joints 

method of, 311 
shear, 332 
Junction diode, 151 


Kinematic chain, 354 
Kinetic energy, 66, 72, 395 
KirchhofPs laws, 95, 132, 138 


Lap joint, 333 
Lead, screw, 382 
Lenz’slaw, 113,169,181 
Lever, 345 

Limit of proportionality, 34, 35 

Linkage mechanism, 354 

Links, 354 

Load cell, 28 

Loading, 104 

Loop, 138 


Machine 
d.c„ 245 
defined, 343 
efficiency, 343 
effort, 343 
examples of, 345 
force ratio, 343 
ideal, 343 
law of, 344 

limiting efficiency, 344 
limiting MA, 344 
load, 343 

mechanical advantage, 343 
movement ratio, 343 
overhauling, 345 
principles, 343 
velocity ratio, 343 
Magnetic circuit, 172 
Magnetic field 

characteristics if field lines, 

109 

defined, 109 
force on current-carrying 
coil, 185 

force on current-carrying 
conductor, 117,184 
of coil, 111 

of current-carrying conductor, 

110 

of solenoid, 111 
screening, 169 
strength, 173 
Magnetic flux 

defined, 109, 169 
density, 113 
Magnetic induction, 111 
Magnetic materials 
hard, 180 
soft, 180 

Magnetisation curves, 176 
Magnetomotive force, 172 
Mass, defined, 1, 60 
Maximum power transfer, 242 
Measurements 
errors, 10 
systems, 122 

Mechanical advantage, 343, 344 
Mechanism 

defined, 354 
four-bar chain, 354 


428 Engineering Science 


Mechanism, continued 
kinematic chain, 354 
link, 354 
pair, 354 
quick-return, 355 
slider-crank, 354 
velocity diagram, 356 
Mesh analysis, 141 
M.m.f„ 172 

Modulus of elasticity, 36 
Moment 

of a force, 23 
of inertia, 386 
Momentum 

conservation, 62 
defined, 59 
Motion 

angular, 53, 386 

angular motion equations, 54 

circular, 337 

graphs, 46 

linear, 40 

linear and angular, 55, 391 
straight line equations, 41 
Motor 

control of, 126 
d.c„ 118,186,246 
d.c., compound, 249 
d.c., separately excited, 249 
d.c., series, 249 
d.c., shunt, 249 
d.c. speed control, 250 
d.c. starting, 290 
induction, 300 
Movement ratio, 343 
Moving coil meter, 103, 1 18 
Moving iron meter, 104 
Multiplier, 104 
Multi-start thread, 382 


Neutral 

axis, 362, 364 
plane, 362 
Newton’s laws, 59 
Node 

analysis, 139 
defined, 138 

Norton’s theorem, 237, 241 
n-type semiconductor, 149 


Ohmmeter, 105 
Ohm’s law, 98 
Oscillation 
forced, 404 
free, 398 

Overhauling, 345, 384 


Parallel axis theorem, 366, 389 
Parallelogram of forces, 21 
Pendulum, 402 
Periodic time, 190, 398 
Permeability, 173, 177 
Permittivity, 160 
Phase, 290 
Phasor 

adding, 212 
defined, 205,207 
subtracting, 221 
Pin-jointed frameworks, 308 
Pitch, screw, 382 
Plastic behaviour, 34 
pn junction, 150 
Poisson’s ratio, 37 
Position, control of, 127 
Potential difference, 93 
Potential energy, 66, 70 
Potentiometer, 100 
Power 

apparent, 226 
defined, 75 
electrical, 93 
factor, 226, 228, 284 
factor correction, 285 
in a.c. circuits, 223, 284 
in three-phase a.c., 297 
machine, 344 
maximum transfer, 242 
reactive, 227 
rotating object, 76 
triangle, 227 
Pressure 

defined, 2 
law, 86 
Pulleys, 346 

p-type semiconductor, 149 


2-factor, 221,283 
Quick-return mechanism, 355 


Index 429 


Radian, defined, 53 
Radius of gyration, 390 
Random errors, 13 
Reactance 

capacitance, 210 
inductive, 209 
Reaction, 18, 60, 308 
Rectification 
bridge, 230 
defined, 228 
full-wave, 229 
half-wave, 229 
Reinforced concrete, 327 
Rejecter circuit, 283 
Relative density, defined, 1 
Reluctance, 175 
Remanence, 178 
Remanent flux density, 178 
Resistance 
defined, 95 
in a.c. circuits, 207 
measurement, 105 
with step voltage, 256 
Resistivity, 102 
Resistors 

carbon composition, 96 
coding, 97 
film , 96 
non-linear, 99 
parallel, 101 
preferred values, 97 
series, 99 

series-parallel, 102, 132 
tolerance bands, 98 
wire-wound, 96 
Resonance 

oscillations, 404 
parallel RL and C circuit, 281 
series RCL circuit, 219 
Ripple, 229 


Safety, factor of, 325 
Sagging, 319 
Scalar quantities, 18 
Screening, magnetic, 169 
Screw 

jack, 348 
thread, 382 

Second moment of area, 363 
Section modulus, 368 


Sections, method of, 313 
Semiconductors, 147 
Sensor, 122 
Shear 

defined, 33 
double, 332 
force, 318 
single, 332 
strain, 33 
strength, 334 
stress, 33,325,331 
Shunt, 103 
Signal processor, 122 
Significant figures, 13 
Simple harmonic motion 
damping, 403 
defined, 398 
energy, 402 
mass on spring, 401 
simple pendulum, 402 
Single-start thread, 382 
Slenderness ratio, 370 
Slider-crank mechanism, 354 
Slip, 302 

Solid, model of, 80 
Speed, defined, 40 
Squirrel-cage rotor, 301 
Stiffness, 36 
Strain 

defined, 33 
energy, 70 
shear, 33 
thermal, 328 
Strength, 35 
Stress 

bending, 361 
composite members, 326 
defined, 32 
direct, 32, 325 
engineering, 32 
shear, 33,325,331 
-strain graphs, 34 
true, 32 
Strut, 309 

Superposition, theorem of, 330 
Synchronous speed, 302 
System 

block diagram, 120 
block diagram elements, 121 
closed-loop, 124, 125, 126 
connected, 120 
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System, continued 
control, 123 
defined, 120 
measurement, 122 
open-loop, 123 


Temperature scales, 80 
Tension, 32, 325 
Thevenin’s theorem, 234, 241 
Three-phase a.c. 
advantages, 291 
connection of phases, 291 
defined, 290 
delta connection, 294 
power, 297 

power measurement, 298 
star connection, 292 
Time constant, 165,258,262, 
267, 271 

Torque 

and work done, 76 
defined, 57, 386 
Transducer, 123 
Transformer 

ampere-turns, 171 
principle, 116, 170 
turns ratio, 170 
Transients, 256 
Triangle of forces, 1 9 
Truss, 308 


Units 

inequations, 7 
prefixes, 10 
SI, 9 


Valence electrons, 147 
Vectors 

acceleration, 44 
defined, 18 
velocity, 44 
Velocity 

angular, 53 
defined, 41 
diagram, 346 
ratio, 343 
resolution, 45 
vector, 44 
Voltage 

defined, 93 

divider circuit, 100,136 
step, 256 


Wattmeter, 298 
Weight, defined, 2, 60 
Weston differential pulley, 347 
Wheel and axle, 347 
Whitworth quick-return 
mechanism, 356 
Winches, gear, 352 
Work 

as area under force distance 
graph, 68 

as transfer of energy, 66 
by oblique force, 69 
by torque, 76 
defined, 68 
Worm gears, 352 
Wound rotor, 301 


Young’s modulus, 36 


